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Abstract

We extend classical estimates for the vector balancing
constant of R? equipped with the Euclidean and the
maximum norms proved in the 1980s by showing that for
p =2 and p = o, given vector families V,...,V, C Bg
with 0 € 37" | conv V;, one may select vectors v; € V;
with

oy + -+ + vl < Vd
for p =2, and
[y + - + V)l < O(Vd)

for p = 0. These bounds are sharp and asymptotically
sharp, respectively, for n > d. The proofs combine lin-
ear algebraic and probabilistic methods with a Gaussian
random walk argument.

MSC 2020
52A40, 52C07, 05A99 (primary)

1 | HISTORY AND RESULTS

Vector balancing problems have been studied for over six decades. The prototype question was

asked by Dvoretzky [15] in 1963:

Question 1.1 (Vector balancing in # p). Let1 < pand1 < d < n. Find

max min [0} + -+ +€,0,l 5,
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20f24 | AMBRUS and BOZZAI

where the maximum is taken over vy, ..., v, € Bg, and the minimum is taken over sign sequences
g €{xlifori=1,..,n.

In other words, given a collection of vectors {v, ..., v,} C Bg, the goal is to find a signed sum

of them with small norm. (As usual, Bg stands for the unit ball of the # p-orm on R<.) The term
“vector balancing” is readily motivated by the following interpretation: placing the vectors into
the two plates of a scale according to their associated signs, the problem asks for achieving a nearly
equal balance, that is, forcing the sum of the vectors in the plates to be as close as possible.

Even though the above formulation uses two parameters: d and n, surprisingly, the optimal
bounds turn out to depend only on the dimension d [11, 28, 34, 35]. This was the first intriguing
characteristic of the problem, with many more to follow in the subsequent decades.

In order to facilitate the forthcoming discussion, we introduce the notion of vector balancing
constants by defining

vb(K,L,n) = max min |legug + - + &0, @
U150 €K &1,.06, {1}

for origin-symmetric convex bodies (i.e., compact, convex sets with nonempty interior) K, L C R9,
Above, |.||; denotes the Minkowski norm associated to L, which is defined by

[[x]l; = min{r >0 : x €rL}

for x € RY (note that L is the unit ball of ||.||; ). Then the vector balancing constant of K and L is
given by

vb(K) = supvb(K, n).

n>d

When K = L, we simply write
vb(K,n) = vb(K, K, n)
and

vb(K) = supvb(K, n).

nxd

Thus, using the above notation, Question 1.1 asks to determine vb(Bg, n)forp>landn > d.

Sharp estimates for Dvoretzky’s question in the Euclidean norm were proven in the late 1970s by
Sevast’yanov [30], independently by Barany (unpublished at the time, for the proof, see [9]), and
also, perhaps, by Grinberg. The proofs of Sevast’yanov and Barany are of linear algebraic flavor.
By the probabilistic method, Spencer [34] proved the same result, which reads as

vb (BY,d) = vb (BY) = Vd. )

In both approaches, the proof boils down to showing that any point of a parallelotope in R¢ may

be approximated by a vertex with Euclidean error at most \/E; this is the direct predecessor of our
Proposition 3.1.
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COLORFUL VECTOR BALANCING 30f24

The case of the Z,-norm was solved by Spencer [35] by showing

vb (BL,d) <cVd 3)
and
vb(BL) <2CVd )

for auniversal constant C < 6. These estimates are asymptocially sharp, as demonstrated by vector
systems consisting of vertices of Bgo. The weaker bound of O(y/d Ind) can be shown by apply-

ing the probabilistic method, but removing the \/m factor is not possible using that approach.
The upper bound (3) was also shown, independently, by Gluskin [18] who applied Minkowski’s
theorem on lattice points and an argument of Kashin [22]. Indeed, these results rely on the paral-
lelotope approximation in the maximum norm, which precedes our Proposition 4.1. These vertex
approximation results are close relatives of the Beck-Fiala “integer-making” theorems [12].

Extending (2) and (4), Reis and Rothvoss [28] proved that there exists a universal constant C’ for
which Vb(Bg) < \/E holds for each 2 < p < o0. This bound, up to constant factor, also matches
the lower bound of Banaszczyk [3] for general norms.

Our article is mainly motivated by the work of Barany and Grinberg [11], who generalized Ques-
tion 1.1 to vector families which may also be interpreted as color classes. They proved the following
general result.

Theorem 1.2 (Barany, Grinberg [11]). Assume that B C R? is an origin-symmetric convex body,
and V,..,V, C B are vector families so that 0 € Z conv V. Then there exists a selection of
vectorsv; € V; fori € [n] such that

i€[n]

2| <d 5)

ie[n] Bd

The original vector balancing problem is retrieved by setting V; = {+v;} for i € [n] (where, as
usual, [n] = {1, ..., n}).

Taking B¢ = Bf, n =d,and V; = {+e;} for i € [n] shows that Theorem 1.2 is sharp. Yet, for spe-
cific norms, asymptotically stronger estimates may hold. In light of (2) and (4), it is plausible to
conjecture that for the Euclidean and the maximum norms, the sharp estimate is of order O(\/E).
For the case of the Euclidean norm, it is mentioned in [11] that V. V. Grinberg proved the sharp
bound of \/E although this has never been published (or verified) — and 25 years later, the state-
ment was again referred to as a conjecture [10]. Barany and Grinberg [11] also note that “from the
point of view of applications, it would be interesting to know more about” the case of the 7 -
norm. Based on a generalization of the Gram-Schmidt walk, Bansal et al. [7] recently proved the
following theorem in the colorful setting.

