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Abstract

We consider nonautonomous cyclic systems of delay differential equations with variable delay. Under
suitable feedback assumptions, we define an integer-valued Lyapunov functional related to the number of
sign changes of the coordinate functions of solutions. We prove that this functional possesses properties
analogous to those established by Mallet-Paret and Sell for the constant delay case and by Krisztin and
Arino for the scalar case. We also apply the results to equations with state-dependent delays.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Cyclic systems of delay differential equations (DDEs) arise in a variety of models in life sci-
ences [16,18,26,29,42,44,55,64,65], computer science [7,23,27,30,66], economics [51] or even
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in traffic control and automated control [3,9,60,61]. They also appear in the analysis of traveling
wave solutions of some population dynamical models [17,18].

The seminal papers by Mallet-Paret and Sell [46,47] considered cyclic DDEs of the normal-
ized form

) = 0. x°), x (1)),
i)y =fle, @0, (0,1 @), i=1...N-1, (.1)

Ny = NN @), N @), 10 - 1))

with the main hypothesis being a feedback assumption in the last component of each function f!
(0 <i < N). In [46], they developed a discrete Lyapunov functional, acting on the appropriate
infinite-dimensional phase space, whose value is based on the number of sign changes on seg-
ments of solutions. Moreover, they also established some basic properties of this functional and
proved that backwards-bounded solutions have finitely many sign changes on any finite interval.

These results generalized those on similar ODE systems due to Mallet-Paret and Smith [49]
and on scalar DDEs (N = 0 case) by Mallet-Paret [45]. Some years later, Krisztin and Arino [37]
proved analogous results for scalar DDEs with time-variable or state-dependent delay (SDDEs).
We note that the basic concept goes back to Myskis [52], in the scalar case, and to Schwarz
[56], Smillie [57] and Mallet-Paret and Smith [49], in case of systems without delays — see also
some more recent results [4]. Similar ideas (using the so-called Matano function [50]) were also
fruitfully applied for scalar reaction-diffusion equations by Brunovsky and Fiedler [12], and for
difference equations by Mallet-Paret and Sell [48] and by one of us and P6tzsche [24].

The discrete Lyapunov functional with its properties have proven to be a game changer in
the analysis of the global attractor of infinite-dimensional dynamical systems, and in particular
of delay differential equations. Without attempting to be exhaustive or chronological, they have
been used to obtain: Poincaré-Bendixson-type results for cyclic unidirectional DDEs [47], scalar
SDDEs [34,37], and even for reaction-diffusion equations [20] and nonlinear Cauchy—Riemann
equations in the plane [10]; results on the absence/existence and stability of periodic solu-
tions with prescribed oscillation frequency [19,21,23,32,33,38,39,41,66,67]; detailed description
of the global attractor [38—40]; absence of superexponential solutions [13,14,22]; existence of
Morse decomposition of the global attractor [8,22,24,45,53].

Inspired by the broad utility of this technical tool demonstrated above, in this paper we aim to
generalize the results of [37,46] on existence and properties (including finiteness) of the discrete
Lyapunov functional for cyclic DDEs for the case of time-variable delay, with the simplification
that we only consider unidirectional systems (i.e. the i-th equation is independent of x’~!). We
also apply our results to two types of cyclic SDDEs that arise in many applications, namely DDEs
with threshold-type delays and another delay implicitly defined by two values.

Let us consider the unidirectional cyclic system of DDEs of the form

()= flex @), x @), ie{0,....N—1},
<N N N 0 (1.2)
@)= x7 (@), x" ()

under the standing assumptions that

(Hp) the functions f 0 .., f N are continuous in their first argument, and C 1in their other ar-

guments;
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(Hy) fO, ..., fN obey the feedback conditions

vfi(t,0,v) >0, D3 f(2,0,0) >0, ie{0,....,N—1},
svfN(,0,v) >0, D3 fN(t,0,00>0

for all # and v # 0, where § € {1} and D; stands for differentiation w.r.t. the j-th argu-
ment;

(H3) n is continuous and strictly increasing, and the time-variable delay t(¢) := ¢ — n(¢) is
strictly positive and bounded by some positive constant r for all 7 € R.

The case N = 0 is also allowed. Then we have x(r) = f (x(¢), x((r)) with x :=x% and f =
10
Our study is also highly motivated by the fact that any fixed solution of an SDDE can be
viewed as a solution of the same DDE with time-variable delay. This observation allows one
to apply the results for SDDEs as well, provided that the time-variable delay generated by the
solutions satisfies hypothesis (H3z). Moreover, some second- and higher-order DDEs (e.g. X (¢) =
S, x(n(t))) may also be brought into the form of (1.2) (or (1.1) with possibly time-variable or
state-dependent delay), see e.g. [11,36,61]. Such equations are close to real-world applications,
since control systems in mechanical processes often lead to mathematical models with second-
order DDE:s.

The remainder of the paper is organized as follows. In the next preparatory section, we set
our notation, define solutions, introduce our main tool and topic of this work, the mapping
V, study its continuity properties, and finally, introduce a related nonautonomous linear DDE.
Section 3 contains our main results. We establish fundamental properties of V related to mono-
tonicity (Theorem 3.3), strict dropping (Theorem 3.4), constancy and continuity (Theorem 3.5)
and finiteness (Theorems 3.9 and 3.10). In Section 4 we give examples of two rather general
types of SDDE systems for which our results can be applied. In the final section, we discuss
some possible generalizations and related open questions.

2. Preliminaries

In this section we introduce our basic notation and define our functions V* whose properties
will be discussed in Section 3, consisting in our main results. Here, we only study their basic
continuity properties. Then we introduce a linear subclass of equation (1.2) and show that, for
our purposes, it suffices to restrict our study to this special class.
2.1. Notation, phase space, solutions

Denote K =[—r,0]U{1,...N},Ck = C(K,R), and

Cﬁg = {(p € Ck : the restriction ¢|[—,0] is continuously differentiable}

with norms || - || and || - ||1, respectively, where

llell = sup le(s)| for ¢ € Ck, and

seK
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lglli=llel+ sup |¢(s)| forgeCy.
s€[—r,0]
Ifx = (x° ..., xY): R - R¥*! is a continuous function and ¢ € R, then define the segment

x; € Ckg with

@2.1)

X0t +s), ifse[-r0],
x(s) = ) .
x%(1), ifse{l,...,N}.

Let to € R, w € (fy, 0], ¢ € Ck, x°: [fo — r, w) — R be continuous on [y — r, fy] and continu-
ously differentiable on [#g, w), and x': 1o, ) — R be continuously differentiable for 1 <i < N.
We call x = (x0, ..., xN) a solution of (1.2) on [ty, w) with initial function ¢ at to if (1.2) holds
forall t € (fp, ®), and x;, = @. We also occasionally use the notation x (¢) = x0),....xN@) €
RN*1and |u| = max;eo,.. ny |u'| for all u € RVFL,

Let x': R — R be continuously differentiable, 0 <i < N. We call x = (x°, ..., xV) an entire
solution of (1.2) if it satisfies (1.2) for all # € R.

