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Abstract

We begin with a paradox of the equivalence relation, and we solve it by using
the neutral value of the negation. The so-called Pliant equivalence operator
fulfils the modified requirements of the fuzzy equivalence relations. After, we
study two models of the equivalence operator. We show that in the Pliant
operator case the natural extension of two expressions is equivalent. It has two
different types of transitivity. It is associative, and it can be extended to many
variables. On this basis, we can create the weighted form of the equivalence
operator.

Keywords: equivalence operator, symmetric difference operator, similarity
relation, indistinguishability, T-equivalence

1. Introduction

Fuzzy equivalence relations were introduced by Zadeh [7] as a generalization
of the concept of an equivalence relation. Since then, they have been widely
studied (e. g. to measure the degree of indistinguishability or similarity between
the objects of a given universe of discourse) and they have been shown to be
useful in different contexts such as fuzzy control, approximate reasoning and
fuzzy cluster analysis. Depending on the authors and the context in which
they appeared, they had alternative labels such as similarity relations [36],
indistinguishability operators [7, 14, 15, 24, 25, 26, 33|, T-equivalences [2, 3]
and many-valued equivalence relations [12, 13]. In [11], the authors investigate
various properties of equivalence classes of fuzzy equivalence relations over a
complete residuated lattice.

Bodenhofer [6] in his article presented an alternative concept of fuzzy or-
derings. With his viewpoint of representation and construction, he adopted a
generalized approach. He stated an important relationship between fuzzy or-
dering and approximate similarity and also found a fundamental connection
between orderings and equivalence relations. In his article , he uses the classical
definitions to establish the new results.

Definition 1. An associative, commutative, and non-decreasing binary opera-
tion on the unit interval (i.e. a [0;1)*> — [0;1] mapping) which has 1 as neutral
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element is called triangular norm, for short, t-norm. A t-norm T is called
left-continuous if and only if all partial mappings T(x,.) and T(.,z) are left-
continuous.

The continuous, strictly monotonously increasing Archimedean t-norm (¢(z, y))
and t-conorm (s(x,y)) can be represented by additive generator functions that
have the following form

t(l’,y) = f;l(fc(x) + fc(y))

and

s(z,y) = f7 (fa(x) + fa(y)).

The generator functions are determined up to a multiplicative factor [28].
Definition 2. For a left-continuous t-norm T, the residual implication (residuum,)
=
T is defined as

N
T(x,y) = sup{u € [0,1] | T(u,z) <y}
Lemma 1. (Fodor and Roubens [19], Gottwald [22], Hdjek [23]). Consider
a left-continuous t-norm T. Then the following holds for all x,y,z € [0, 1]:
—
1.z <y ifand onlyif T(x,y)=1;
N
(,y) <z ifand only if x<T(y,z);

T(% Y, T(y; 2)) < T, 2);
T(
T(

S

1 y) =,
f( y)) <y,
T(x,T(z,y)) :

Furthermore, T 18 non-increasing and left-continuous in the first arqgument
and non-decreasing and right-continuous in the second argument.
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Analogously to the Boolean case, we can also use a residual implication to
define a concept of logical equivalence.

A4
Definition 3. The bi-implication T of a left-continuous t-norm T is defined as

> — —
T(z,y) =T(T(z,y), T(y,2)):
Lemma 2. For a left-continuous t-norm T, the following assertions hold (for
all z,y,z € [0;1]):
1 if and only zfx =,
n(T(2,y), Ty, 2)):
(y,x)

(a?, y) =
(:v, Y)
Y)

T(x,

min
o
T



<~

<~ <~

4 T(T(x,y), T(x,y)) < T(z,y)

> —

5. T(z,y) = T (max(z,y), min(x,y))

In classical logic the simplest operation is the equivalence relation, but there
are problems introducing it in the continuous-valued case. An equivalence rela-
tion has to meet the following requirements:

In our article the negation operator plays an important role, and we denoted

it by n(z). Let us denote the fix point of the negation by v, (i. e. n,, (Vi) = V).
The developed equivalence operator depends on v, and we denote it by e, (z,y)