Theorem 1.3 (Bansal, Dadush, Garg, Lovett [7]). Let V1,...,V,, C Bg be vector families with 0 €
convV; for each i € [n]. Then for any convex body K with y;(K) > 1/2, there exist vectors v; € V;
such that Y| v; € cK, where ¢ > 0 is an absolute constant.
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4of24 | AMBRUS and BOZZAI

Applying this theorem to the Euclidean norm, one retrieves a sum of norm at most C\/E for
some constant C > 1, and for the maximum norm one obtains a bound of O(v/d In d). We note
that their proof method, which is based on the techniques of Lovész, Spencer, and Vesztergombi
[23], can be modified to show that the bound in the colorful setting is at most twice the original
vector balancing constant, which implies 0(\/3) bounds for both the Euclidean and maximum
norm. This asymptotically matches the estimates proved in the present paper up to constants; for
details, see Section 7. Here, we provide a direct, constructive approach for proving an asymptoti-
cally matching, yet tighter estimate which also sheds more light on the geometry of the problem
and its algorithmic aspects.

We set off to obtain sharp/asymptotically sharp bounds for the colorful vector balancing prob-
lem in the Euclidean and maximum norm. Our proof techniques yield estimates matching (2) and
(4), the bounds for the original vector balancing problem.

Theorem 1.4 (Colorful balancing in Euclidean norm). Given vector families V1, ...,V , C Bg with
0 € X[y cONV V), there exists a selection of vectors v; € V; for i € [n] such that

> vl < V.

i€[n] 2

Note that the condition 0 € 3, conv V; is weaker than requiring 0 € conv V; for each i —by
applying a shift of each family, the more general estimate can be derived from the statement under
this more restrictive condition, albeit with the loss of a factor 2 compared to the above bound.

For an estimate in the dual direction, the following result is well known: if V,...,V,, are
sets of unit vectors with 0 € conv V; for each i, then one may select v; € V; for i € [n] so that
“ Yieln] vi”2 > y/n (for a further generalization, see [1]).

Theorem 1.5 (Colorful balancing in maximum norm). Given vector families V1, ..., V, C Bfo with
0 € Xic[n cONV V), there exists v; € V; for i € [n] such that

2 U; < C\/E,

ie[n] .

where C = 22 suffices.

As noted above, an O(v/d In d) estimate is implied by Theorem 1.3 — we note that a matching
bound can also be derived by applying the standard probabilistic method.

By Carathéodory’s theorem we may assume that each V; is finite (in fact, of cardinality at most
d + 1). We are going to use this assumption without further mention wherever needed.

Let us conclude this section with a short selection of related results. Many classical vector bal-
ancing results are surveyed by Giannopoulos [17]. Vector balancing in the plane was studied by
Swanepoel [39] and Lund, Magazinov [25]. Online versions of vector balancing and related com-
binatorial games were considered by Spencer in [24, 33]. Various anti-balancing questions were
discussed by Banaszczyk [3] and Ambrus, Gonzalez Merino [2]. Vector balancing for arbitrary
convex bodies K was connected to the Gaussian measure of K by Banaszczyk [4]. Several recent
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COLORFUL VECTOR BALANCING | 50f24

results have been given which provide algorithmic proofs for classical and online vector balancing
problems, see, for example, Bansal [5], Bansal et al. [7, 8], Dadush et al. [14], and Lovett and Meka
[24]. Additionally, vector balancing has recently been applied to various topics in machine learn-
ing, including sketches, coresets and randomized control trials, see Karnin, Liberty [21], Harshaw
et al. [20], among others.

Vector balancing in the maximum norm is also closely related to discrepancy theory, since
vb(Bgo, n) may be interpreted as an upper bound for the discrepancy of a set system of cardinality
d on n elements. For that direction, see, for example, Matousek [26].

One cannot miss to present a particularly attractive conjecture by Komloés (see [4, 35]), which
states that

Vb(Bg,Bgo,n) <C

holds for each n,d > 1 with a universal constant C. The strongest result in this direction is due
to Banaszczyk [4] who proved the upper bound of ou/@). An algorithmic proof which yields a
matching estimate was given recently by Bansal, Dadush, and Garg [6].

Due to space limitations, other classical vector summation problems, for example, the Steinitz
lemma, questions about subset sums and partial sums, and the role of permutations are not
addressed here. We note only that a colorful generalization of the Steinitz lemma has recently
been given by Oertel, Paat, and Weismantel [27]. These directions are well portrayed in the book
of Spencer [37] and the survey articles of Barany [9] and Sevast’yanov [31, 32].

2 | REDUCING TO DIMENSION MANY FAMILIES

Using the method of linear dependencies, we first prove that the number of families can be
reduced from n to at most d, moreover, the total number of vectors can also be bounded from
above. This approach dates back to the classical work of Shapley and Folkman, and Starr in the
1960s [38]. Several applications of the method are well surveyed by Barany [9].

We start with some terminology. Vectors in R¢ will be written as x = (x(I, ..., x(9) € R? and
will be understood as column vectors.

As usual, {e;, ..., e} stands for the standard orthonormal basis of RY. We denote the standard
(m — 1)-dimensional simplex represented in R by

A™ = conviey,...,e,} = {/1 er™: A0>ovie[m], ) 10 = 1}.
ie[m]

In this paper, a convex polytope means a non-empty, bounded intersection of finitely many closed
halfspaces (without any requirement on its interior).
We identify a set of vectors U = {u,, ..., u,,} C R? with the d X m matrix

U= (U uy,).

Definition 2.1. Given vector families V7, ...,V, C R? with |V;| = m; and Yicln) M = m, we
define the associated vector family matrix

Vo= (ViIVy - |V,) € R
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60f24 | AMBRUS and BOZZAI

which is a partitioned matrix. We also introduce the associated set of convex coefficients
Ay =A™ X o x A C R™ (6)
which is a convex polytope arising as a direct product of simplices.

The relevance of A, is shown by the fact that a vector v € RY is contained in conv V; if and
only if v = V4 for some A € A™:. Accordingly,

convV,+ - +convV, ={Vi: 1€ Ay}

In the above scenario, we will usually consider R along with its orthogonal decomposition
R™ = R"™ X .- Xx R, A collection of vector families V = {V,...,V,} will always be identified
with its associated vector family matrix V — using the same notation for these two will cause no
ambiguity and will be clarified by the context. From now on, U, V, and W will always stand for a
collection of vector families or their associated vector family matrices.