For convenience, if x is a solution of an equation of the form (1.2), we also use the notations
x(N+ 1) =xV1) =x"0 ). (2.2)

To avoid any ambiguity, we stress here that for solutions of various equations the lower index
(such as x;) is solely used to indicate solution segments as defined above. However, subscripts are
also used to denote sequences. On the other hand, superscripts are used, apart from their usual
meaning for powers of numbers, to indicate the coordinates of vector functions (see equation
(1.2)). It is worth noting here that for a positive integer k, we use the notation 7* to denote the
k-th iterate of the function n of delayed time. For constant delay 7(¢) = 7, n* (1) simplifies to
t—kr.

2.2. Function V and its (semi-)continuity

For ¢ € Ck \ {0} and A C dom ¢ introduce the notation

sc(p, A), if sc(¢, A) is even or infinite,

Vtip, A) = . .
sc(p, A)+ 1, if sc(p, A) is odd,

V(0. A) = sc(p, A), if sc(¢, A) is odd or infinite,
" ) se(e, A) + 1, if sc(p, A) is even,
where sc(gp, A) denotes the number of sign changes of ¢ on the set A, that is,

sc(p, A) =sup{k € N : there exist0; € A, 0 <i <k,
with 6; < 6,1 and ¢(0;)p(0;—1) <O0for 1 <i <k},

(2.3)

assuming here sup¥ = 0. Let § € {1} be fixed so that f satisfies (Hp). For N > 1 and
—r < a < 0, introduce the sets
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SV = {q) € C]I1§ 1if ¢(0) =0, then ¢ (0)p(1) > 0},
Sa = {9 € Cx :if p(a) =0, then ¢ (N)¢(a) < 0},
Sh= {go € C]Il( :if ¢(s) =0, for some s € [a, 0], then ¢(s) # O},
SV ={p eCk :if p(N) =0, then 8¢(N — Dg(a) < 0},
furthermore, for N >2and 1 <i <N — 1 let
S =g eCi :if (i) =0, then p(i — (i + 1) <0},
and finally, let

N—-1
Ra =8, N (ﬂ Si> NSY NS c e\ {0).
i=0

For clarity, for N = 0 we only define the sets S,, S and SY. where in the latter we replace
@(1) by ¢(a), and set R, =S NS, NS}

Let
Ve v+, ?f«S:l,
V-, ifé=-1,
and denote
sc(p, a) =sc(p, [a,0]U{l,..., N}), V(p,a) =V(p,la,0]U{l,...,N})
fora € [—r, 0).

Notice that sc(¢,a) and V (¢, a) are finite for all ¢ € R,. Roughly speaking, the set R,
contains such members of the phase space, where ¢(s) = 0 (s € K) can only occur if ¢ changes
its sign at s. The point of this rather artificially looking definition of the set R, is highlighted
by the next lemma, which states that although V is only lower semi-continuous in general, it is
continuous on the set R,. Moreover, we will later see that if V (¢, K) is finite and x is a solution
of (1.2) with x;, = ¢, then x; € R_¢ () for all sufficiently large ¢.

Lemma 2.1.

(i) Forevery ¢ € Cg \ {0}, a € [—r, 0), and for every sequence (gon)go in Cg \ {0} and (a,,)go in
[—r, 0) with |l¢, — ¢|| = 0 and a, — a as n — oo,

V(p,a) <liminf V(¢,, a,).
n—>oo

(ii) For every ¢ € R, and a € [—r,0), and for every sequence (¢,)g° in Cﬁg \ {0} and (a,)g° in
[—r, 0) with ||¢, — ¢ll1 = 0 and a,, — a as n — oo,

Vip,a)= nli>Hc>lo V(@n,an) < 0.

5
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Proof. (i) The case sc(¢,a) = 0 is obvious. If sc(¢,a) = oo then ¢ = lim,_~ ¢, and
a = lim,_,a, easily imply that sc(¢,,a,) — 0o as n — oo, and thus V(p,a) = co =
liminf,— o0 V (¢, an).

Assume that 0 < sc(¢,a) < co. Choose k € N and reals 6y, 6;,...,6; in K as in (2.3)
with A = [a,0]U{l,..., N}. Let « = min{|@(6;)| : i € {0, 1,...,k}}. Select ng € N such that
len — @ll < @ and a, < 6 for all integers n > ng. It follows that ¢,(6;)¢,(6;—1) < 0
for all integers n > ng and i € {1,..., k}. Consequently, sc(¢y, [a,,0] U {l,...,N}) >k =
sc(p, a) for all integers n > ng, and hence sc(¢,a) < liminf,_, o sc(g,,a,) and V(p,a) <
liminfy, 00 V (¢, an).

(ii) Let ¢ € R,. If ¢ has no zeros in [a,0] U {1,..., N}, then it is easy to see that for n
sufficiently large, ¢, has no zeros in [a,,0] U {1, ..., N}; it follows that sc(¢,, a,) = sc(@, a)
and V(¢n, an) = V(p, a).

Otherwise, the number of zeros of ¢ in [a,0]U {1, ..., N} is finite, and they are all simple in
[a, 0]. Suppose that the zeros are given by a strictly decreasing finite sequence (zi)](‘), k € N. For
ee€(0,1)andi €{0,...,k},let U(z;,¢) denote the open e-neighborhood of z; in K. Note that if
zi€{l,...,N}forsomei e {0,...,k},then U(z;, &) ={z;}. We can choose &1 > 0 so small that
the intervals U (zx, €1), U (zk—1, €1), - - ., U (20, €1) are pairwise disjoint, and from the simplicity
of the zeros

k
lp(s)| =& foralls ela,01n| JU(z. 1)
i=0

with appropriate one-sided derivates, where necessary. As the set

k
([a. 01 U{L,.... ND\ | JU G e1)

i=0

is compact, we can choose &> > 0 so that

k
lp(s)| > &3 foralls ela,0]U(L,.... N}\| UG e).

i=0
Setting
0 < & <min{ey, &},
we clearly have
k
lo(s)|>¢ foralls ela,0]N U Uz, &) 24
i=0
and
k
lp(s)| > 2 foralls €[a,0]U{l,..., N}\ UU(z,-,el). (2.5)
i=0
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Furthermore, by integration we obtain from inequality (2.4) that

k
lp(s) = ere = &2 foralls € [a, 01N | J (Ui e1) \ Uz, e)). (2.6)
i=0
Inequalities (2.5) and (2.6) imply
k
lp(s)] > g2 forallsela,0]U{l,..., N} \ U U(z;,e). 2.7

i=0

First, consider the case when a < z and zg < N. Then for ¢ small enough, a & U (zx, €) and
N € U (zo, ). Select ng € N such that ||¢, — ¢l|l1 < ¢ and a, < zx — ¢ for all n > ng. Then

k
On(s)p(s) >0 foralls €[a,0]U{l,...,N}\ U Uz, &),
i=0
k
¢n()p(s) >0 forallsea,01N| JU(i. )
i=0

hold. This together with inequalities (2.4) and (2.7) imply sc(¢y, an) = sc(@, a), so V(¢,, ay) =
V(p,a).

