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Pulse front distortions caused by primary aberrations

Zoltan L. Horvath, Baldzs Major, Attila P. Kovacs, and Zsolt Bor
Department of Optics and Quantum Electronics,
University of Szeged, H-6701 Szeged P. O. Box 406, Hungary

A wave optical description of the effect of the primary aberrations on the temporal and spatial
shape of an ultrashort pulse is presented. The calculations are based on the diffraction theory
of aberrations investigated by Nijboer and Zernike, leading to an effective numerical treatment of
Seidel aberrations. The explicit form of the recurrence relations for the coefficients of the circular
polynomial expansion are published, as far as we know, for the first time. Comparisons between the
results of wave optical and geometrical optical formulas are shown. The appearance of boundary
diffraction wave pulse, known from the aberration-free case, is also demonstrated.

PACS numbers: 42.15.Fr, 42.25.Fx

I. INTRODUCTION

Ultrashort laser pulses are widely used in several fields
of physics, chemistry and biology, which need the gener-
ation of very high intensities in the focal point [1-3]. Fo-
cused ultrashort pulses are key elements of experiments
related to surface plasmons [4, 5], attosecond physics [6],
and particle acceleration [7]; important in the investiga-
tion of dynamical processes [8, 9]; and a potential equip-
ment for neurosurgery [10]. All these applications require
the knowledge of the spatial and temporal properties of
the pulses.

By the rapid progress in the technology of ultrashort
pulse lasers, nowadays the pulses are formed by only a
few optical cycles [11-13], thus the optical aberrations
of the optical elements can alter the spatial and tem-
poral behavior of the pulse, and result in disadvanta-
geous temporal and spatial distortions. The temporal
and spatial broadening, or the pulse front distortion, for
instance, can decrease the achievable intensity of the fo-
cused pulse, or reduce the longitudinal and lateral reso-
lution of a (nonlinear) microscope.

The effect of chromatic aberration on the temporal and
spatial shape of an ultrashort pulse has already been
studied extensively, both theoretically and experimen-
tally [14-28]. The influence of monochromatic aberra-
tions on the pulse shape, that is the effect of spherical
aberration [26-29], astigmatism, coma, curvature of field,
and distortion [30, 31] has also been investigated to a cer-
tain extent. Direct measurements of the spatio-temporal
form of focused pulses distorted by aberrations have also
been performed [32-34]. Focused attosecond pulses have
been examined similarly as well [35].

The present investigation is concerned with the de-
scription of a theoretical treatment of the effect of pri-
mary aberrations on the temporal and spatial shape of
an ultrashort pulse. Since a short pulse can be repre-
sented by the superposition of its monochromatic com-
ponents, the effect of monochromatic aberrations on the
pulse can be calculated by taking into account the effect
of aberrations on each spectral component. These effects
on a monochromatic component can be treated by the

diffraction theory of aberrations investigated by Nijboer
and Zernike [36]. Some preliminary results of these cal-
culations have already been presented [37], but this is the
first time the details are published.

II. WAVE OPTICAL DESCRIPTION OF THE
PULSE PROPAGATION IN THE PRESENCE OF
ABERRATIONS

Consider a centered optical system with its axis along
CO1, where C' is the center of the exit pupil (see Fig. 1).
In the absence of the aberrations the outgoing wave is a

Exit pupil

Pulse front
~— Gaussian reference sphere

FIG. 1: Interpretation of the aberration function

perfectly spherical wave converging towards the paraxial
image point P . So the disturbance at the Gaussian
reference sphere [36] with radius R is given by

EO(Q7t) = w’ (1)

where @ is the typical point of the Gaussian reference
sphere, ¢ is the time, A/R is the amplitude of the distur-
bance and c is the speed of light. Function

h(t) = b(t) e~ iot 2)



describes the arbitrary time evolution of the pulse, where
b(t) is the envelope and wp is the carrier angular fre-
quency of the pulse. The origin of the time is chosen
so that the pulse front is situated on the Gaussian refer-
ence sphere at the time ¢ = —R/c, which means that the
envelope b(t) has its maximum at ¢t = 0.