1. ey, :[0,1] x [0,1] — [0,1] is a continuous mapping
2. Cu, (070) =1 6y*(17 1) =1
3. 6,.(0,1)=0 e, (1,0) =0,

i.e. it must be compatible with two-valued logic. 2 and 3 can be generalized
to:

4 e, (z,2)=1
5. ey, (1, (x)) =0

On the one hand, 4 is very natural and all theoreticians agree on it. On the
other, they forget that 5 should be as important as 4. Demanding that 4 and 5
be simultaneously satisfied leads to a paradox.

Lemma 3 (The paradox of the equivalence relation). There is no equivalence
relation which fulfils 4 and 5.

Proof. Let v, be the fix point of n, (x). Then from 4, e,, (Vi,v.) =1 and from
5 ev, (Vi Ny, (V4)) = €u, (v, v4) = 0.

In this article, we solve this paradox and we use v, ad a threshold by modi-
fying the requirements 1-3. All the results are derived using the Pliant system.
The question here is, which value is reasonable for e, (v.,v.)? If we recall
that the values represent uncertainties and we hesitate whether object A has the
property x4(= v.) and object B has the property zg(= v.), then we are also
not sure that A and B are equivalent from this point of view. Our suggestion is

ey, Vi, Vi) = Vs

i. e. in very noisy cases we cannot say whether these two are equivalent.
In the next section we give a brief description of the Pliant concept.



2. Pliant systems

In Pliant systems, we focus on the DeMorgan systems which have infinitely
many negation operators. These types of operators are important because the
fix point of the negation (see Eq.(1) later) can be varied, this value can be
interpreted as a decision level and this kind of logic is very flexible. Such logic
is important in different areas. Cintula et al. [10] focus on fuzzy logic with an
additional involutive negation operator, but in our case we have infinitely many
negation operators that satisfy the DeMorgan identity [16, 18]. In my articles,
I showed that this operator class has important properties.

From an application’s point of view, strictly monotonously increasing oper-
ators are useful and they have many applications. This is why we will focus on
strictly monotonously increasing operators of the Pliant concept.

Triangular norms and conorms

Definition 4. We say that n(x) is a negation operator if n: [0,1] — [0,1] sat-
isfies the following conditions:

C1:n:1[0,1] = [0,1] is continuous;
C2:n(0) =1, n(1) =0;

C3:n(x) < n(y) forz>vy;
C4:n(n(x)) = .

From C1 and C3 it follows that there exists a fix point v, € [0, 1] of the negation,
where

N(¥e) = Vi (1)

In the following, we construct a subset of t-norms and t-conorms which fulfil
some special conditions and we will call them pliant operators. These two classes
of operators will be denoted by ¢(z,y) (fuzzy AND operator) and d(x,y) (fuzzy
OR operator), not t(x,y) and s(z,y).

In the Pliant concept, we will characterize the operator class (strict t-norm
and strict t-conorm) for which various negation operators exist and build a
DeMorgan class, i. e. n(c(z,y)) = d(n(x),n(y)).

The fix point v, or the neutral value v, can be regarded as a decision thresh-
old. Operators with various negation operators are useful because the threshold
value can be varied.

The operators ¢(x, y) and d(z, y) build a DeMorgan system for n,, (x), where
Ny, (Vs) = vy for all v,€(0, 1) if and only if there exists an additive generator f.(x)
and fq(z) of ¢(z,y) and d(z,y), respectively

fe() fa(z) =1, ()



where f.(z) and fy(z) are the generator functions of the strict t-norms and
t-conorms. A proof of this can be found in [18].

Knowing f.(z) or fq(x) means that we automatically know the other, since
they are the reciprocals of each other.

Definition 5. Such system where Eq. (2) holds is called a Pliant system.

Hence the general form of a pliant system is

oal@,y) = £ (1 (@) + 12 w)'") 3)
w0 =57 (L), (@

where f(z) is the generator function of the strict t-norm and f : [0,1] — [0, 00]
is a continuous and strictly decreasing function. Depending on the sign of «,
the operator is conjunctive or disjunctive.