Now assume that 7z = a. Then zx # N because of ¢ € S;. A similar argument as in
the previous case shows that either sc(g,, a,) = sc(¢,a) or sc(¢y,,a,) = sc(p,a) + 1. From
8o (N)¢(a) < 0 and the simplicity of the zeros of ¢ it follows that sc(¢, @) is odd if § = 1 and
even if § = —1. Consequently, V (¢,, a,) = V (@, a). The case zo = N is analogous. O

2.3. Related nonautonomous linear system

In this part, we show that when studying the properties of V along solutions of equation (1.2),
it suffices to restrict ourselves to a linear subclass. This makes the analysis considerably simpler.
Suppose that x is a solution of (1.2) on an interval /. Define
1 1
a'(t) = / Do ff (e b (), @) dh, b (1) = / Dy f'(t,0,hx* )dh  (2.8)
0 0

for 0 <i < N (recall notation (2.2)). Note that
fH@, 0,5 @)

bi (t) — xi+l (t)
D3 f(t,0,0), if x't1 (@) =0,

. ifx™r) #£0,

and in particular, b’ () >0 (0 <i < N — 1) and 8" (¢) > 0 for all ¢ € I. Then x also solves the
system
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)y =d O)x' () + b ()X T(0), ief0,...,N—1}, 29)
iV @) =a )N 1) + 0V )2 (1) '
on [. Setting
t
0. 0 0
yin()UI >t exp —/a (s)ds | x¥ () e R,
, o (2.10)
vy I3t exp —/a"(s)ds x' (1) R, ief{l,...,N},
fo
we obtain a solution y = (y°, ..., yV) of
i i i+1 .
(t)y=c'(t) (1), ie{0,...,N—1},
y y { } @11

V@) =N )y (@)
on I with g € I fixed, and

t t
¢ (t) = b (1) exp /a"“(s)ds—/ai(s)ds >0, ie€f0,...,N—1},
fo )
n(t) t
8cN (1) = 8bN (1) exp /ao(s)ds—/aN(s)ds > 0.

fo Ty

The next lemma reveals why this transformation is beneficial: we may study properties of V
along solutions of equation (2.11), instead of (1.2), while the former equation has a significantly
simpler structure and fulfills a strict feedback condition.

Lemma 2.2. Let x be a solution of equation (1.2) on an interval I and y be defined by (2.8) and
(2.10). Then the following properties hold:

(1) y solves equation (2.11) on I;
(ii) sgnx;(s) =sgny;(s) forallt € [ and s € K;
(iii) if x;y =0 € Ck (4, = 0) for some to € I, then x; =0 forall t € I;
@iv) sc(xy, —t (1)) = sc(ys, —t(t)) and therefore V (x;, —t(t)) = V (y;, —t(t)) forallt € I;
) ift el withn(t) €l and y, € R_¢(), then x; € R_¢(p).

Proof. The first four statements are straightforward consequences of the definition of y and the
functions ¢! .
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To see (v), lett € I with n(t) € I and y; € R_;(;) be given. Then we have y; € C]%g and

i (s) = exp —/ai(e)de (x"(s)—a"(s)xf(s)) 2.12)

fo

for s € (n(#),t], i =0,...,N; at s = n(¢) the analog of (2.12) for the right derivatives
DHyO(n(r)) and D x°(5(¢)) holds.

Assume that s € (1(¢), 1) and x°(s) = 0. From statement (ii) and y, € Sfr(t) it follows that
y9(s) =0 and y°(s) # 0. Hence (2.12) implies #°(s) % 0 and x; € Sfr([).

Now assume that x°(r) = 0. Then statement (ii) and y, € S° imply Yy @) =0and yO(1)y' () >
0. Hence, (2.12) with i =0 and s = ¢ yields 70 (0)x%(t) > 0. Using again statement (ii), it follows
that y!' (t)x'(r) > 0. Therefore, x°(r)x!(r) > 0 and x, € S°.

Suppose that xi(t) =0 for some i € {1,..., N —1}. Again, from statement (ii) and y; € St it
follows that y'(r) =0 and y'~!(¢)y*!(¢) < 0. Hence x' 1 (t)x’*!(t) < 0 and x, € S'.

Now assume that x°(5(7)) = 0. Using statement (ii) and y; € S_(;) we infer W) =
0 and 8yN (1)y°(n(r)) < 0. Thus, from (2.12) it follows that y°(5(1))x°(5(¢)) > 0, and then
SxN)i0(n()) <0, x; € S_r(r).

Finally, if xN () = 0, then statement (ii) combined with Vv € SN

—1(t)
SYyN=1 1)yt — t(r)) < 0. In view of equation (2.10), we obtain sx™~1(1)x%(r — 7(¢)) < 0,
hence x; € SI,V,(,)~

In summary, we obtain x; € R_¢¢;). O

implies yV (1) = 0 and

3. Main results

This section is devoted to our main results, generalizing analogous results for constant delay
[46] and scalar DDEs with variable delay [37]. The proofs combine ideas from these two papers
and from the monograph [40].

In Section 3.1, we prove first that V (x;, —t(¢)) is nonincreasing along solutions of equation
(1.2) (see Theorem 3.3). This is followed by a result (Theorem 3.4) that provides a criterion when
the value of V must drop. Theorem 3.5 yields conditions that assure that a solution segment x; is
in the set R_;(;), where V is continuous according to Lemma 2.1. Finally, we establish sufficient
criteria for the finiteness of V in Section 3.2.

3.1. Properties of V
The following two rather obvious observations will be frequently used in our arguments.

Remark 3.1. If a real function ¢ is defined on a set A C R, and there exists a € A such that
¢(a) #0, then

sc(p, A) =sc(p, AN (—00,a]) +sc(p, AN|a, 00)).
Remark 3.2. Assume that y is a solution of equation (2.11) on an interval I and k =
sc(ys, —7(¢)) for some ¢ € I, and suppose that 6;, 0 <i < k are chosen as in (2.3) for ¢ = y;.

Then for ¢ > 0 small enough y;(0;)y;(6;) >0 foralli € {0,...,k}ands e (t —e,t +¢e)NI.

9
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The next theorem is the reason we refer to V as a (time-variable) discrete Lyapunov functional.

Theorem 3.3. Assume that x is a solution of (1.2) on an interval I, and x; # 0 for some t € I.
Then for all ty, 1 in I withty <1y, V(xyy, —7(11)) = V(xs,, —7(2)).

Proof. Consider (2.10). By Lemma 2.2, it is enough to show the statement for y instead of x.
We claim that it suffices to show that for all 7 € I there exists €* = ¢*(¢) > 0 such that for all
ee[0,e*] withr+e€l,

Ve, =t(0)) 2 V(Yite, =T + ). (3.1

To see this, let 71,1 in I with ¢; <, be given and assume that for every ¢ € I there is ¢* =
g*(t) > 0 so that for all ¢ € [0, *] with t + & € I we have (3.1). Define

t* =sup{s € [t1,02]: V(yi,, =t (1)) > V(yy, —t()) forall t; < u <s}.

Then 1| < t* < t;. From the definition of ¢* it follows that there is a sequence (s,)g° in [f1, *]
such that s, — t* asn — oo and V (y;,, —7(#1)) = V (y5,, —7(s,)) for all n € N. Clearly, y;, —
v as n — 00. Then Lemma 2.1 (i) yields V (ys,, —=t(t1)) = V (¥, —t(t*)). If t* < 12, then there
is e*(t*) € (0,1 —t*] such that V (y;,, —t(t1)) = V(yr+, —1(t*)) = V(yrr4e, —T(t* +¢)) for all
g € [0, £*(¢*)]. This contradicts the definition of #*. Consequently, t* = 1, and thus the claim
holds.