In the presence of aberrations the wave front differs
from the ideal spherical one. The deformation of the wave
front is measured by the aberration function ®, defined
as follows [36]. The absolute value |®| represents the
distance between the two points Q and @, where @ is
the point in which a ray passing through the exit pupil
intersects the wave front passing through C, and @ is the
intersection of the same ray and the Gaussian reference
sphe_re). The value of @ is taken positive if the direction

of QQ coincides with t}&direction of propagation and

® is taken negative if QQ has the opposite direction.
Since a disturbance emerging at point () reaches point
@ over the time interval of At = ®/¢, the disturbance
at the Gaussian reference sphere in the presence of an
aberration represented by @ is given by
Ah(t+ (R—®)/c)

E(Q,t) can be represented in the form of a Fourier inte-
gral (i.e. as a composition of monochromatic waves)

S
1

EQ,t) = o / U(Q,w) e ™ dw, (4)

where U(Q, w) are the monochromatic components given
by

(oo}

U(Quw) = / E(Qut) e dt (5)

— 00

Here the symbols F and F~! denote the Fourier trans-
formation and its inverse, respectively. By substituting
Eq. (3) into Eq. (5) one can obtain

Ae—ik(R—@)
G

where k = w/c is the wave number and B(w) = F{b(t)}.

We choose a Cartesian reference system with its origin
O at the Gaussian image point Py and with the z-axis
along CPy (Fig. 1). Let (r,v, z) be the cylindrical po-
lar coordinates of the observation point P, and (pa, 6, ()
stands for the cylindrical polar coordinates of point @,
where a is the radius of the exit pupil, 0 < p < 1, and
the azimuthal angles v and 6 measured from the y-axis
(Fig. 2). Following the treatment described in Ref. 36,
the three dimensional distribution of the disturbance of a
monochromatic component near the paraxial image point
can be calculated by

U(Q,w) = B(w —wp)

—jwa?

S

AB(w — wo) €%/ Y (u,v,4,®) , (7)

FIG. 2: Choice of the reference frame and notations related
to the calculations.

where the function Y = Y (u, v, 4, ®) can be calculated
as

2

1
1 .
V== / / (lEE(p.0)—0pc0s(0—0)~(w/26) 4 p 4y (8)
00

in which u and v are the two ”optical coordinates” of P
given by

u =k (a/R)* 2, (9a)
v=k(a/R)Va?+y>=k(a/R)r, (9b)

and (z,y,z) are the Cartesian coordinates of P. The
superposition E(P,t) = F~*{U(P,w)} of the monochro-
matic components gives the disturbance

—ia?A .
(P _ —iwg(t—z/c)
(1) 4rcR? © .
« / (wo + Aw) BAW)Y e 189(=2/9) 4(Aw) , (10)

where in the last step Eq. (7) and the substitution of
Aw = w — wy have been used. It is worth expressing the
coordinates in terms of wavelength associated with the
carrier angular frequency (Ao = 2mc/wg) and similarly
the time in terms of period of the vibration (T) = 27 /wp).
Therefore it is convenient to introduce new dimensionless
coordinates defined by

S r y 2z
t)y=—,>,—,=— 11
(x’y,zﬂ ) (AO’AO’AO’TG) ) ( )
and to write the pulse envelope in the form of
b(t) = b(vt) = b(yt/To) - (12)



After straightforward calculation Eq. (10) can be written
in a form of

E(P,t) = _;07;6;; emi2m(i=2)
/ (14 Q) B2rQ/) Y (u,v, 1), ®) e 27202 g |
- (13
where B(w) = F{b(t)}, @ = Aw/wy = (w — wo)/wo.

The variables u, v can also be expressed with the new
variables as

u=27(1+Q) (a/R)* 2
v =21(14+Q) (a/R) 7T

(14a)
(14b)

where 7 = /@2 + §2 = r/Xo. If the pulse has Gaussian
temporal shape,

b(t) = exp(—t?) , (15a)
B(w) =v/T exp(—w?/4) (15b)
v =v2In2 ? = ”2]\1;12 , (15¢)

where 7 is the temporal duration of the pulse (FWHM in
intensity), and N is the number of optical cycles defined
by 7 = NTj.