Throughout the paper, Greek letters will be used to denote vectors in the coefficient space
A, C R™, while letters of the Latin alphabet will stand for vectors in R¢. To make the connec-
tion between these spaces explicit, coefficient vectors § € A, will also be indexed by members of
V,; as follows:

ﬁ = (;B(Ui))uievi, i€[n] €R™. (7)

Given a vector family matrix V' € R™*d and a set of indices J C [m], we naturally define V|,
the restriction of V' to the columns indexed by elements of J. This is again a vector family matrix
which naturally induces a collection of vector families, the restrictions of the original ones to J.
Naturally, Ay, C R is the set of convex coefficients associated to V|;. By virtue of the indexing
(7), we may also define the restriction to a subcollection W C V. In particular, for 8 € A}, and
Vi €V, Bly, € Ay, consists of the coefficients of vectors in V;.

Given a partition IUJ = [m] and vectors 1 € Ay, nE AV|J, we introduce the natural
concatenation of 1 and u by A v u € Ay; thatis, AV )l =Aand (A vV w)|; = u.

Definition 2.2. A number x € [0, 1] is fractional if x & {0, 1}. Given a vector 8 € A;,, we say that
family V; is locked by $ if none of the coordinates of ‘8|V,- are fractional. Otherwise family V; is
free under 8. A vector B € Ay, is a selection vector if every family is locked by 8, equivalently, g is
a vertex of Ay,.

Note that for a selection vector § € Ay, VB, = v; for some v; € V; for each i € [n].

The main tool of the section is the following generalization of the Shapley-Folkman lemma
[29, 38], a cornerstone result in econometric theory. Alternative versions were proved and used by
Grinberg and Sevast’yanov [19] and Barany and Grinberg [11].

Theorem 2.3. Given a collection of vector families V = {V1,...,V,} in R% with 0 € Yic[n) conv V;,
there exists a vector o € Ay, such that

(i) Va =0;
(ii) All but k < d families V; are locked by a;
(iii) « has at most k + d fractional coordinates.
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COLORFUL VECTOR BALANCING | 7 of 24

The proof is based on the Shapley-Folkman-style statement below which is related to the
geometry of basic feasible solutions of linear programs.

Lemma 2.4 [19]. Let K be a polyhedron in R™ defined by a system
fix)=q;,i=1,..,p,
gj(x) < b]’ J = 1,...,q,

where f;, g; are linear functions. Let x, be a vertex of K and A = {j : g;j(xy) = b;}. Then |A| > m —
D.

Proof of Theorem 2.3. Given vector families V;,...,V, in R with 0 € ¥
Yiein) Vil, consider the set

ie[n) cONV V; and m =

P={1€A,: VA=0}

= {/1 ER™: Y D AWy =0, Y Av)=1Vi€[n], Av)>0Vi€n],Vy, € Vi}'

ie[n] v;EV; v;EV;
®)

By our assumption that 0 € Zie[n
be any extreme point of P. Define

jconv V;, P is a (non-empty) convex polytope in R™. Let o € P

S:={i€[n]: V,isfree under a}

and let k = |S|. By Lemma 2.4, at most n + d non-negativity inequalities in (8) are slack when
substituting A = a. Each of the n — k families locked by a contribute exactly one slack constraint,
arising from the (unique) 1-coordinate. Let f denote the number of fractional coordinates of «;
then f + (n — k) is the total number of slack constraints. Thus

f+n—-k)ysn+d

which implies that f < k + d. Since, by definition, f > 2k, this also shows that k < d. O
By virtue of allowing to reduce consideration to at most d families, the following corollary is the
main tool for proving upper bounds for the colorful vector balancing problem in arbitrary norms.

Corollary 2.5. Let || - || be a norm on R% with unit ball BY. Suppose there exists a constant C(d)
such that given any collection of k < d familiesU = {U,, ..., U, }in B9 satisfying |U; | + - + Ukl <
k +d, and any A € Ay, there exists a selection vector u € Ay; such that

VA —Vull < Cd).

Then given any collection of families V1, ..., V,, € B4 with0 € Yic[n) conv V;, there exists a selection
of vectors v; € V; fori € [n] such that

Y vl < c@.

ie[n]
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8of24 | AMBRUS and BOZZAI

Proof. Suppose that the hypothesis of the statement holds. Let m := |V,| + --- + |V, |. Applying
Theorem 2.3 to V = {V,...,V,}, we find a € A, such that Va = 0, all but k < d families V; are
locked by a, and a has at most k + d fractional coordinates. Let F C [m] be the set of indices
of fractional coordinates, and set L = [m] \ F. Then |F| < k + d. By hypothesis, there exists a
selection vector u € Ay, such that ||V|palp — Vipull < C(d), and so

WVigely + Vigull < IVIpal, + Vipalpll + | = Vipalp + Vipull < [[Vall + C(d) = C(d).

Taking the selection of vectors given by a|; V u completes the proof. [

3 | THE CASE OF THE EUCLIDEAN NORM

To prove Theorem 1.4, it remains to prove the vertex approximation property for color classes,
which generalizes the Lemma in [34], see also [9, Theorem 4.1].

Proposition 3.1 (Colorful vertex approximation in Euclidean norm). Given a collection of k vector
families U = {U,, ..., U} in B‘Zi and any point 1 € Ay, there exists a selection vector u € Ay such

that |JlUA — Upll, < Vk.

Our proof is inspired by Spencer’s argument for the vector balancing case [34], and it works in
any finite dimensional Hilbert space.