If a>0, then
0u(,Y) is a conjunctive operator (t-norm,)
If a<0, then

0a(2,Yy) is a disjunctive operator (t-conorm)

Let c(z,y) = f~ (f(z) + f(y)), then

d(fvy):ffl T 1
OREID)

We can summarize the elements of the Pliant system (operators and their cor-
respondent weighted form) like so:

) =1 (Sh@) ctwn) =1 (Swasion) 5)

dix) =f" = dw,x) =f""| 5 (6)
pPIEen X TG0
_ =1 fivo)
Ti(l’) =f ( T(@) ) ) (7)

where f(z) is the generator function of the strict t-norm.
The Pliant system has been recently extended. In this system, the operator
class of the uninorms is called the aggregative operator [16]. A special case of



the Pliant system is when the generator function is given by the Dombi operator.

The operator system of Dombi

The Dombi operators [16] form a pliant system and the operators are:

1 1

1+<7iwi<1;':i>a)l/a (8)

i=1

H(iwi(l;;i)*“)‘”“ (9)

=1

1+ (—1‘”* )2 e
Vs 11—z

where v, €]0, 1], with generator functions

o = (22) = (222) (12

T T

where a > 0. The operators ¢, d and 7 fulfil the De Morgan identity for all v.
In the next part, we will use the notation ¢;(x) = ¢(x) and d;(x) = d(x)

3. Symmetric difference and equivalence operators

In Boolean algebra, we may use several equivalent expressions to represent
the symmetric difference

zhary=(xAY)A(YAT) (13)
xhoy=(xVy AyAz) (14)
From the very beginning [8], the symmetric difference, i. e. the representation
of the exclusive or, has been an important operation. However, to date there

have been relatively few articles on it. One notable article is by Alsina and
Trillas [1].



In fuzzy logic, one can model the symmetric difference based on conjunction,
disjunction (t-norm, t-conorm) and negation operators in the unit interval [0, 1].
That is,

s (@,y) = d(c(x,n(2)), c(y,n(z))) or (15)

sP(2,y) = e(d(@,y),n(c(z,y))), (16)

where d is the disjunctive operator (t-conorm), ¢ is the conjunctive operator

(t-norm) and 7 is a strong negation. The symmetric difference operator is

important because using this operator we can introduce metrics, and with these

metrics we can measure the similarity. From an application point of view, it is

very useful in problems involving matching and image retrieval [5, 27, 34, 35, 37]
Using the Pliant operators, we proved the following proposition.

Proposition 1. The weighted Pliant difference operator is

1)+ f(af)f(y)>
2 uf(y) +of(z) )’

where f(x) is the generator function of the strict t-norm and f :[0,1] — [0, o0
s a continuous and strictly decreasing function.

stz = 1 (17)

Proof. Proof can be found in [17].

Special cases
If u=0 and wv=1, then

s, Oz Ly) = £ (3 (58 +fw)) = ey, ()
If w=1 and v =0, then
s (Lzi0y) = 7 (3(58+1@)) =cwnw)  (19)

_ 1 _ 1
If u=5 and wv=3,then

f@)+f(y)

The most common way of introducing the equivalence relation is by using the
implication operator. In classical logic, the equivalence is defined by

2y,
Sty = o (P o)

z=y ifand only if (x — y) A (y — z), (21)

which can be translated by using

r—y=xVy (22)

Then we get
x =1 0y ZVy)A(gVez) or (23)
T =y = (@AyV(EAY (24)



In the classical two-valued logic, (23) and (24) are equivalent.
Because (23) and (24) are simply the negation of (13) and (14), respectively,
we can define them by their negated form. That is,

(A V(EVY) = (ZVy A(zVy)
(EVy)A(@Ay) = (zny)V(ZVY)