III. PRIMARY ABERRATIONS

As it is known, each primary aberration represents a
wave front distortion of the form [306]

Dy (07 9) = Aimn Pn cos™ 0, (16)

where 21 +m +n = 4, Appn = apmn (Y72 and ajmn
is a constant. For the numerical calculations it is advan-
tageous to write the aberration function as [36]

gmn (p7 9) = lmn Rm( ) cos mé ’ (17)

where RI"(p) are the Zernike radial polynomials. For
primary aberrations the relation between the light distri-
butions associated with the two form of the aberration
function given by Eq. (16) and Eq. (17) is exposed by
the following displacement theorem [36]: if ® and @ are
two aberration functions such that

®' =&+ Hp? + Kpsinh + Lpcosf + M , (18)
where H, K, L and M are constants of order of A\, then
Y(u0,9,®) = MY/ o900, (19)

where
u =u+2kH , (20a)
v siny’ =vsiny + kK , (20b)
v’ cost)’ =vcosy) + kL . (20c)

If Y is expressed as the function of the variables (z,y, 2)
instead of (u,v,1) Eq. (19) can be written as

Y (z,y,2,®) = e *Mx

xY(z+ (R/a)K,y+ (R/a)L,z + (R/a)*H,d"). (21)

Following the treatment described in Ref. 36 it can be
shown that

(u v 1/17 lmn

Z C, (i0tnm )P %
X Z( )quqI;gm>

0<g<p
g=p (mod 2)

(u,v) cos(gmyp) ,  (22)

where Cp, = 2277 /p\, aypm = kA

lnm>

D= (i, L) )

1
I(nm U’U /ezu/Q
0

and J, (z) are the Bessel functions of the first kind. Here
the prime on the binomial coefficient in Eq. (23) indicates
that the terms with ¢ = 0 are to be taken with a factor
1/2. In Eq. (22) ¢ = p (mod 2) means that ¢ and p
are congruent modulo 2, that is ¢ is a even number if p
is even, and ¢ is an odd number if p is odd. Using the
method described in Ref. 36 one can show that

O Ta(pv) pdp , (24)

oo

10 (u,0) = €714 (=) (28 + 1) s (u/4)
s=0
J (p) ('U>
) w® —ma)/2 gpa) ey T
. Z (=1)™ Aj v ) (25)
JEN,
wi?zmq

where js(x) are the spherical Bessel functions of the first
kind, A§-p ‘D are the coefficients of the finite linear combi-
nation of Zernike polynomials (with a prescribed upper

index mgq) representing of product of two Zernike poly-
nomials:

(R (0P R(p) = >
JEN,
(p)>mq

APVRT (). (20)

Here N, = Np(n,m) is a finite set of integers and wg)

denote the lower indexes of the Zernike polynomials. The
coefficients A(‘p ) depend on the values of s, n and m, and
similarly the lower indexes w( ?) also depend on n and m,
but the explicit form of these dependencies are omitted
here to simplify the notations. The values of A;p D and



g?), and the set NV, will be described below for the pri-
mary aberrations. These relations can be calculated from
the explicit form of R]7(p) and the recurrence relations

of the Zernike polynomials given by [38]

m n—m m n+m+2 m
2p R} (p) = ] mH(p) + e — R (p)
(27a)
2 pm 7’L2 B m2 m
A+ 1)p Ry (p) = ——— Ryls(p)
(n+m)*  (n—-m+2)?*7 .,
- —— Ry (p)
(n + 2)2 B m2 m
T ar2 n+2(P) . (27b)

A. Primary spherical aberration

As it is known [36], in this case n =4 and | = m = 0,
and so gm = 0. Hence I,(,?I’O) (see Eq. (24)) and con-
sequently A§-p 9 do not depend on ¢. Therefore ¢ is
omitted from their notations, that is they will be de-
noted by I,(,4’0) and A;p ), respectively. Using the ex-
plicit form R{(p) = 6p* — 6p? + 1 and the recurrence
relations of the Zernike polynomials one can show that
N, ={0,1,2,...,2p}, w(p) = 2[s — 2(p — j)], and Eq.
(25) has a form of