The case V (y;, —t(¢)) = 00 is obvious, so we may assume that V (y;, —7(¢)) < co. Let k =
sc(y:, —7 (1)), and let n = sc(y, {0, ..., N}) <k.

If there exists i € {0, ..., N} such that y;(i) # 0, then let us choose the values of 6; (i €
{0, ..., n}) from (2.3) such that

0o :=max{i € {0, ..., N} : y;(i) # 0}, 32
Oj =max{i €{0,...,0;_1 — 1} :y()y;(6;-1) <0}, j=1,...,n, .

and y,(i)y/(6,) = 0 for all i € {0, ..., 6,}, furthermore, if n <k, then §; € (—7(¢),0) for j €
{n+1,..., k} (Fig. 3.1).

Y A
[ ]
0, ° 6,
’ | |
1 2 ; 4 g 6 7 8 2 10 E
T T :
[ ]
0; 0,

Fig. 3.1. Example for the choice of 6;,i =0, ..., k.Here N =10, t(t) =4,k =6,and n = 3.

10
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Hence, sc(y;, [0j4+1,0;1NK) =1for j =0,...,k—1, and by Remark 3.1,

k—1

sc(yr, () = Y sc(vr, [6j+1,6;1NK) =k.
j=0

Let & > 0 be so small, that y,1, (f;) and y,(6;) have the same sign for any ¢ € I, &1 € [0, ¢] and
Jj =0, ..., k. Using the continuity of the delay, we can assume that 6; > —t (¢t + ¢) also holds.
There are two cases depending on 6.

Case 1. 6y = N. Recall that the functions ¢ (i € {0, ..., N —1}) and 8c" related to system (2.11)
are all strictly positive. By integrating the 6; — 1-th, ..., 6; 11 +1-th equations in (2.11), we obtain
that, for small ¢ >0 and 0 < j <n — 1, y;4.(0;) and y,1.(/) have the same nonzero sign for
all l € {0j41,...,0;}. Similarly, if 6, > 0, then for small ¢ > 0, y;4.(6,) and y;y.(/) have the
same nonzero sign for / € {0, ..., 8,}. This together with the continuity of 1 implies that there
exists ¢ > 0 small enough that y,(i)y;4+.(i) >0 fori =0,..., N, and y,(6;)y;4+¢(0;) > 0 for
j =0,..., k. From the equality

k—1
Sc(yl+89 _t(t + 8)) = Sc(yl+87 [_‘C(t + 8)7 9](] rW]:K) + ZSC()’I+5, [9j+17 8]] HK),

j=0

as SC(Vrye, [—T(t +€), 01 NK) =0 and sc(yye, [0j41,0;,1NK)=1forall j=0,...,k—1,
we obtain

sc(Yiye, —T(t +8)) =k =sc(y;, —T(1)).
Hence V (yrye, —7(t +8)) =V (y;, —T(2)).

Case 2. 6p < N. As in the previous case, for € > 0 small enough, we have

k 0
sc(ys, =t (1)) =sc(yr, [ (1), o] N K) +sc(yr, [o, NINK) =k,
k
SC(Vr4e, —T(t +8)) =sc(Yrqe, [Tt +€),00] NK) +sc(¥r4e. [60, NI NK). (3.3)

We claim that sc(y;+¢, —7(t +¢)) < k + 1 for sufficiently small ¢. We distinguish two cases:

If &1 € (0, T(t)) can be chosen such that y;|[—z(),—z(t)+e;] = y0|[t_t(,),,_r(t)+€]] = 0, then
using continuity of n and integrating equations in system (2.11) we infer that there exists ¢ > 0
such that

Yire(N) == yr1e(60+ 1) =0.

Hence sc(yi+s,[60, N1 N K) = 0, and sc(y;, —t(t)) = sc(Vi+s, —T(t + €)), which implies
Ve, —1(0) =V (Vite, —T( +8)).

11
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Otherwise, for all ¢ > 0 small enough,

t+e

/ YO (n(s)) ds #0

t

(see the definition of ;). It follows again by integration that y;+.(N), ..., Yr+e (6o + 1) have the
same nonzero sign, that is equal to the sign of y;.(6x) if 6 = 1, and the opposite if § = —1. Now
SC(Vt4e, —T(t +€)) <k + 1 follows from (3.3), and equality holds if and only if § =1 and k is
odd, or § = —1 and k is even. In both cases V (y;4e, —7(t +6)) =V (y;, —7(t)). O

Let us denote the iterates of n by n°() = and " (t) = n(n"~'(t)) forn =1,2, ...

Theorem 3.4. Assume that x is a solution of (1.2) on the interval 1. Furthermore, suppose x; 7 0
for some t € I with n%(t) € I and x,(i) = x;(i + 1) =0 for some i € {0, ..., N}. Then either
V(x;, —7(8)) = 00 0r V (200 =T (02(0)) > V (x1, =T (1)),

Proof. Consider (2.10). By Lemma 2.2 it is enough to show the statement for y instead of x. So
suppose the conditions of the theorem are satisfied for y.

If V(ynz(t), —r(nz(t))) = 00, then there is nothing to prove. Thus, we may assume for the
rest of the proof that V(ynz(,), —r(nz(t))) is finite. Then V (y;, —7(s)) is also finite for all s €
[nz(t), t] by Theorem 3.3.

Let us assume N > 2 and V (y;, —t(¢)) < co. We will frequently use — without further men-
tion — that the functions ¢! (0 <i < N — 1) and 8¢" related to system (2.11) are strictly positive.
For the sake of concreteness, let k = sc(y;, —t(¢)) and 6y, ..., 6; be chosen, as in (3.2).

There are several cases and subcases to study.

Case 1. If there exists i € {0,..., N — 2} with y,(i) = y,(i + 1) =0, and y,(i + 2) # 0, then,
for all € € (0, t — n(t)) sufficiently small we have y,_.(i +2)y;(i +2) > 0 and y;_.(6;)y:(6;) >
0 for all / € {0, ..., k} (cf. Remark 3.2). By integrating the i + 1-th and the i-th equation of
(2.11) backwards, we obtain y;—.(i + 1)y;—(i +2) < 0 and y;—.(i)y;—(i + 1) < 0. Hence
sc(Yi—g, —T(t —€)) > sc(yr, —t(¢)) + 2 and, by Theorem 3.3,

Vi —t R0 = V . —T0(0) = V(Gi—e, —7(t =€)
> V(3 —T(0) +2> Vi, —7(1)).

Case 2. If i=N—-1, y(N — 1) =y (N)=0, and y;(N + 1) = y,(—71(¢)) # 0, then using
hypothesis (H3) and integrating equation (2.11) backwards, there exists ¢ > 0 small enough
such that §y;—o(N)yr—e(—7( — €)) <0 and y;—o(N — 1)y;—(N) < 0. On the other hand, in
view of Remark 3.2, it can also be achieved that y;_.(6;)y;(6;) > 0 for all / € {0, ..., k}. Thus
SC(yr—e, —T(t —€)) >sc(y;, —t(#))+1.If § =1, then sc(y;—g, —T(t —¢)) is odd, and if § = —1,
then sc(y;—s, —T(t — ¢)) is even. Exploiting Theorem 3.3 and the definition of V' we obtain in
both cases

Va. =t ) = V(e —1(t —£) > V(3. —1(1)),

12
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as desired.