Proof. Define x := UA € conv U; + -+ 4 conv Uy, so that

X=X+ kX, X= ) Auw Vi € [k],
w;€V;

where |y, € Ay, for each i € [k]. We define a vector-valued random variable w; € R? for each
i € [k], which takes the value u; with probability A(u;) for each u; € U;, independently of the
other variables w;, j € [k]\ {i}. Then

Elw, + - +w,] = Z Elw;] = 2 Z Aw)U; = 2 X; = X.
1

i€lk] ielk] u;€U; i€k

Component-wise this yields
E|w + -+ uwf - x| =0, ¢ eld] )
For each ¢ € [d], (9) and the independence of the variables w;’s imply

2
[E[(wgt’) + ot wz(f) — x(f))z] = [E[(wgf) + o+ w}((f) _ x(t’))z] _ [E[wgf) R w]({f) _ x(f)]

= Var[wg”ﬂ) + -+ wl(f) - x(f)]

=2Varw

(f)].
i€lk]

i

(10)
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Since

d

2
¢ ¢
||w1+~~~+wk—x||§ = z <(w§ )+...+wl(€ ))_x(zf’)> ,

=1

by linearity of expectation and (10) we conclude

3 3
IE[”wl + - wy _x||2] = 2 [E|:(w§ ) + e+ wl({ ) _ x(f))Z]

celd]

2 Z Var [w(f)]

veld]ielk

- Z E|lw?] - Y Y Efw’ )]

¢eld]igk] ¢eld]ig[k]

= Y Eflwi - Y Z [E[w“)] .

i€[k] zeld] i€k

Finally, we note that

Eflwll3] = Y0 Aw) - lwli< ) Aw) =1,

u;€U; u; €U;

hence continuing calculation (11),

E[llw; + - + wy — x||?] 2 Z [E[w(”p)] <k.

zeld] ielk]

It follows that for some specific choice of u; € U;, i € [k], we have
lluy + -+ = xll3 < k

The corresponding selection vector u € A, satisfies the proposition.

Theorem 1.4 now follows immediately from Corollary 2.5 and Proposition 3.1.

4 | THE CASE OF THE MAXIMUM NORM

(1

To prove Theorem 1.5, we need to show that the vertex approximation property (the analogue of
Proposition 3.1) holds for the maximum norm. This result for the original vector balancing prob-
lem is due to Spencer [35] and, independently, Gluskin [18]. As in the original vector balancing
problem, the challenge is to remove the \/m factor. Note that, unlike in the Euclidean case, we

need to set an upper bound on the total cardinality of the vector systems.
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10 of 24 | AMBRUS and BOZZAI

Proposition 4.1 (Colorful vertex approximation in Maximum norm). Given a collection of k vector
familiesU ={Uy, ..., U}in Bgo satisfyingm := |U;| + -+ + |U| < 2d, and an arbitrary point A €
Ay, there exists a selection vector . € Ay such that ||[UA — Ul < C\/E for a universal constant
C>0.

Note that applying the probabilistic method directly, by mimicking the second proof of Propo-
sition 3.1 results in the weaker upper bound of O(\/E \/ﬁ). Thus, in order to reach the bound of
O(\/E), one must apply an alternative argument, just as in the case of the original vector balanc-
ing problem in the maximum norm. In [35], Spencer utilized a partial coloring method in order
to overcome this difficulty. This, and the argument of Lovett and Meka [24] are the predecessors
of our approach described below.

We will prove Proposition 4.1 by iterating the following lemma, which is a close relative of the
Partial Coloring Lemma in [24]. We call it the skeleton approximation lemma, as it approximates
a point in the set of convex coefficients Ay, C R by a point on the (m/2)-skeleton of Ay,.

Lemma 4.2 (Skeleton approximation). Let W = {W, ..., W, } be a collection of vector families in
Bgo with |W;| > 2 for each i and m := |W | + - + |W}| < 2d. Then for any point A € Ay, there
exists it € Ay, such that

@) WA-=Wullo, £my/mln %d where 1, & are constants specified as

n= g and £ = 18; (12)

(i) u® =0 foratleast m/2 indicesi € [m).

The proof of Lemma 4.2 is postponed to Section 6. Now we deduce Proposition 4.1 assuming
Lemma 4.2.

Proof of Proposition 4.1. We may assume that |U;| > 2 for each i, since any convex coefficient
vector corresponding to a 1-element family is necessarily a selection vector.

By an inductive process, we are going to define points A(s) € Ay, sets of indices F(s), L(s) C [m],
and cardinalities m(s) for s = 0, 1, ... so that for a suitably large S, 1(S) is a selection vector with
the desired properties.

To initiate the recursive process, take A(0) = A, let F(0) C [m] be the set of indices of fractional
coordinates of 1(0), and L(0) = [m] \ F(0) be the set of indices of coordinates of 1(0) equal to 0 or
1. Introducing m(0) = |F(0)|, we have m(0) < m < 2d.

Assuming that iterative step s has been taken, we define step number s + 1 as follows. Apply
Lemma 4.2 to the vector family matrix U(s) := Ul of total cardinality m(s) < m and the
point A(s)|p(s) € Ays) to find u(s + 1) € Ay(,) with the prescribed properties. Define A(s + 1) =
A($)|(s) V 1(s + 1) to be natural concatenation of these two vectors, obtained by replacing the
fractional coordinates of A(s) by the approximating vector u(s + 1). Let F(s + 1) C [m] be the
set of indices of fractional coordinates of A(s + 1), L(s + 1) = [m] \ F(s + 1), and set m(s + 1) =
|F(s + 1)].
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COLORFUL VECTOR BALANCING 11 of 24

By Property (i) of Lemma 4.2 and the definition of A(s + 1), for each s > 0

IUA(s) = UA(s + D, < 11/ m(s) ln ( 5 13)

Also, by property (ii) of Lemma 4.2 we have that

m d
m(s) < 35 < 5

(14)

Since m(s) € N, this also yields that after a finite number S of steps, m(S) = 0 will hold. Set u =
A(S). We will show that y fulfills the criteria of Proposition 4.1.

That u € Ay is a selection vector is shown by m(S) = 0. To show the approximation prop-
erty, note that the function f(x) = x In(1/x) is increasing on the interval [0, 1/4]. Combined with
(13),(14), and (12), this yields that

S—1
IUA = Uplly < D IIUAGS) = UAGs + Dl
5=0

S—1
d
< ;077 In %\/m(s)

s—1
ss;on In d/ZS 1\/ (15)

<Vd Y27 02y/In@) +n2-(s— 1)
s=0

< 22\/5. [l

As in the Euclidean case, Theorem 1.5 now follows from Corollary 2.5 and Proposition 4.1. A
simple modification of the proof yields the following version of Proposition 4.1, which provides a
significant strengthening for m <« 2d.