1(40)(u v) =e “‘/42 (25 + 1) js(u/4)x

Jors—a(p—j
<30 AP P2 lt) (28)

s=2(p—3)=>0

with the Ag-p ) coefficients of indexes p = 0,1 given by

AP (s) =1, (290)
o_ 1 _ 3
3 2s5—1 2541

A(l)(s) :E % + 231—1 - 2s11+3 ) (29b)

2 + 2s+1 + 2s5+3

where the values of A;l) are arranged as the elements of a
column vector for j = 0,1,2 from top to bottom, respec-

tively. Furthermore, for p > 2 the coefficients Aﬁp )(s) can
be calculated by the recurrence relation

A(p) Z A(p 1)

(ke N, ={0,1,2,...,2p}) if we require that Ag-p)(s) =
0 when j ¢ N,. Using the properties of the binomial
coefficients one can obtain

(s) AV [s—2(p—1)+2(k—1)], (30)

(s P
Y (0,10, g = 30 02000 ja0) 4y (1)

1 p
=0 P

where apgo = kAjyo. If the aberration function is repre-
sented by the Seidel term ®g40 (see Eq. (16)), one can
apply the displacement theorem which results in

e~ HRA00 /6y (4 — 2 Agag, v, 1, Blyp)
(32)

Y (u,v,9, ®ogo) =

where Aj,, = Apso/6 in Eq. (17).

B. Primary coma

As it is known [36], this case is characterized by [ = 0,
= 3 and m = 1. Using the explicit form Ri(p) =
3p> —2p and the recurrence relations of the Zernike poly-
nomials one can show that N, = {0,1,2,...,3p} and

(p) =2s —3p+ 24, so Eq. (25) can be written as

I (u,0) = e 4 (=) P=D/2 N 7(6)* (25 + 1) ja(u/4) %
s=0
- P ) J2s—3pt25+1(v)
XY (=17 AP (2) e (33)
=0
25—3jp+2j2q
with A;p’q) coefficients of indexes p = 0, 1,2 given by
AP (s) =1, (34a)
9
] 9 541-1
A Lt e e (340)
16 sgl - 5§3
6+ 7+ 3
rg_ 20 _27 135 1
8(s—3) 34(571) 8(s+1)
6 T os—1 s+1
7+ 29 27
1 8(s 3) 8(s+1) ~ 4(s+3)
AR (g) =— 20+ 25 — 25 . (34c)
64 7+ 27 _: 29 ° 27
4(s—1) (s+1) " 8(s+5)
6+ +
+1 s+3
135 27 27
19+ 561D T 1643 T 8045).
rg_ 8l _ 45 189 -
8(s—3) 4(s— 1)3 8(s+1)
6+ 3 + 5
74 81 255 45
1 8(s—3)  8(s+1)  4(s+3)
AP () =— 20 — 225 + 25 . (34d)
64 74 45 255 81
A—T) T Bs+D) T 8(s+5)
189 Tl g
9+ 5610 T 1643 T 5649

where the values of Ag.p D are arranged as the elements
of a column vector for increasing values of j from top