Given the symmetric difference operator, it is not hard to construct an equiv-
alence operator using the negation operator.
In our notation,

eM(a,y) = n. (s (2, v)), (25)
e (a,y) = n. (s (2, 9)). (26)

Proposition 2. The weighted Pliant equivalence operator is

vf(x) +uf(y) )
fPwa) + f(2)f(y)

ey (u,a5v,y) = f! (2 )

whenu=1andv =20

er, (0,251,y) = 7! (2 P g, o )

when u=0 and v =1

when w=3% and U:%,

2
L1y et (L F@) )
e (boig) = I (eSS (28)

where f(x) is the generator function of the strict t-norm and f : [0,1] — [0, co]
18 a continuous and strictly decreasing function.
When w= 1 and v = 1, then we will denote e, (3, 2;3,y) by ey, (z,y).
Proof. The proof is based on Eqs. (7), (17), (25) and (26).

|

Proposition 3. The mean Pliant equivalence operator is the same as the Pliant
equivalence operator. That is,

€v. (x,y) = €y, (x,y)

Proof. Because s, (z,y) = 5., (x,y), their negated forms are equivalent [17].
That is,

v, (%, 9) = N, (0. (2, 9)) = M, (50, (2, ) = €v. (2, ).



Proposition 4. The following identity is valid:
e (z,y) = el (x,y) (29)

Proof. Because s, 1(x,y) = su, 2(x,y) (see [17]), their negated forms are the
same.

In a continuous-valued logic, (28) and (24) are not necessarily equal.
Let ¢(z,y) = zy, d(z,y) =x+y—zy andn(z) =1—x

(A=2)+y—-(A-2)y) (1 -y+z—(1-yz)#zy+(l—z)(1-y)—2y(l-y)(1-y)
(]

In the article by Bustince et al. [9], proposition 33 states that e;(z,y) is an
equivalence operator. Here, we show that e;(x,y) is the same operator as that
in the classical definition.

Definition 6. The Pliant equivalence operator is

(30)

e,,*(x,y) :f—l (fQ(V*)fQ(f(-T)+f(y) ) ’

vi) + (@) f(y)
when f(vi) =1, then e, (z,y) = e(z,y) and

f(z) + f(y) )
1+ f(@)f(y) )

Definition 7. We will say x and y are threshold equivalent iff

e(z,y) = f! <

ev, (T,Y) > Vy.

When two facts are probably true, their equivalence is probably true and
the same holds for the converse.

Remark 1. From this result we can infer that two values are in the same v,
equivalence class if either x > v, and y > v, or x < vy and y < v,.

The Pliant equivalence operator (30) satisfies the threshold property.

Proposition 5. The following inequalities are true:

ey, (z,2) > v, ev, (M, (), 2) <vi x#vs (31)



Proof. Using the definition of e, (x,y), we have to prove that

-1 2f(x) v
f (f%W)+f%@):>* (32)
and
ffl fQ(V ) f(d?) + f;é:;) _ (1 <f(1') + f2(l/*)>> < .. (33)
U ) + S @) 2 /() '

From the fact that f is a strictly decreasing function, we get, from (32) and
(83), that

2f (v ) f(z) < f2(n) + f(@)

Proposition 6. If x > v, and y> v, then e, (x,y) > vy
and if t < v, and y < v, then e, (z,y) < Vs.

Proof. If t > v, and y>wv. then f(z)< f(vi) and f(y) < f(vi).
Because f(vi) — f(z) >0

Fw)(f(ve) = f(2) > fy)(f (ve) = f(2)) (34)

From this we see that

Fw)(f(@) + f(y) < FPv) + (@) f ()
Hence,
f(@)+ f(y)
Pw»+ﬂmﬂm>>“

6m(x40f1<f%V0
||

Proposition 7. The following threshold property is valid for the Pliant equiv-
alence operator

ev. (T, y) >ve iff (x<ve and y <) or (x >ve and y>wvy)
(35)

Proof. By definition,

a&%wf1<F@n 7o) + /) >>W

f2we) + f(2)f(y)

From this, we get

F@)(f(@) () < f2 () + f2) f(y)-

Hence,

10



fy) @) <f(y) 1).

f(u*f = Fv) \Fw)

))>1 cmdsz(y)—1<1then )<1.