Case 3. Assume that i = N, y,(N) = y,(N + 1) = yy)(0) = y;(—=7(t)) = 0. This case has
two subcases.

3.1 Assume that y°(s) = 0 for all s € [n2(r), n(¢)]. By system (2.11), y'(s) = y*(s) =--- =
yN (s) = 0 follows for all s € [%(¢), n(¢)], and hence Yy = 0, but then Lemma 2.2 (iii) implies
vt = 0, contradicting the assumptions of the theorem, so this case can be excluded.

3.2. Otherwise, there exist nonnegative ¢ and positive & such that 1 + ¢ < 7(5(¢)), and

Y ()=0 forsen() —er,n®)], (34
n(t)—ey
Y (s)ds£0 and sc(Y?,[n(t) —e1 —e,nt) —e1]) =0 Vee[0,e]. (3.5

n(t)—e1—¢e
Let j € {0,..., N} be such that y,;)(0) = - =y, (j) =0 and y,)(j + 1) # 0, if there is
such. We distinguish three further subcases: j =0, j € {1, ..., N}, or there is no such j.

3.2.1. Case j = 0. Then y, (1) = y' (1)) #0, and by system (2.11), &1 = 0 follows, more-
over y¥ has a simple zero and a sign change at 1(¢). Taking into account hypothesis (H3),
condition (3.5), and Remark 3.2, sc(y;—s, —T(t — ¢)) > sc(y;, —t(¢)) for small positive €. Recall
that y,(N) = 0, so analogously to case 2, if § = 1, then by integrating equation (2.11) backwards,
we infer y;_o.(N)y;—(—t(t — ¢)) <0, or in other words, sc(y;—s, —T(t — ¢)) is odd; similarly,
if 8 = —1, then sc(y;—., —T(t — ¢)) is even. In both cases we have

Vi —T @) 2 V(e =1t =€) > V(3 —7(0))
for sufficiently small ¢ > 0, hence the statement holds.
3.2.2.Case j e{l,..., N}. Then y,;)(0) = yyi»(1) = = ypy(j) =0 and y,(» (j + 1) #

0. Apply case 1 (if j < N — 1)), or case 2 (if j = N) with n(¢) in place of ¢. By virtue of
Theorem 3.3 we obtain that for ¢ > 0 small enough one has

V3w —t 07 (0)) = Ve, =t (1) =€) > V), —t (1)) = V (31, =1 (1)).

3.2.3. Suppose that there is no such j, i.e.

Yn)(0) = =yiy(N) = yyny (N + 1) = yy(n (=7 (n(1))) =0,

which together with equations (2.11) and (3.4) yield that

W) =y' )= =yV) =y s) =y (n(s)) =0, foralls € [n(r) — &1, n(0)],

as well. By virtue of equations (2.11) and (3.5), inequality y! )yt (s) < 0 holds for all s €
[n(t) —e1 —e,n(t) —er]land/ € {0, ..., N — 1}, if ¢ > 0 is sufficiently small and thus

Vi, =t 07 (0) = Ve —T (0 — 81— £)) = V(e n(t — 1)) +2
> V(yp—en, =t = 1)) = V(yr, —(1)).

13
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This completes the proof for N > 2.

If N =1, then we can exclude case 1, otherwise the proof remains unchanged.

Finally, if N = 0, then, practically, we only have cases 3.2.1 and 3.2.3. The argument of
the proof still holds with straightforward changes in notation. We also note that this case (with
negative feedback, i.e. § = —1) is proved in [37, Lemma 4.2 (ii))]. O

The next theorem has the consequence that a solution of (1.2) with finitely many sign changes
on its initial segment will eventually have its segments in the corresponding R_. ;) sets, where
V is continuous, as shown in Lemma 2.1.

Theorem 3.5. Assume that x is a solution of system (1.2) on 1. Furthermore, suppose x; # 0 for
some t € I with (1) € I and V (x,3(, =t (P (1)) = V (x;, =7 (1)) < 00. Then x; € R_1(y).

Proof. Consider (2.10). By Lemma 2.2, it is enough to show the statement for y instead of x.
Some of the following steps can be skipped if N =1 or N = 0 (see the definition of R,). In the
latter case, other minor straightforward modifications have to be made. We note that this case
(with § = —1) has already been proved in [37, Lemma 4.2 (iii)].

Note that from 73(¢) € I, and equation (2.11) it follows that y, € C]Ilg.

Indirectly, assume that y, ¢ S* " Then there exists s € [—7(¢), 0] such that y;(s) = y;(s) =
0 or, equivalently, y;15(0) = y,45(0) = 0. Then, by system (2.11), y;+s(1) =0, and, using The-
orem 3.4 we infer the inequalities

Vo —T O) = V02, —T0XE +9)) > V(g =T +5) = V(3. —T(1)),

a contradiction, hence y; € Sff(t).

Now assume that y,(0) = 0. From the previous argument, we obtain y,(0) # 0, and by system
(2.11), y:(0)y;(1) > 0, we arrive at y; € S°.

Letl1 <i<N-—1,y@( =0and y;(i — 1)y;(i +1) > 0. If equality holds, then from The-
orem 3.4 we get a contradiction. Otherwise, by system (2.11), y,(i)y;(i + 1) > 0, implying
Viee (i — Dyr—e(@) <0and y;—c (i) y;—c (i +1) <O fore € (0,7 — n3(t)) small enough. Applying
Remark 3.2, we obtain sc(y;—s, —7(t — €)) > sc(y;, —T(¢)) + 2, and

VO —TP ) = V(ime, —T(t =€) = V(yr, =1 (1) +2 > V (3, —T (1)), (3.6)

a contradiction, hence y; € S i

Now assume indirectly that y; ¢ Sl_vr(t), i.e. y(N)=0,and 8y;(N —1)y;(N + 1) > 0. Equality
contradicts Theorem 3.4, otherwise 6y;(N — 1)y;(—7(¢)) > 0 holds. By system (2.11), we have
8yt (N)yi (=7 (1)) > 0, implying 8y;—e(N)yr—e(—7(r — €)) <0 and y;— (N — 1)y;—(N) <0
for ¢ € (0,1 — n3(r)) small enough. Applying Remark 3.2, we obtain sc(y;_g, —7(t — €)) >
sc(y:, —T (1)), and if § =1 then sc(y;—s, —T(t — €)) is odd, if 6 = —1 then sc(y;—s, —T(t — €))
is even. In both cases, inequality (3.6) holds, which is a contradiction, hence y; € S ﬁl )

Finally, assume to the contrary that y;(—t(¢)) = 0 and §y,(N)y;(—7(¢)) > 0. In light
of Theorem 3.4, equality cannot hold here. Hence, y* has a sign change at 5(¢), and so
sc(Yi—g, —T(t — €)) > sc(ys, —1(2)) for e € (0,¢ — n3(t)) small enough. Similarly to the pre-
vious argument, if § = 1, then sc(y;—g, —t(t — €)) is odd, if § = —1, then sc(y;—s, —7(t —¢)) is
even. In both cases, inequality (3.6) holds, which is a contradiction, hence y; € S_¢ ().