to bottom. If we presume (as before) that Ag-p’Q)(s) =0

when j ¢ N, the coefficients AEP’Q)(S) (p > 2) are given
by recurrence relations



6
AP0 (5) =3 AP0 (s) AP (s - 3(p — 2) +2(k — 1))

if ¢q=0, (35a)
1=0
3
APV () =Y AP () Gi(s = 3(p— D)+ 2(k = D),q— 1) if ¢#0, (35D)
1=0
(m—1)(m+1)2 m?(m+2) (m—1)(m+1)(m+3)
L+ 2(n—1) - n + 2(n+1)
3| 1_— (mﬁ)(m;lf + (3m+(1)2(n)z+1> m?(m+2)
_ 3 2(n—1 6(n+1 n+2
G(n,m) = 3 L, m?(m+2)  (3m+1)>(m+1)  (m—1)(m+1)? (36)
3 n 6(n+1) 2(n+3)
1 (m—1)(m+1)(m+3) + mz(m+2) _ (77171)(777,Jr1)2
2(n+1) n+2 2(n+3)
[
where £ € N, = {0,1,2,...,3p}, and the values of  with A;p’q) coefficients of indexes p = 0, 1,2 given by
Gi(n,m) with increasing [ are arranged as the elements
of vector (36). In this case Eq. (22) has the form of
Y (u,v, 9, o3p) = Zcp icg31)”
p=
xS (=) Dy I8V () cos(q) . (37) 409 (s) =1 , (40a)
0<qg<p 3
g=p (mod 2) _
1,1) 1 s+1
A =2 2 (40b)
where ap31 = kAfs;. If the aberration function is repre- 4 1+ il
sented by the Seidel term ®g3; (see Eq. (16)), one can -y ° ! 3 -
apply the displacement theorem, which yields _8571 g s+1
- s+1
Y(.’I?, Y, z, q)O?)l) = Y(J?, y_Q(R/a)A031/3a Z, (bIOSI) ) (38) A(z’O)( ) 39 12 + sil 8_ siS ) (40C)
8+ 5
here Ajy, = Agz1/3 in Eq. (17). 3 “H
where Agpg; 031/3 in Eq. (17) 2+ 1 T 553 4
F9 _ 15 _ 35 -
s—1 s+1
C. Primary astigmatism 1 — 20
AR (s) =5 |12+ 2 -2, (40d)
As it is known [36], we now have I = 0, n = m = 2. 8+ 2%
Using the explicit form R3(p) = p? and the recurrence 2+ 55 + 15
relations of the Zernike polynomials one can show that
N, ={0,1,2,...,2p}, wi =2(s = p+ ), and Eq. (25)
becomes
1(22)(uv )=e 1”/42 (25 +1) js(u/4)x
2 where the values of A§p 9 are arranged as the elements of
> —1)7 A(.p’Q)(Qs) Ja(s—p+i)+1(V) 7 (39) a column vector for increasing values of j. If we suppose
=0 ! v that Ag-p’q)(s) =0 when j ¢ N, the coefficients Ag-p’Q)(s)
s—p+tji=q

(p > 2) can be calculated by the recurrence relation



2,0
0

4
9(s) :ZA;{;&O)(S) A
pq) ZAP 1,q—1)

where k € N, = {0,1,2,...,2p}, and by arranging the
values of Dj(n,m) with increasing [ as the elements of a
vector

m(m+2) (m+1)(m+3)

1 n+12
D(n,m)==| 2— mmt2) L (42)
m~+1)(m+3 m(m-+2
1 ot Bl

1+

m(m+2) +

2) has the form of

= ZCP (iaogg)px
p=0

X Z (—=1)? Dy, Iﬁg)(u,v) cos(2qy) , (43)
0<q<p
g=p (mod 2)

In this case Eq. (2

Y(’U,, v, 11[}? (1)622)

where agg2 = kA{g,. If the aberration function is repre-
sented by the Seidel term ®p22 (see Eq. (16)), one can
apply the displacement theorem, which yields

Y(u? v, ,l/}a @022) = Y(U - kA0227 v, 1/}, @622) ) (44)
where Ajyy = Agae/2 in Eq. (17).

D. Primary curvature of field

This case is represented by [ = 1, n = 2 and m = 0.
Using the displacement theorem one can obtain

Y(U, v, ¢, @120) -

In the absence of chromatic aberration Aiog does not
depend on the frequency, so the integration in Eq. (13)
can be carried out. Substituting Eq. (45) into Eq. (13)
one can obtain.

- EO(xay7Z

where Ey(z,y,z,t) is the disturbance in the absence of
aberrations (i.e. E(P,t) in case of ® = 0), and

Azlzo = 2(R/a)2 A120 . (47)

Y(’LL — 2kA120,U,¢, P = 0) . (45)

E(l’a%zat) - A21207t - A2:120/0) ) (46)

This shows that the effect of this aberration is equiv-
alent to the spatial and temporal shift of the intensity
distribution of the aberration free intensity distribution,
in contrast to the monochromatic waves, which can be
treated by only the spatial shift of the aberration free
intensity distribution [36].

s—2(p—2)+2(k—1))

s) Dy(s — 2(p— 1) + 2(k — 1),

if q=0, (41a)

2(¢—1)) if ¢#0, (41D)

E. Primary distortion

For this case [ =1, n =1 and m = 1. Using again the
displacement theorem one can get

Y(xvya Z, (I)lll) = Y(ZE?y - (R/a’)Allla 2 ® = 0) . (48)
In the absence of chromatic aberration Ao does not
depend on the frequency, thus Eq. (48) and Eq. (13)
yield

E(xvya'z?t) :E(](m7y_Aylllvzat) ) (49)

where
Ayinn = (R/a) A1y (50)

This means that the effect of this aberration is equiv-
alent to the spatial shift of the intensity distribution of
the aberration free intensity distribution, similarly to the
monochromatic waves [36].