]f f(y)
| |

Proposition 8. The Pliant equivalence operator has the following properties:
1. ey, (x, y) = €y, (y,x) commutativity

2. e,(1,1)=1, ¢,(0,0) =1

e,,(0,1)=0, e¢,(1,0)=0 compatibility, i. e. compatible
with the two-valued logic case

3. e, (lz)=x e, (v,1) =1 boundary conditions are fulfilled

e (0,2) =m0, () ey (2,0) = . (2)

11



10.

11.

Proof.

u, (Vs, Vi) = Vs
e, (Vi, ) = 1
ey, (T,V4) = Vs

arg min e, (z,x) =v,
xT

arg max e, (z,n,,(x)) =v.
xr

ev. (M. (@), M. (y)) = ev. (z,y)

ev, (2,0, (x)) = &z, 0, (1))

M. (v, (2,9)) = ev, (N, (7),y) = 50, (2,9)

M. (ev, (2,y)) = e, (M0, (Y)) = 50, (2,9)

Cu, (J?, Cu, (y7 Z)) = €y, (61,* (l‘, y)a Z)
sup (c(z,y)) < inf (ev. (2,9))

C(:L', y) S Cv, (:E7 y)

1. The proof of 1 is obvious.

2. e,

€y, (0,0) = ! (f2(v*>
€. (0,1) = e, (1,0) = £~ (£2(02)

3. e (la) = f1 (F20)

(1) = (2w

2£(1)
2
2 (vs) +£(0)

7(0)

f@)+r (1)

12

2w+ f(x) f(1)

FO)+r(1)

f2va)+F(0)F(1)

) =2

fix point property

minimum property of the equiva-
lence operator

maximum property of the equiva-
lence operator

invariance property with nega-
tion

connection between equivalence
and the conjunctive operators
when x =y

relationship between equivalence

operator and symmetric differ-
ence operator

associativity
B. Moser [30]

M. Ciri¢ [11] property

m) =1, because f(1) =0, f71(0) =1

> =1, because f(0) = o0, f71(0)=1

) =0, because f(0) = oo



€u, (071') =€y, (nl’*(l)wT) = el’*(LnV* (:L‘)) = M. (3;‘)

- F(0)+ 55
. (0,m,. (@) = £ <f2<u*>fz<“) _

)+ 1)

- S @)+
= [ (f?(y*) 20— | =z
2 (v *)+f ( ))f( )

- a) ey, (Ve i) = Vs

I (P ) = v

b)) [ (fz(l/*)%) = v, if and only if
f) (F(@) = f(va) = Fw) (f(2) = f())
. a) arg min (e, (z,z)) = argmax (W) =

arg min( @) + f(x )):1/*

Jrf (vs)
. b) arg max (e, (x )=argmin [ ———E | =,
) arg max (ey, (z,1,.(x))) = arg ( )+ T £ @)
2(wa) | f2(vs)
. e + O z)+f(y)
6. f <f(V) 2 )+f2(V*)yf(V*)> - ( Y f2(”*)+f(x)f(y))
Vs fx), f(y)

n i (P ) = o (3 () + £8))

F2 () f () )

52
-1 2 (we) T fE:§>+f(y)
8. f <f2(1/*)+ 5 f2)+fy) ) - f <f ( )fZ( )Jrf (u*)f(y)

F2a)+f(2) f(y) f(x)

9. ey, (Iv C(ya Z)) =

_ <f2( ) @)+ £ () PBEEE 1 £ (y) £ (2) > _

2 2 F)+F(z)
Pt @) 2.5 e

= f-1 ( P2 ) (f@)+Hf )+ F () +F (@) f(9)f(2) ) —
P2 20 f(@) f W)+ f(@)f(2)+f () f(2)
F(@)+f(y)

P peat iy @)
3 =ey, (e, (,9), 2
= ( ”*”f(z)f?(”*)% (e (@0):2)