Proposition4 3. Given a collection of vector families U = {U,, ..., Uy }in Bd suchthatm = |U;| +
-+ |Uy| < 2d and any point A € Ay, there exists a selection vector u € Ay such that

IUA = Unlly, < Ky/my/In 24
for a universal constant K > 0.

Proof. Take u € Ay, as in the proof of Proposition 4.1. Then, substituting (14) in (15),

S—-1 gd -
IUA - Uplls < é”\/lnm‘/ﬁ

0 <§d)+1n2 N

<nym Y,
s=0
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12 of 24 AMBRUS and BOZZAI

5 | USEFUL PROPERTIES OF THE GAUSSIAN DISTRIBUTION

Proving Lemma 4.2, the skeleton approximation lemma, requires several standard facts about the
behavior of Gaussian random variables. By N'(u, %) we denote the (one-dimensional) Gaussian
distribution with mean u and variance o2. Given a linear subspace A C R%, A'(A) denotes the
standard multi-dimensional Gaussian distribution on A, that is, for G ~ M'(A4), G = G,a; + - +
G,,a,,, where {a,, ..., a,,} is any orthonormal basis of A and G4, ..., G,,, ~ N (0, 1) are independent
Gaussian random variables (for further details, see [13, 16]).

Lemma 5.1. Let A C R¢ be a linear subspace with G ~ N'(A). Then given any u € R%, (G, u) ~

N(0,02), with a® = ||P,(w)||* < ||ul|?, where P ,(-) denotes the orthogonal projection onto A.

Corollary5.2. Let A C RY bea linear subspacewith G ~ N'(A) and define o; by (G, e;) ~ N'(0, al.z).
Then ¥4 07 = dimA.

A proof of Lemma 5.1 can be found in [16, Section II1.6] (see also [24]). These results are
particularly useful when combined with the following standard tail estimate.

Lemma 5.3. Given a Gaussian random variable G ~ N'(u,c?), forall t > 0,
P[IG — u| > t] < exp (—t?/20%).

This result is a special case of the general version of Hoeffding’s inequality (for a proof, see,
e.g., [40]). We will also need a similar bound for martingales with Gaussian steps. Recall that a
sequence {X;};cy of real-valued random variables is a martingale if E[X,, ;| X, ..., X, ] = X,,.
Lemma5.4 [5]. Let 0 = X, X, ..., X be a martingale in Rwith steps Y; = X; — X;_, fori > 1. Sup-
posethat foralli € [T], Y;|X,, ..., X;_; is a Gaussian random variable with mean zero and variance
at most o%. Then for any ¢ > 0,

[P’[|XT| > acﬁ] < 2exp(—c?/2).
Finally, we will need the following result about sequences of Gaussian random variables. This
is a well-known result that can be found for example in [40]; we provide the standard proof for

the reader’s convenience.

Lemma 5.5. Let X; ~ N(0, al.z) with 0; <1 for i =1,2,.. be a sequence of not necessarily
independent, jointly Gaussian random variables. Then for any T > 2,

[EmaTx |X;| <6VInT
i<
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COLORFUL VECTOR BALANCING 13 of 24

and

E max |Xi|2 <10InT.

i<T

X

\/1+lni'

Proof. We define the random variable Y : = max;y

Then by Lemma 5.3, the union bound,
and the fact that o; < 1 forall i,

2 00
- / PLY > yldy + / PLY > yldy
0 2
<2+ ooI]J’maxﬂZy dy
) ieN V/1+ni
<2+/ ZP[|Xi|>y\/1+lni]dy (16)
2 =1

< 2+/ Zexp(—yz(l +1ni)/207)dy
2 =1

<2+ / (Z i—yz/z) exp(—y*/2)dy
2 i=1

<2+ .006<3.

Finally, note that \/ 1+1Ini<g \/ 1+ InT for all i € [T], hence the calculation in (16) yields

X; X; X
[Emaxﬁ < [EmaxL s[EmaXL <3
i<T 1+InT i<T 1+Ini ieN 1+Ini

Then for T > 2, Emax;r |X;| < 3y/1+InT < 6VInT. The proof for max; |X;|? follows from
an analogous calculation. O

6 | PROOF OF THE SKELETON APPROXIMATION LEMMA

We complete the proof of Theorem 1.5 by proving the crux of the argument, Lemma 4.2. This will
be done by means of providing an algorithm that proves the following slightly weaker statement.

Lemma 6.1. Let 0.01 > & > 0 be arbitrary, and let W = {W,,..., W;} be a collection of vector
families in Bgo which satisfies that |W;| > 2 foreach i,and m := Zie[k] |W;| < 2d. Define

w(m) :=77\/m1n%d, 17)
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Y \
‘ivr

Ay

FIGURE 1 The polytope R.

wheren = % and & = 18 asin (12). Then for any y € Ay, there exists € Ay, such that

@ Wy = W7l < w(m);
(i) 79 < & for at least m/2 indices i € [m].

Lemma 4.2 follows immediately from Lemma 6.1 by standard compactness arguments.

Proof of Lemma 6.1. For each j € [d],let W/ € R™ denote the jth row of the vector family matrix
W. The condition W C Bgo ensures that |W/||, < 1 for each j € [d]. Accordingly,

W72 < m (18)

for each j.
Consider the polytope

R := {aeRm DA €Ay, [Wa—Wylo <w(m)},

which is the intersection of Ay, with d slabs of width w(m) / W, j € [d] (see Figure 1).
Equivalently, R is defined by the following set of linear equations and inequalities:
R= {oc er™: Y aw,) =1V €[kl a® > 0Vie [m], {a—y. W) < awlm) Vj € [d]}.

wyEW,
(19)

We call the first and second sets of constraints convexity constraints, as they ensure that Wa €
conv (W;) + --- + conv (W, ) for each @ € R. The third set of constraints will be referred to as
maximum constraints, as they imply that given o € R,

[Wa - Wyl = max |(Wa — Wy);| = max |(a —y, W/)| < w(m).
jeld] JEld]
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COLORFUL VECTOR BALANCING 15 of 24

Let Z be the set of normal vectors of the inequality constraints in (19):
Z={e, .., W, ., W} (20)

By the previous remarks, || Z]|, = 1.