IV. GEOMETRICAL OPTICAL DESCRIPTION
OF THE DISTORTION OF THE PULSE FRONT

Since the aberration function ® measures the defor-
mation of pulse front compared to the Gaussian refer-
ence sphere, the distance OQ can be approximated by
R = R+ ®. Using the notation of Fig. 2, the pulse front
at the time t = —R/c coincides with a surface defined by

S(R,a,0) =R, (51)
where
S(R,a,0) = R — ®(a,0), (52)

and @ is written as the function of variables (a, 6) instead
of (p,0). Since the light rays are orthogonal to the wave
front, and the light propagates with a velocity of ¢ along
a ray, the pulse front at the time ¢ is given by

m(t,a,0) =g+ c(t— R/e)q/|q] (53)
where
(@, 0) = [R + B(a, 0)] x
X (sinfsin €, + cosfsina €, — cos wéy) (54)



is the position vector of @, and

q= —grad S (55)
= (— sind sina + Sin;% g% (56)
mi’}%?ﬁ) Z (57)

+ (—cos& sinoz—i—%g% (58)

~ mf{}%g‘;’) E (59)

+ <cosa + % gi) €. (60)

is the direction of the ray at @, and the Cartesian unit
vectors are denoted by €, €y, €,. If tg = to(c,0) is the
time for which

cto =712+ (7] - DR, (61)
Eq. (53) can be written in a form of

F(taaao) :7?0+C(t7t0) q/|£7‘ ) (62)

where

- ( ) 0®  cosd 8@) .
0= sinf cosa— +

9o sina 09 ) "
0P  sinf 0P
5 SO — — — e 63
+ (cos@ cosa o — = — 89) €y (63)

+sina — €, .
da *

A. Primary aberrations

Since pa/R = sin «, the aberration function defined by
Eq. (16) can be written in a form of

D (@, 0) = Kppyy sin” « cos™ 0 (64)

J

)
q= <1+ R3_|_q)> {Sin@ sin « (1 —

where K = A (R/a)™.

1. Spherical aberration

In case of primary spherical aberration [ = 0, n = 4
and m = 0, so we have now ® = ®gyy = Kouosin® o,
where Koi0 = Agso(R/a)*. Because of the cylindrical
symmetry respect to the z-axis, it is enough to calculate
the pulse front in a plane containing the axis. We will de-
scribe the pulse front in the meridional plane determined
by # = 0. Substituting ® = Pos9 = Koo sin® o into Eq.
(55), Eq. (61) and Eq. (63) and supposing 6 = 0 one can
obtain

. 419
q<1+M)x
X [cosaé’ —sina(l—lu{smza>é'}
- R+5% ) V]’
(65a)
7o =4Pcosaé, —4(P — Ksina)sina ey, , (65b)
cto =|7|® + (|7] - DR =
(I)<18<I>Ksin2a <I>Ksin2a'“) ,
R R R

(65¢)

where the notations ® = ®gy and K = Ky are used
for the sake of the brevity, and in the last step ctq is
expanded in power series. For practical cases |®| < R
and thus |K| < R, then § ~ cosa€,—sina €y (so |¢| ~ 1)
and ctg ~ ®. The pulse front in the meridional plane is
determined by Eq. (62) with Eq. (65).