In summary, we have y; € R_;(;), and the proof is complete. O

14
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3.2. Finiteness of V

In this subsection we show that under some additional conditions on f and n, V is finite
along backwards-bounded entire solutions, or in other words, any component of such solutions
has finitely many sign changes on finite intervals. We have the opposite scenario, when there
exists a so-called infinite oscillation point, defined below.

Definition 3.6 (/46]). Let x be a solution of system (1.2) on an interval /. We say that o € [ is
an infinite oscillation point (I0P) if there exists a strictly monotone sequence t, — ¢ such that
x0(t)x0(th41) <O.

Lemma 3.7. Assume that x is a solution of (1.2) on an interval I and o is an IOP satisfying
o > inf1. Then x(0) =0 € RNt Moreover, if n(o) € I, then n(c) is also an IOP.

Proof. As x'(¢) has the same sign as y'(¢) defined by (2.10), it is enough to prove the statement
for the solution of (2.11). Let us assume that o is an IOP of y. Then, by continuity, (o) =0,
and there exists a monotone sequence (t,?)flozo such that t,? — o and yo(t,(?) yo(t,(l) +1) < 0. Let
us assume that 0 <i < N and there exists a monotone sequence (t,i)Z":O such that ¢, — o and
Y (th)y'(tl, ) < 0. By the mean value theorem, there exists a monotone sequence (1/+1)%°

such that £i+! e (1,11 ), ti+1 — o and ¥ (1771)y' (1 1]) < 0 which together with (2.11) imply

yHLEF i+ i t]) < 0 and y*! (o) = 0. By induction, we obtain that for all i € {0, ..., N}
there exists a monotone sequence (t,’t);’f:0 such that 1}, — o, y'(#)y' (1, +1) <0 and y'(0) =
0. Again, by the mean value theorem, there exists a monotone sequence (t,f’ “)2":0 such that
i = o and YN YOIV @D < 0 implying YO (Y )y (n(,H) < 0 and yO(n(0)) =
0. Using the monotonicity and continuity of n, (n(t,llV 'H))gozO is also a monotone sequence such

that n(tN*1) — n(o) as n — oo, hence n(o) is also an IOP. O

To establish finiteness of V, we will assume in addition to (H;)—(H3) the following two hy-
potheses.

(H4) For any bounded set B C R2 there exists a constant C = C(B) > 0 such that
|fi@t,u,v)| <Cul+v)), i=0,...,N, forallzeRand (u,v)e B.

(Hs) There exists a positive constant L such that the iterates n* are L-Lipschitz continuous for
all k e N.

Remark 3.8. If (1.2) is autonomous, hypothesis (H;) implies that (H4) holds.

The next theorem combined with Lemma 3.7 proves the finiteness of V along backwards-
bounded entire solutions of equation (1.2).

Theorem 3.9. Suppose that hypotheses (H1)—(Hs) hold and x is a backwards-bounded entire
solution of (1.2).

15
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(1) If there exists o € R such that x(n*(0)) =0 e RNF! for all k € Ny, then x(t) = 0 for all
teR.
(i) If x is nontrivial, then V (x;, —t(t)) is finite for all t € R.

Proof. (i) Let o such that x'(n¥(c)) = 0 for all k € Ny and i =0, ..., N, and define for
t €10,r], z&(t) = x(nF(o + 1)). Observe that z;(0) = 0 for all k € Ny. Let dy denote the
Stieltjes integration with respect to s. In light of (1.2), hypotheses (H4)—(Hs), and the backwards-
boundedness of x, we obtain

t
2L(0)] = |x" ¥ (o +1)| = /f" (" (0 +9), x (o +5)), x Lk (o +5)) dyrF (o + )
0

t

t
< /lff (@ + ). 24(5). 27 (5| den (@ + )] < CL /(|z;;(s)| |2+ ()] ds
0 0

fori =0,...,N—1,and

12V ()| =[xV (" (o + 1))

t
= / N0 o +9), xN 0k o +5)), X°0F o 4+ 9)) dsnf (0 +5)
0

t
< /\fN(nk(cr +5), 28 (), 20 (D || dsn¥ (o +9)|
0

t

<cr [+ aw)es
0

Let zx(t) = (Z2(1), ...,z (1)) for all k € Ng and Z(t) = (z0(t), z1(?), ...) € £°. Since x is a
backwards-bounded solution, components z; of Z are uniformly bounded on [0, r], and thanks
to hypothesis (H4), so are their derivatives. Thus Z is continuous, and inequality

t
I1Z() oo < 2CL/ I1Z($)]lo0 ds
0

holds for all ¢ € [0, r]. The Gronwall-Belmann lemma implies Z(¢) = 0 on [0, ], which, to-
gether with Lemma 2.2 (iii), yields x(¢) = 0 for all 7 € R.

(ii)) Now assume to the contrary that x is a nontrivial backwards-bounded entire solution
of system (1.2) with V (x;, —t(#)) = oo for some ¢ € R. Then x has an IOP o € [(?), t]. By
Lemma 3.7, x(nk(cr)) = 0 for all k € Ny, but then, by the first part, x(#) = 0 follows for all
t € R, a contradiction that completes the proof. O

16
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Before the last theorem of this section, we recall some notions from the theory of nonau-
tonomous dynamical systems. For a thorough overview of the topic, we refer the readers to the
monographs [1,15,35].

Let us assume for the rest of this section that the maximal solutions of initial value problems
(1.2) with x4, = ¢ € Ck are defined on [fg, 00). For example, this is the case if the functions fi
(i €{0,..., N}) are bounded, but more relaxed conditions on dissipativity can also be given.

Then (1.2) induces a process S(-, -) on Cg, i.e. a family of continuous maps {S(z,s) : ¢ > s}
from Cx to itself with the properties

S(t,t)=idforallt e R,

S(t,s)=S8(t,t1)S(t1,s) forallt >t > s,

(t,s,p) — S(t,s)e is continuous, t > s, ¢ € Cg,

S(t, to)¢ = x;, where x; is the unique solution of (1.2) with initial condition x;, = ¢.

The family of sets {A(¢)};,er C C is said to be a global pullback attractor of S, if

e A(z) is compact for all t € R,
o A(") is invariant under S, i.e. S(t, s)A(s) = A(t) for all r > s, and
e A(t) pullback attracts all bounded subsets B C C, i.e.

lim dist(S(z, s)B, A1) =0,

where dist denotes here the Hausdorff semidistance. Finally, we say that a family of bounded
sets {B(t)};cr is backwards-bounded, if U‘YSI B(s) is bounded for all r € R.

Theorem 3.10. Suppose that hypotheses (H1)—(Hs) hold and the process (resp. semiflow in the
autonomous case) generated by (1.2) has a backwards-bounded pullback attractor {A(t)},cr
(resp. a global attractor A). Then V (¢) < oo for all ¢ € A(t) \ {0}, t € R (resp. ¢ € A).