10. In Moser’s article [30], this property has a crucial rule and it is the so-
called FP property.

sup(f7 (f(@) + () ) < inf (f‘l (f2<”*> f(ﬂf)ﬁf{g}@))) C

13



Let X = f((:*)) and Y = J[((i) . Then we have

N

inf(X +Y) > sup (1)?;(1;)

1
1z s xy)
11, fH (@) + F@) < 1 (P07 )

v + @) fly) = f2()

Because e(z,y) is associative, there is an additive generator function of the
operator based on Aczél’s theorem:

ev.(@,y) = B71 (B(2) + E(y)) (36)
Proposition 9. We show that E(z) has the form

E(z) = In (M)

Proof. From (36), we get

Using (36), we have

foete fet

=1 ve)—f(x ve)—f(y o

ev (z,y) = f f(ve) [t i) fe)tfw) 1 |~
flva)=f(z) flve)—f(y)

1 (Pl I

f2v) + f(2)f(y)

14



Remark 2. Because e, (z,y) is associative, we can extend it to n variables.
By definition,

& f(V*)+f(r)
1;1 Fo)—F@) 1L

Then we get
L) + @) = TT(F ) = Fl)
elw) = f7 | f) S =
[L(F02) + @) + [L(7 ) = £(a)

Remark 3. The weighted form of the equivalence operator is, by definition,

o fw) i)\

A B ! (frgteg) -

e(wm) =B | Y wB(x) | = f7" | f(v)
=1

11 (f(w)—&-;giz;) 1

—

Hence,
(70 + fla))™ = TL(Fv) - flai)™
e(wz)=f"| flr)5 = (38)
(7 + F) + T (F0) - Fla)™

Transitivity of the equivalence operator

The composition of two relations is defined in the following way:

(R © S)(.ﬁ, Z/) = \/C(R(xv CL), S(avy))

a

The composition of one relation is when ¢(x, y) is a strict monotonously increas-
ing t-norm:

(Re R)(e) =/ £ (F(Rla.a)) + T (R(a)

Definition 8. The R relation is t-transitive (composition) if and only if

RoR<R

15



Proposition 10. The Pliant equivalence e, (x,y) is t-transitive (in our case
c-transitive).

Proof. By definition,

(c0.060.)w0) = (Afa@xwﬂﬁwmaw0<f1<wawﬁﬁzﬁ%@):ad%w

Because f is strictly decreasing, we need to show that

(a) ) + f(a) () + £()
Vf2 )ﬂ)+f%@+fwﬂ®2f%w+ﬂ@ﬂw

_ f(=) _ fW _ f(a)
Let X = JiOAL Y = ORE A= iOAL X,Y,A €0, 0]

/\ X+A+Y+A >X+Y
1+XA 14YA) 14+ XY

Let us introduce the function

X+A

FX(A):lJrXA

Fx (A) is strictly increasing when X < 1 and strictly decreasing when X > 1.
As Fx(0) =X and Fx(co) = %, we have that

min (Fx (4)) = min (X, ;)

Next, we have to prove that

a) X+Y > 1{(;(}1//

1 X+Y
b) X+ Y Z 1+XY

141 X+Y
¢) xt+vy= 1+XY

a), b) and ¢) are trivial.

Definition 9. e, (z,y) is threshold transitive if e, (x,y) > vi and e, (y,z) >
Vi. Then e, (x,2) > v..

Proposition 11. e, (z,y) is threshold transitive.

16



Proof. From the definition,

. (e,y) = £ (fz<y*)1"<w>+f<y>>

We can write e, (x,y) in the following way:

—_
+

Since f(x) is a strictly decreasing function, using the notation X = /()

Y = LW gnd 7 = LEL we need to prove that if

Flve) flve)?
X+Y <14+ XY (39)
Y+Z<14+YZ (40)
then
X+7Z<1+XZ, (41)

where X,Y,Z > 0.
The inequalities (39) can be rewritten as:

Y-1<X({Y -1)
This is valid iff

or

0<X<1 and 0<Y <1 (43)

From (39), if 1 < X, then 1 <Y from (40), if 1 <Y, then 1< Z
so (41) is valid. In this way, we can prove the case when X < 1.