2. Coma

In this case l =0, n =3 and m = 1, so & = Py3; =
Kos1 sin® a0 cos 6, where K31 = Apz1(R/a)3. Substitut-
ing ® = ®g3; into Eq. (55), Eq. (61) and Eq. (63) one
can obtain

2K sina cosf
R+ 49 *

cto =|q|® + (|¢| - DR =

n 080 si 1 2K sina cosf +Ksin2a S 4 cosad (66a)
- 5 SN - S z bl
. R+ 40 Rt4p | v omac
7o =3P cosa e, + (2K sina cosf — 3P) sina sinf €, +
+ [(2K sina cos — 3®)sina cos 0 + K sin® o] &, , (66b)
K?sin* o + 20K sinacos§ — 992 983 — 8B K sin o cos § — PK? sin® av
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where the notations ® = ®g3; and K = Kjy3; are used
for the sake of the brevity, and in the last step cty is
expanded in power series. For practical cases |®| < R
and thus |K| < R, then ¢ ~ cosaé, —sinf sinaé, —
cosf sinaéy (so || = 1) and ctyp =~ ®. The pulse front
is determined by Eq. (62) with Eq. (66).

3. Astigmatism

In case of primary astigmatism [ = 0, n =2 =m =
2, thus @ = Pgoo = Koo sin? a cos? 0, where Koo =
Aga2(R/a)?. Substituting ® = ®gg9 into Eq. (55), Eq.
(61) and Eq. (63) one can obtain

7= 1+72(I) X
7= R+®

5 10 sina @ 0 si ) 2K .
—SInv simo e, — Cosv sin « — €
R+3%) Y

+cosae,} (67a)
7o =2® cosa €, — 2P sin« sin b €,
+2(K — ®)sina cosf €, (67b)
cto =|7|® + (|| - 1R =
- K P K
=P (1-2 —2—=—=—...
( 7 7R > , (67c)

where the notations ® = ®gp9s and K = Koo are used
for the sake of the brevity, and in the last step cty is
expanded in power series. For practical cases |®| < R
and thus |K| < R, then ¢ ~ cosaé, — sind sina e, —
cosf sinaéy (so |¢]| ~ 1) and cty ~ ®. The pulse front
is determined by Eq. (62) with Eq. (67).

V. RESULTS AND DISCUSSION

The intensity given by I = |E|? was calculated from
Eq. (13) assuming a/R = 0.1 and Gaussian temporal
envelope of the incoming pulse with duration 7 = 27Ty,
where T is the period of the vibration at the central
wavelength (\g = ¢Tp). For example, Ty = 2.67 fs and
7 = 5.34 fs at Ay = 800 nm. The amount of a primary
aberration is determined by the parameter A;,.,, in Eq.
(16). The results of the calculation are shown in Fig. 3,
4 and 5. Pulse front predicted by the geometrical optics
was also calculated from Eq. (62), and the results of
the wave optical and the geometrical optical description
were compared. The dashed curve shows the pulse front
predicted by the geometrical optics.

Fig. 3 shows the spatial intensity distribution in the
presence of primary spherical aberration characterized by
A040 = -6 )\0 for moments ¢t = — 7000 To, — 2394 TQ, —
1800 Ty and 5007y calculated from Eqs. (13), (31) and
(32). The pulse front predicted by the geometrical optics
calculated from Egs. (62), (63) and (65) is illustrated by
dashed curve. The geometrical caustic is shown by con-
tinuous line. The values of time ¢ was chosen so that the

pulse is in front of the focal region in case (a) and it is
behind the focal region in case (d). In case (b) the pulse
front propagating along the marginal rays just reaches
the optical axis. Between the marginal and the paraxial
focal point the pulse front has two parts. One of them
is constructed along the paraxial rays so this part of the
pulse front is (nearly) spherical. The other part of the
pulse front is formed along the marginal rays. This is why
this part has X shape spatial profile and the properties
of this peak is very similar to the so-called Bessel-X wave
pulses [39-41]. The X shaped part of the pulse front prop-
agates with superluminal velocity along the optical axis
and the radial intensity distribution resembles a Bessel-
X wave pulse. Fig. 3a and 3d shows that in addition to
the pulse front predicted by the geometrical optics an ex-
tra pulse appears. This pulse was termed boundary wave
pulse in our previous publications [17, 19, 42, 43]. The
appearance of boundary wave pulse is purely wave opti-
cal phenomenon, and it can be interpreted as the super-
position of boundary diffraction waves [42-44]. Because
of the aberration, the pulse front reaches the boundary
of the exit pupil with a time delay At = ®,/c, where
D, = Poyo(p = 1,0) = Agao is the aberration function
at the edge of the exit pupil (p = 1). So the bound-
ary diffraction waves are generated with a time delay
At = ®,/c = Apso/c compared to the aberration-free
case. Consequently the position z; of the boundary wave
pulse is shifted along the optical axis compared to the
aberration-free case. The position of the boundary wave
pulse is given by