The main tool of the argument is to introduce a suitable discrete time Gaussian random walk
on R™, similar to that in [5, 24]. In order to help the reader navigate through the forthcoming
technical details, we first give an intuitive description of the walk, whose position at time ¢t =
0,1, ... will be denoted by I', € R™.

The walk starts from I'y = ¥ and runs in aff R with sufficiently small Gaussian steps as long as
I'; isin the interior of R, far from its boundary. As T, gets 5-close to crossing a facet of R, we confine
the walk to an affine subspace parallel to that facet for the subsequent steps, by intersecting the
current range with a hyperplane parallel to the facet. In particular, if any coordinate of I'; reaches
avalue less than 8, we freeze that coordinate for the remainder of the walk.

We show that running the walk long enough, until say time T, with high probability at least
half of the coordinates of I'; become frozen, while I';; € R still holds. This will mean that 7 = I'y
satisfies the criteria of Lemma 6.1. For the proof it is essential that the value of w(m) is carefully
set (17), hence the slabs defining R are sufficiently wide so that the walk is unlikely to escape
from them.

Let us turn to the formal definition of the random walk. Let ¢ > 0 and T € N be parameters to
be defined later. Define the sets

com = lie[m]: TV <8}, cm:={jeld]: T, T, W)l >awm) -8} (1)

to be the convexity and maximum constraints, respectively, that are at most d-close to being vio-
lated by I',. We will say that coordinate i is frozen if and only if i € C{°"". Recall that by (7),
coordinates may be indexed by the vectors, that is, for each i € [m], ng) =T ,(w;) for somel € [k]
and w; € W. In that case, coordinate w; is frozen if and only if i € C;°"*".

Let A be the linear component of aff Ay, thatis, A = lin (Ay, — Ay,). For each t < 1, step ¢ is
confined to occur in the linear subspace

S, :={peA: pP=0VieC™, (BT, W/)=0VjecCcr

by taking a Gaussian step A, ~ N'(S,) and defining
I, =T, +eA,.

The walk terminates after T steps: y := I'r, where T is to be determined later.

We will show that with certain restrictions on the parameters, I'; satisfies properties (i) and (ii)
of Lemma 6.1 with probability at least 0.2.

Given ¢ > 0, we define

0.992n2
T := [ 25277 J (22)

Choose € > 0 small enough so that the following inequalities hold simultaneously:
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6Td exp (—25;2> < 0.01, (23)
22em*InT < 0.01, (24)

and
10e’InT < 1. (25)

This can indeed be guaranteed since the functions exp(—x)/x, x In xl—z and x In % converge to 0 as
x \, 0.
We summarize a few useful properties of the random walk.

Lemma 6.2. Let T, ...,T' be the steps of the Gaussian random walk defined above and i € [m],
j € 1d]. Then

@) givenT;_;, E[A;] =0;
(i) C{°"°, C"** are nested increasing sets in t;
(iii) S, is a nested decreasing sequence of linear subspaces in R™ in t;
(iv) atanytime0 <t < T and foranyi € [k], ZwiGWi F(w)=1;
(v) if the walk leaves the polytope R at time t € [T], then T & R forany s > t;
(vi) if the walk leaves the polytope R at time t € [T, then |(A;, z)| > & /¢ for somez € Z;
(vii) if coordinate i is frozen at step t, thatis i € C{°"" \ C{°'l", then Fg) = Ffi) >6— £|A§i)|.

Proof. Properties (i)—(v) are straightforward consequences of the definition of T;.

To prove (vi), suppose that the walk leaves the polytope R at time ¢. Then an inequality con-
straint in (19) with normal vector z € Z is violated at time t. Suppose that z = W/ for some j € [d].
Since j ¢ C™ax

t—1>
(T;_y — T, W) < w(m) — 6,
while on the other hand,
T = Lo, W)| > co(m).
Combining these inequalities shows that

5|<A¢,Wj>| = [Ty _rt—l’Wj>| >4.

The proof when z = e; for i € [m] is analogous.

To prove (vii), note that i ¢ C;*” implies that I‘E?l > 8. Therefore,

@) _ @ _ ) (O] )
[ =07 =17 el >8+eN” 26 —¢|A] O

Equipped with these properties, we are ready to prove that I'; satisfies the required conditions
of Lemma 6.1 with probability at least 0.01. To show (i), that is,

WLy = WTr|lo < w(m), (26)
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COLORFUL VECTOR BALANCING | 17 of 24

it is sufficient to argue that (with high probability) I'; € R; that is, the walk does not leave the
polytope R at any step.

Define the event E; :={I'; € R| I, ...,I;_; € R} that the walk steps out of R at time ¢. If E,
occurs, then by Lemma 6.2(vi), [(A;, z)| > & /¢ for some z € Z. By Lemma 5.1 and (18), for any z €
Z, (A, z) is a Gaussian random variable with mean 0 and variance g2 < m. Applying Lemma 5.3
to (A, z), we find

p[I(AL2)] > 2] < 2exp (—(é)z/m) @7)

Using the union bound, equations (20), (27), and the fact that d < 2d, we derive

T
P[3te[T]: T, ¢ Rl = ) P[E,]
t=1

T

<Y Y PlIALD) > 2]

t=1zeZ
5 (28)
< 2T(d + m)exp <—<§) /2m>

52
< 6Tdexp <—2 2)
me

< 0.01

by condition (23). This proves that (26) holds with probability at least 0.99.
It remains to address (ii) of Lemma 6.1, that (with positive probability) Fg) < 6 for atleast m/2
indices i € [m]. We will reach this by means of proving that