Proof. Recall that a backwards-bounded pullback attractor (resp. the global attractor) consists
of all functions ¢ € Ck through which there exists a bounded entire solution [15, Theorem 1.17],
(resp. [54, Lemma 2.18]). In other words, it consists of solution segments x; of entire solutions.
The statement now follows from Theorem 3.9 (ii)). O

As a corollary of Theorems 3.3, 3.5 and 3.10, one obtains that for any bounded entire solution
x, the segments x; are all in R _; ;) for all sufficiently large |¢|. This fact comes very handy when
studying the structure and properties of the attractor.
4. Cyclic systems with state-dependent delay

Let us consider the system

@)= fi@, X)), X @), ief0,...,N—1},

“.1)
Ny = NN (@0, 0 — o2, x0)))

with state-dependent delay t = t(¢, ¢) for r € R and ¢ € Ck.

17
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As Walther pointed out in [59], it seems not obvious how to single out a tractable class of
SDDEs which contains a large set of examples that are well motivated. Yet, in what follows, we
will give two frequently used classes of state-dependent delays for which the results of Section 3
apply. We also mention that hypothesis (H3) can be verified for several other types of state-
dependent delays not discussed here, see e.g. the scalar models treated in [2,31,43]. For a general
— but not so recent — overview on SDDEs we refer the reader to [28].

4.1. Threshold-type delay

Threshold-type delays arise in many applications, see e.g. [5,25,58,63] and references therein.
Consider the system (4.1), where 7: Cg — R is defined by

0
/ a(p(s))ds =1, “4.2)

—7(p)

with a: R — [@min, @max] continuous, 0 < apin < amax. Clearly, t(¢) is well-defined, and
bounded by r := 1/amin-

Under suitable dissipativity conditions on f and by restricting the phase space for Lg-
Lipschitz continuous functions with some Ly > 0, we may guarantee the existence of a unique
solution that exists forward in time for all # and initial function ¢. We refer to [8] for more de-
tails, where the scalar case was dealt with. For our purposes, it suffices to assume that we have a
solution x of system (4.1)—(4.2) on an interval /.

Assume, as always, that hypotheses (Hj)—(H) hold. For a fixed solution x of system
(4.1)~(4.2) on an interval I, define n(¢) =t — t(x;). Let k € N and & > 0 be fixed. Then for
any t € l,ift + h and nk(t) are also in /, then we obtain

t t+h
/ a(xo(s)) ds =k = / a(xo(s)) ds.
k(1) nk (t+h)

Subtracting f,;k ) a(x%(s)) ds, we arrive at

nk(t+h) 1+h
a(xo(s)) ds = / a(xo(s)) ds >0,

(1) !
hence n* is strictly increasing, furthermore, inequalities

n*(t+h) t+h
aminds < / Amax ds,
k() 4

amin}’?k(t +h) — nk(t)| < amaxh,

18
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Am-
[+ =@ = ==h

min
hold, that is, nk is Lipschitz continuous with
Amax

Lipn* < ,

Amin

independently of &, so 1 satisfies hypotheses (H3) and (Hs), and x solves an equation of the form
(1.2). Hence, Theorems 3.3 to 3.5 and 3.9 apply.

4.2. Implicit delay given by two values

Assume that f is bounded and let

Lo= sup |f'(5)|.
geR3
0<i<N

Consider equation (4.1) on a modified state-space
Ck.1, = {9 € Ck : ¢l[—r0) is Lo-Lipschitz continuous},
and let T be given by

(IDy) (1, %) = R(x(1), x°(t — 1), 1),
(IDy) R: R¥*! xR x R — (0, r] is Lipschitz continuous in all three variables with Lipschitz
constants Lip Ry, Lip R, and Lip R3, respectively. Moreover,

LipR; +2LipR 1
LipR3 <1 and M < —.
1 —-LipR3 Lo

We will shortly see that 7(¢, ¢) is well-defined. Just as in the case of threshold delays, and
analogous to the scalar case, treated in [8], additional assumptions can be given to establish the
existence and uniqueness of solutions and the existence of a pullback (resp. global) attractor.

Such SDDEs have been studied, for example, in [9,34,37,62].

Proposition 4.1. For any ¢ € Ck 1, and t € R, t(¢, @) is well-defined by (ID)—~(ID), moreover,
it is strictly positive and Lipschitz continuous in both variables.

Proof. For ¢ € Ck 1,,t €R and s € [0, r], define

o(t,9)(s)=R(@0),...,p(N), p(—s),1).
Then the estimate
lo(z, @)(s1) — o (&, p)(s2)]

= |R((p(0)ﬂ e (p(N)v ‘P(_sl)’ t) - R((p(o)v ce QD(N)a (P(_SZ)» t)l
<Lip Ry|¢(—s1) — ¢(—s2)| =Lip Ry Lo|s1 — 52|
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holds for all s1, 52 € [0, r]. Hence, by (ID3), the map o (¢, ¢): [0, r] — [0, r] is a contraction for
all p € Ck 1, and ¢ € R, and it has a unique fixed point denoted by 7 (¢, ¢). Therefore, (¢, ¢)
is well-defined and positive. Let ¢, s € R, ¢, ¥ € Ck 1. Then, by the triangle inequality and the
Lipschitz continuity of R,

lT(t, ) — (s, ¥)I

< |R(@(0), ..., 0(N), o(=1(1,9)),1) = R(W(0), ..., ¥y (N), ¥ (—=(s, ¥)),5)|

< |R(@(0), ..., 0(N), o(=7(1,9)), 1) = R(¢(0), ..., o(N), p(=1(t, 9)), 5)|
+IR(@0),....o(N), o(=1(t.9)),5) = R(W(0),.... ¥ (N), p(=1(,9)),5)|
+IRW(0), ..., ¥ (N), o(=7(,9)),5) = R(W (), ..., ¥y (N), p(=7(s, %)), 5)|
FHIRW (), ..., ¥ (N), p(=7(s, ¥)),5) = R(Y(0), ..., ¥ (N), ¥ (=7(s, ¥)), 5)]

< LipR3|t —s|+Lip Ry [l¢ — ¢ ||
+Lip Ra|o(—(t, 9)) — ¢(=7(s,¥))| + Lip Raflo — |

< Lip R3]t —s| + (Lip Ry +Lip Ry) l¢ — ¥l + Lip RoLo|t (1, ) — T(s, V)|

follows.
Thus, using (ID7) again, we obtain that 7 is Lipschitz continuous on R x Ck r, with

LipR LipR; +LipR
1 —LipRyLg 1 —LipRyLg

Next we prove that for any fixed solution x of (4.1), (ID1)-(ID»), n(t) =t — t(t, x;) is strictly
increasing in 7.

Proposition 4.2. Suppose that hypotheses (Hi)—(H2) hold and let x be a solution of (4.1),
(ID1)—(ID3) on an interval I. Then n(t) =1t — t(t, x;) is strictly increasing on I.

Proof. Lett,s € I such that z > s. From (ID,) we readily obtain

LipR3 + (Lip R; +Lip Ry) Lo -
1—-LipRyLo

1 9
from which

|T(t,x:) — T(s, x)| < Lip 71|t — 5|+ Lip 72|l — x|

- LipR3 + (Lip R; +Lip Ry) Lo
- 1 —LipRyLg

[t —s| < |t —s]|

follows. Hence

n@) —n(s) =@ —t(t,x) — (s — 15, %) = —s) = (t(t, %) — (s, %)) >0. O
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In view of Propositions 4.1 and 4.2, the results of Section 3.1 apply to equation (4.1),
(ID1)-(D7).