2 (t—AY/Ty

Y 1oL (a/R)” o

The spatial intensity distribution in planes given by
1 = 0° (meridional plane), ¢ = 45°and ¢ = 90° (sagital
plane) in the presence of primary coma characterized by
Apz1 = 2.5 )¢ calculated from Egs. (13), (37) and (38) at
the time t = — 20007p, — 2007y, 0, 20071y and 2000 Ty
is depicted in Fig. 4. The pulse front predicted by the
geometrical optics is illustrated by dashed curve. Cases
(b), (c¢) and (d) show that in the vicinity of the paraxial
image point the shape of the pulse front in the meridional
plane forms a letter V. One can conclude that in the
domain y > 0 there are points close to the paraxial image
point and the meridional plane in which the pulse passes
through twice.

The intensity distribution in the presence of primary
astigmatism characterized by Agoe = 1.5 g is depicted
in Fig. 5. The pulse front predicted by the geometrical
optics is illustrated by dashed curve. In case (b) and
(d) the pulse is situated at the sagital and meridional
(tangential) focal line, respectively. In case (c) the pulse
is at the circle of least confusion (in the middle between
the sagital and the meridional focal lines).

In all of the three cases of the aberrations, in addition
to the pulse front predicted by the geometrical optics, an
extra pulse appears, which again can be interpreted as
the superposition of boundary diffraction waves [42—44]



JLIM: 11.16

A‘\/\ -
< < IS <
~ ~ \ ~
f=3
= = &
g S g
[} (=} [}
z s 2
E S =
' o
IO (=3
¥ ° g
7020 73, 6980 2400 3, <2390 -1805 /3, ~1795 480 500 273,
FIG. 3: Intensity distribution of a pulse with temporal duration 7 = 27y at the time ¢t = — 7000 7o, — 2394 Ty, — 18007y and
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predicted by geometrical optics. The continuous lines indicates the geometrical caustic. The pulse is in front of the focal region

in case (a) and it is behind the focal region in case (d).
along the marginal rays reaches the optical axis.

(see Figs. 3a, 3d, 4a, 4e, 5a and 5e). So the wave optical
calculation shows that the boundary wave pulse appears
not only in case of perfect imaging but in the presence of
primary aberrations.

VI. CONCLUSIONS

In the present paper a theoretical, wave optical de-
scription of the effects of primary aberrations on the
temporal and spatial shape of ultrashort pulses is pre-
sented. The calculations are based on the diffraction
theory. The aberrations are expressed with the circu-
lar polynomials of Zernike, following the treatment by
Nijboer and Zernike. The detailed formulas of the calcu-
lation, and the explicit form of the recurrence relations
(30), (35) and (41) for the Aﬁp’q) coefficients of the cir-
cular polynomial based expansion (26) are published, as
far as we know, for the first time.

Numerical evaluation of the given expressions are de-
picted for primary spherical aberration (Fig. 3), primary
coma (Fig. 4) and primary astigmatism (Fig. 5). For-
malism for primary curvature of field and primary distor-
tion are also given. The results for the spatio-temporal
form of the pulse are compared with the pulse front
shapes given by geometrical optical theory, also discussed

In case (b) the time was chosen so that the light pulse propagating

in detail in the present paper. The pulse fronts show per-
fect correspondence between the geometrical and wave
optical description.

The submitted figures also show that, in addition to
the pulse front predicted by the geometrical optics, an
extra pulse appears. This pulse is a pure wave optical
phenomenon, called boundary wave pulse. This means
that this superposition of boundary diffraction waves ap-
pears not only in case of aberration-free imaging, but also
in the presence of primary aberrations.
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