E[|CS™]] > 0.51m. (29)
To this end we derive the following identity, using Lemma 6.2(i):

[E[”rt”%] = E[|IT,—, + EAt”%]
= [E[”Ft—l”%] + EZ[E[“Az”%] + 2eE[(T;_1, Ap)]
= E[IIT,_, 113] + €*E[dim(S,)],
where in the last equation we use that, by Corollary 5.2,
E[IA 2] = E l D (At,ei)zl = Y E[(Ae)?] =dims,.
i€[m] i€[m]

Iterating this calculation and using Lemma 6.2(iii),

E[IT113] > € 2 E[dim(S,)] > Te’E[dimS;] = Te” E[m — |C™| — |CPY]],
te[T]
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18 of 24 | AMBRUS and BOZZAI

and rearranging yields

ficeon)) 5 m— SPTIE] oo 30

[lc7™1] > m - Tz iz ] (30)

The above identity allows us to prove (29) by giving upper estimates on E|[[|Tz||2] and E[|C7"¥[].
We start with the second of these and show that

E[lcre] < - €y

To this end, we bound the probability that the walk gets close to escaping from a given slab. Note
that for fixed j € [d], {(T; — T, W/ Vierr for 0 <t < T is a martingale satisfying the conditions
of Lemma 5.4. As the step size is e(A;, W/), by Lemma 5.1 the variance of any step is bounded by
W3 < e?m (cf. (18)).

For any j € C'**, by (21),

(T — To, W] > w(m) — 8§ > 0.99 w(m),

as we have § £ 0.01 and w(m) > 1 by (17).
Therefore, by Lemma 5.4, (17), and (22),

P[j € C"*] < P[|(Ty — Lo, W/)| > 0.99 w(m)]

—0.992 - n? In(éd/m)
cooy (22 1)

< 2exp <1n§ﬂd> = é—rg

Thus

Ellcye] = Y pliecpe] < 2
Jeld]

as desired.
To complete the proof of (29) we address the second term in (30) and show that

E[IT713] < 1.01m. (32)

By (7), we represent I'; in terms of the vector families as I';y = (T'x(w;)), w; € W;, i € [k]. Then

ITr 3= D, Cr(w)* (33)

ie[k] w,eW;

As the above double sum has m terms in total, it suffices to show that the expectation of any of
these terms is at most 1.01, that is, E [[7(w;)?] < 1.01 for any i € [k] and w; € W,.
By Lemma 6.2(iv), ZwiEWl- I'r(w;) = 1. Thus, for any fixed w; € W,

Fr(w) =1- Z Lr(w). (34)

weW;\{w;}
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COLORFUL VECTOR BALANCING | 19 of 24

Note that in the above sum, I';:(w) > 0 unless coordinate w is frozen. In this case, assuming that
coordinate w is frozen at step t, by Lemma 6.2(vii) we have I't(w) > § — €| A, (w)|. Accordingly,

I'v(w) > 6 —maxe|A,(w)| > —emax |A,(w)|. 35
1) > 6 —max |, (w)] > —¢ max |A(w) 39)
Thus, by (34),
Ip(w) <1+e¢ max |A,(w)|.
wew\uw; <]

When T'y(w;) > 0, this leads to

(Cr(w))* <1+ 2¢ Z max |A;(w)| + & max |At(w)|2
wew i} <7 wew )} <"

+£2 max |A.(w)] max |A, (u)].
L‘)?&MG;I'\{wi}[e[T]| o )|te[T]| ()]

Note that by Lemma 5.1, for each vector w, A,(w) is a Gaussian random variable with variance at
most 1. Also, for a, b > 0 we will use that ab < a® + b?. Therefore, by taking expectations above,
and applying Lemma 5.5,

E((FT(wi))zl Tp(w;) > 0)

=1+42¢ Z E[gﬁ)ﬁ|At(w)|]+£2 Z [E[max|At(w)|2]

weW\fw;} weWw LET]

+ &2 ORI
i w#u%\{wl} |:t€[T] | [(w)l [E[]zi | f(u)|:|

<14 12emVInT +10?mInT + €2 Z E [max |A,(w)|2 + max |At(u)|2] (36)
wEUEW \{w;} te[T] te[T]

<1+ 12emVInT +102mInT + meT_DIOs:Z InT
<1+ 12emVInT +10e2m* InT

<1+ 22em?InT

<1.01

by (24) and that m,InT > 1,e < 1.
When I'7(w;) < 0, then coordinate wj is frozen. Therefore, (35) and (25) imply that

[E((FT(wl-))2| I'r(w;) < 0) <é? [Emflﬁ |At(wl-)|2 <102InT < 1.
te

Combining this with (36) shows that E ((FT(wi))2> < 1.01 for each i € [k] and w; € W}, and by
invoking (33), we reach (32).
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To prove (29), we may now combine (22) and (30)—(32) in order to derive that

1.0lm 2m
Eller™ il >m- 15— %
o (12101 2)
09922 &
> 0.51m.

Since |C§°”“| < m, this leads to
P[|C5™| = m/2] > 0.02.

As the probability of the walk leaving R is less than 0.01 by (28), we conclude that the algorithm
finds the desired vector I'; with probability greater than 0.02 — 0.01 = 0.01, as claimed. O

Finally, we illustrate how to transform the proof of Proposition 4.1 so as to provide a polynomial
time algorithm.

Proposition 6.3. There exists an algorithm of running time O(d’ In? d) which, in the setting of
Proposition 4.1, yields the desired selection vector 4 € Ay.

Proof. Along the course of the proof of Proposition 4.1, we replace the iteration of Lemma 4.2 by
that of Lemma 6.1 so as to obtain a vector ft € Ay, such that, for each i € [k],

Hw; € W; 1 0< f(wy) <8} = [W;| - 1. (37)

The existence of such a vector is guaranteed as long as § < 1/|W;]| for each i € [k]. At the final
step, we take u to be the closest vertex of Ay to [, that is, define

0if a(w;) <6
p(w;) = N
In particular, taking y := u — ft, we have that by (15),

for each j € [d]. We show that taking a sufficiently small value of § ensures that |(y, W/)| <
O(\/E), accordingly, ¢ is an appropriate selection vector.