As for finiteness results on V, first note that (Hs5) may be hard to guarantee, in general. Never-
theless, interestingly, one can still prove using a similar argument as seen at Theorem 3.9 that the
statements of the theorem remain true for solutions of (4.1), (ID1)—(ID,), as well, at least when
R does not explicitly depend on ¢. This is formulated in the next proposition.

Proposition 4.3. Assume that hypotheses (H1)—(Hz) and (H4) hold and that R does not depend
on its third argument. Let x be a backwards-bounded entire solution of (4.1), (ID1)—(IDy), T(¢) :=
T(t,x¢), and n(t) :=t — ©(t). Then the following statements hold.
(i) If there exists o € R such that x(n*(0)) =0 € RVt for all k € Ny, then x(t) = 0 for all
teR.
(ii) If x is nontrivial, then V (x;, —t(t)) is finite for t € R.
Proof. (i) Define z;{(t) = x(nk (o) +1t)fort €0, r] and
M = sup{|x' ()| :t € (00, 7], 0<i < N}.
Observe the different definition of zx compared to that in the proof of Theorem 3.9. Note that

7k (0) = 0 for all k € Ny. By virtue of equation (4.1), hypothesis (H4) and the backward bound-
edness of x we have

1ZO] =|F 0 @) + 0| = |1, x F (o) + 1), x T ¥ (o) + 1))
=it 2. )] = (|0 + |z )

fori =0,...,N—1, and
12V @) = [N F @)+ 0] = | N, N 0F o) + 1), xX°(iF (o) + 1)
=N 2 O, et @)+ 0] < (2 O] + [ @) +)]).  @3)

We can estimate the last term of (4.3) in the following way:

X0 (¥ (@) + )| < [x°m(F (@) + 1) = X’ T o) + )| + |x° (i (o) + 1)
< Lolt +n*(0) =t (@) +1) =t =¥ (@) + T (0))| + |24, ()]
= Lo|t (" (0)) — t(* (o) + )| + |22, (1))

From the equations

(¥ (0)) = R(x(n* (0)), x° (" (o))

and
T (@) +1) = R(x(* (o) + 1), x° (" (o) + 1)),
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we conclude that

X2 (n* (@) +1))| < LoLip Ri [x°(n* (0) + 1) — x° (" (o))
+ LoLip Ro|x° (¥ (o) + 1)) = x° (" T o)) | + |04, ()]
= LoLip Ry |z)()| + Lo Lip Ra|x°(n(n* (o) + )| + |20, (1)

)

or equivalently,

|x0(7’l(nk(0) +;))| < 1 LipR|Lg

0
~Lip RoLo 26 @]+ 1

0
P e— 1)|.
_ LlpR2L0 |Zk+l( )|
Substituting this into (4.3) yields

CLoLip Ry

C
- O+ ——— Nl
l—LipR2L0)|Zk()|+l |Zk+1(8)]

N
ni<|c
'Z"(”—( * —Lip R2Lo

By setting

CLyLip Ry C

C;=C ,
! 1T LipRaLo T 1—LipRaLo

we obtain that inequality

1z ()] = Cr(ze O] + |zr41 (D)D)
holds for all # € R and k € Ny.
From this point we can continue with a similar argument as in the proof of Theorem 3.9. Recall

that zX(0) = 0. Thus, setting Cp :=2M (1 + Cy), we obtain that |z (¢)| < C» and |7z (t)| < C; for
allt € R and k € N. Hence

t
lzi ()] = Cz/ (Izk ()| + |zk41(s))) ds forall 7 € [0, r]. (4.4)
0

Let Z(t) = (zk (1)), € [*°. The uniform boundedness of the components and their deriva-
tives gives the continuity of Z. From inequality (4.4) we conclude that

t
1Z () oo §2C2/ 1 Z(s)lsods forall 7 € [0, r]. 4.5)
0

Applying the Gronwall-Bellman lemma yields that || Z(2)|lc = 0, that is, zx(#) = O for all
k € N and ¢ € [0, ], which together with Lemma 2.2 (iii) yield x(¢) = 0 for all € R.
(ii) In view of statement (i), the proof of Theorem 3.9 (ii) holds here. O
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5. Concluding remarks

In this work, we generalized the results of Mallet-Paret and Sell [46] on the existence and
properties of a discrete Lyapunov functional for unidirectional cyclic systems for the case of
time-variable or state-dependent delay. We conclude this paper by discussing possibilities to
further generalize the results and directions of future works.

Possible generalizations

It is worth noticing that equation (1.1) was more general in two ways — apart from allowing
only constant delays, of course. On the one hand, it also admitted a bidirectional structure, more-
over, more delays were also allowed — one delay in each equation, i.e. x’(r — ;) in the (i — 1)-th
equation, in place of x’(¢). The constant delay and cyclic structure allowed one to transform the
equation into the normalized form (1.1). We conjecture that our results can be further generalized
to the case when the delays 7; depend on time, i.e. to systems of the form

) = O, %), x Lt — 1 (1)),

. S . . (5.1)
M=o O - @), i=1,...,N,

perhaps at the cost of additional assumptions on the delays. We see two possible approaches to
tackle this problem. 1) If the functions 7; are continuously differentiable, then a time transforma-
tion similar to the one introduced by Cao [14] in the scalar case could be combined with the one
applied in [46] to obtain a system of equations with a single constant delay and of the normal-
ized form (1.1). Then the results of the latter paper could be applied directly to the transformed
system. This approach also has its limitations. For example, if one has a system of SDDEs with
multiple delays, then each solution of the SDDE system will be transformed into a different nor-
malized equation, so it will be very hard to get any useful information on solutions of the former
equation from results obtained for the latter. The differentiability of delays t;(x;) with respect to
t could also be violated in certain SDDEs. 2) A natural way to avoid both the extra condition on
smoothness of the delays and the issue of losing information during the transformation could be
to develop a (time-dependent) discrete Lyapunov functional directly for the system (5.1), on the
phase space of C([—r, 0], R¥N*!). However, such a theory is not yet available, even in the case
of a constant delay.

We believe that the assumption on the continuity of 1 is not essential for Theorem 3.3 and
could be replaced by piecewise continuity with some extra effort in the proof. This could be
relevant in models where the feedback is based on observed data on the state, which is not
continuously monitored, but is measured, for instance, T-periodically. Then we could end up
with something like n(¢) = |t/T|T — t9, where | - | denotes the floor function and 79 > 0
reflects an extra reaction lag.

Potential applications

The theory developed in this work can potentially have applications in various topics, such
as proving the existence of slowly (or rapid) oscillatory periodic solutions, studying the geomet-
ric structure of the unstable manifold of the origin, or developing a Poincaré—Bendixson-type
theory for certain cyclic SDDE systems. Our next goal is to prove the existence of a Morse de-
composition of the global attractor for autonomous cyclic SDDE systems with delays treated in
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Section 4. A Morse decomposition means, roughly speaking, that the dynamics is gradient-like
on the global attractor. Such a result has been established very recently by Bartha, Krisztin and
one of the authors for scalar equations and negative feedback [8]. In [6] we extend these results
to the case of N > 0 by combining our current findings with the ideas and techniques applied in
[8] and [22].
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