4. Equivalence and symmetric difference operators in the Dombi op-
erator case

Let us use the generator function in the Dombi operator case:

_ 1
1+ 2%

1—=x

o= (25w )

X

17



and let

Ki(w,x) = H (1= v)%zs + 2 (1 — 2))™

(2

Ka(w,x) = [T (1= va)af — v (1 —a)™)™

i=1
then
1 (K + Ko)=
e(oz)(w’ X) _ - = Vl( 1+ 2) -
14 low (KimKp )@ V(K1 + Ko)o + (1 —v) (K — Ky)@
Vi Ki+K>

Whenazlandz/*:%

Ki(w,x)=1 and Ky(w,x)= H(l — 2q;)"

(1 +JJa- 2;@)“”)

DO =

e(w,x) =

When n = 2,
Ky = ((1=w)%® + 02 (1 = 2)*) (1 =)y + 02 (1 —y)*)™
Ky = ((1—w)%a® —v2(1 = 2)*) (1 —w) "y — (1 —y)*)™”

I/*(Kl —+ [(2)é
V(K1 + K2)w + (1 — 1) (K — Ko)=

el (wy, w3 wa, y) =

When n =2 and v, = %,

Ko = (2% — (1 —2)")" (y* — (1 —y)*)"*
(K1 + Ko)w
(K1 + Ks)w + (K1 — Kp)w

e(a)(wla T w2, y) =

When n=2,v, =1 anda=1 (see Figure 2)

Ki=1 Ky=Q2x-1)""(2y—1)"?

(14 2z -1 (2y — 1))

DN | =

e(’l,U1,.’I}; w2ay) =
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Whenn=2,v, =ta=1w; =1 andw; =1 (1)

1
ele,y) =5 (1+ (22 - 12y - 1)) =2y + (1 —z)(1 —y)
Definition 10. The weighted equivalence of x and y is

e (2,y) = > _wie, (i, 4i), (44)
i=1

where w; > 0 and Z:;l w; = 1.
And a special case:

ep(z,y) = Zwi(l + (2z; — 1)“(2y; — 1))

This is none other than the strong equality index when w; = % Vi.

Figure 1: Asymmetric equivalence operator when n =2, =1,vx =1/2u=1/2 and v = 1/2

The asymmetric equivalence operator equation is (as in Equation 27)
1

20 v(l=z)ey*tu(l-y)z
R e e = )

el (u, x5 0,y) =

When a = 1, then
1

5 v(l-z)+u(l—y)
1+ (2’/* (1_y*)2zy+l/f(1—z)(1_y)>

el/* (u’ x; 'U, y) =
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1oos

]
02
04
064
v

Figure 2: Asymmetric equivalence opera- Figure 3: Asymmetric equivalence opera-
tor when vy =1/3,a=1,u=1/2 and tor when vy =2/3,a=1,u=1/2 and
v=1/2 v=1/2

see Figures 2, 3.

When v, = % and a =1,

1

o) tu(l_y)
1+ (my+(1fz><1fy>)

e(u, ;0,y) =

5. Summary

It was an interesting open problem to determine (independently of the defini-
tion of equivalence) which t-norms and t-conorms and strong negation operators
of two variables are associative operations on the unit interval. In this article,
we showed that the Pliant operators have just this property.

We demonstrated that the two different operators e (z, y), e2(x, y) are equiv-
alent. After, we proved that the desired properties of the equivalence exist. We
showed that the Pliant equivalence is associative and it has other nice proper-
ties. Then we gave a parametrical form of these operators to illustrate their
flexibility in problem solving. We gave a parametrical form of the equivalence
operator. When a = 1, the equivalence operator is a very simple expression
and it has many possible applications, such as in image processing and signal
processing. With this, we can also measure the degree of overlap.
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