Leti € [k] be arbitrary, and let w € W; be so that fi(w) > 6. Then f(w) =1 — Zw[¢wewi a(w;).
Accordingly,

> bxwpl=2 ) |aw)l <28

w;EW; wFw;eW;
Therefore, as ||W/]|,, < 1,

1W< Y D )l < ) @Iw|6).

ie[k] w;eW; ielk]
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Since |W;| < m <2d for each i € [k] and k < m < 2d, we conclude that for each j € [d],
|(x,W/)| < 8d?6. Thus, fixing

§ =0.01d~3/2, (38)
we indeed obtain

Wkt = Walloy = max (= 4, Wi < 22Vd +8Vd = 0(Va).
j€

Next, we estimate the running time of the algorithm at a given iteration s of Lemma 6.1. As before,
let m(s) be the number of active vectors. For a fixed step t € [T] of the Gaussian random walk, the
calculation of the sets C;*", C["** takes time O(d + m(s)). An orthonormal basis of the subspace
S, may be determined in O(d?) time by applying a Gram-Schmidt orthogonalization process, and
then the Gaussian vector A, ; is sampled in O(m(s)) time. Hence, the time complexity of perform-
ing a given step of the Gaussian walk is dominated by the calculation of the orthonormal basis
of S;.

By (38), (14), and the condition that m < 2d, the maximal € which satisfies the constraints (23),
(24), and (25) simultaneously can be estimated by

1
2= O(m(s)d®In*d).

Since, by (22), the number of steps of the random walk is T = O(1/¢?), the above estimate shows
that the running time of the algorithm within a given iteration s is

0(m(s)d®In* d).

Let S be the total number of iterations until reaching the vector & € A, satisfying (37). Note that
by (14), we have m(s) < m/25. Therefore, the total running time of the algorithm is

ZO(%dﬂnzd) =0(md°In*d) = 0(d” In?d). 0

s=1

7 | REDUCTION TO VECTOR BALANCING

In this section we describe an alternative approach for proving asymptotic estimates for color-
ful vector balancing constants matching Theorems 1.4 and 1.5, based on the proof techniques of
Lovasz, Spencer and Vesztergombi [23] and Bansal, Dadush, Garg, and Lovett [7]. For the fol-
lowing proof we denote the colorful vector balancing constant of two symmetric convex bodies
K,L CR%as

colvb(K,L) :=sup max min |lvy + - + v,
nxd Vi-VnSK €V, i€ln]
0€)’ conv V;

Theorem 7.1. Given any symmetric convex bodies K, L C R4,

colvb(K, L) < 2vb(K, L).
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220f24 | AMBRUS and BOZZAI

Proof. We are given families V1,...,V, C K and a vector 1 € Ay, so that VA1 = 0. Note that by
Carathéodory’s theorem we may assume that |V;| < d + 1 for each i € [n]. Let

= max (|U||r.
p = max Jull,

Fix e > 0 and take # € Z so that n(d + 1)2~“Yp <.

Each coordinate A(v) of 4, for v € V;,i € [n], has a binary expansion, which we truncate at the
¢'th digit after the radix point to obtain the vector u with coordinates u(v) so that |u(v) — A(v)| <
2=(“=1 for each v € V,, i € [n]. Then

wa-vil = 3 ¥ aw-uop|, <25 ¥ Xl < 2P @)

‘- ‘—
ie[n] veV; 271 ie[n] veV; 271
Denote the jth digit of the binary expansion of u(v) by u(v)"). We define the set
Sf = {U (S Uie[n]Vi . ,U(U)(f) = 1}

to be the set of vectors in our collection for which the #th digit of the binary expansion of the
corresponding coefficient is 1. Since ZUeVi A(v) = 1foreachi € [n], it follows that [S, N V;| = 2q;

for some q; € Z, so we can write SNV, = {vi, s vgq‘} for each i € [n]. We define the auxiliary
1
collections of vectors

W, = {Uzj_;zj—l } CK
J€lail

and then balance the collection W = U;¢[,, )W), yielding signs x;(j) € {+1} so that

ZZXL()

i€[n] jelq;]

i
< Vvb(K,L).
L

Color the elements of S, as follows: for each i € [n], for each k € [2q;], we assign ;(k) = x;(j)
for k even and ;(k) = —x;(j) for k odd, so that

Y Blovl >y xl(n —

ie[n] kel2q;] i€[n] jelq;]

=2
L

< 2vb(K, L). (40)
L

We then update the vector u as follows: forv ¢ S,, 1, (v) = u(v). Forv € S,, we know thatv = vf{

for some i € [n],k € [2q;], and we update w, (v) := u(v) + 27 B;(k). By construction, x; € A, N
2=(-1 and [Vl <27 (“-Dyb(K, L). Iterating the argument for the successive digits leads to a
selectlon vector u, for which

-1

IVAllL < IVA=Vull, + IVally < || D 2'vbK, L) <€+ 2vb(K, L).
i=0

L

As ¢ > 0 was arbitrary, the theorem follows. O

Combining Theorem 7.1 with (2) and (4) implies our Theorems 1.4 and 1.5 up to constants.
We intended to give a direct proof that is more suited to algorithmic applications. Indeed, the
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COLORFUL VECTOR BALANCING | 23 of 24

computational complexity of finding a solution by the above approach depends heavily on the
number of vector families n, whereas our technique illuminates the geometric aspects of the prob-
lem and the independence of the number of vector families, including the reduction to O(d) total

vectors that is necessary in the maximum norm case. Moreover, it leads to the sharp bound of \/E
for the Euclidean case as opposed to the asymptotic bound above, and it improves on the constant
for the maximum norm given by combining [24] with Theorem 7.
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