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Abstract. The theoretical investigation of wakefield acceleration of electrons by CO2-laser
pulse with central wavelength of 10.6 μm and input peak intensity of ~1017 W/cm2 in transient
hydrogen-plasma waveguide has been conducted. The plasma waveguide is produced by the
fast Z-pinch discharge inside a 3 mm inner diameter and 50 mm long capillary. The waveguide
properties of the capillary Z-pinch plasma were obtained from the space and frequency
dependent wave equation that combines the attenuated charged particle inertia and the light
wave effects in the plasma for the ideal Gaussian laser beam. For simulation of temporal and
spatial evolution of electron density and other plasma variables during the capillary discharge,
we used a standard one-fluid, two-temperature one-dimensional magnetohydrodynamic (MHD)
model complemented with atomic data of hydrogen. Simulations showed that the guiding
channel occurs far from capillary wall and exists for a few nanoseconds. In terms of laser
driven plasma wakefield accelerators (LWFA), the Z-pinch waveguide is able to extend the
acceleration length over the whole capillary, assuming that a single-mode transmission takes
place. To quantify such ability of the channel, a correlation coefficient was introduced and
computed at different input beam spot sizes. An optimal beam spot size was determined by
taking maximum of time average of the coefficient over the channel lifetime. At the end of the
guiding channel existence, the repetitive focusing and defocusing patterns were observed with
intensity increase at the focal points. For simulation of the wakefield acceleration of electrons
in the different waveguiding regimes we used the particle-in-cell (PIC) combined with the
aforementioned MHD model. Influence of the waveguiding regimes on the electron
acceleration was demonstrated.

1. Introduction
The waveguide effect of capillary discharge and its applications attract interest of many researchers [1-
23]. The guiding of high intensity laser pulse has been widely used in laser driven plasma wakefield
accelerators [1]. In the absence of guiding channel, the interaction length is basically limited by
diffraction to the Rayleigh range [9]. In partially ionized plasmas, further limitation of the interaction
length can be caused by ionization-induced refractive defocusing. Therefore, most of the researchers
deal with hydrogen gas filled micro-capillary discharge waveguides [5-14], [16-22] in which the
guiding core is extended to the capillary wall, i.e., the effects of the wall are inevitable. For example,
the study [6] reported the variation of the pulse energy transmission during the ablating current and the
temporal evolution of the transverse spatial profile of the exiting beam, as a result of many physical
effects such as inverse bremsstrahlung, stimulated Raman scattering, stimulated Brillouin scattering,
atomic modulation instabilities and the ionization of the discharge plasma loss mechanisms. Transient
Z-pinch guiding channel was experimentally demonstrated in [5], where fully ionized He-plasma
column generated in a capillary was used for channelling high-intensity (>1017 W/cm2) Ti:sapphire
laser pulse. The Ar-plasma capillary waveguide was demonstrated in [15]. The Ar-plasma capillary
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waveguide excited by Z-pinch was modelled in [15, 23]. The investigation of wakefield acceleration
of electrons by laser pulse in plasma waveguides has been conducted in [16-21].
In this paper, we present the theoretical investigation of wakefield acceleration of electrons by

CO2-laser pulse with central wavelength of 10.6 μm and input peak intensity of >1015 W/cm2 in
transient H-plasma waveguide. The plasma waveguide is produced by the fast Z-pinch discharge
inside a 3 mm inner diameter and 50 mm long capillary. In Sec. 2, the waveguide properties of the
capillary Z-pinch plasma were obtained from the space and frequency dependent wave equation that
combines the attenuated charged particle inertia and the light wave effects in the plasma for the ideal
Gaussian laser beam. For simulation of temporal and spatial evolution of plasma variables, during the
capillary discharge, we used a standard one-fluid two-temperature one-dimensional MHD model [22,
23] complemented with atomic data of hydrogen (Sec. 2). Influence of the different waveguiding
regimes on the wakefield acceleration of electrons was demonstrated in Sec. 3. For simulation of the
wakefield acceleration of electrons we used the particle-in-cell (PIC) model [11-14] combined with
the aforementioned MHD model (Sec. 3).

2. Waveguiding properties of the capillary Z-pinch plasma
Transverse electric field perturbations

tE


 in plasma become light waves in the vacuum limit when

the plasma effects are negligible. The inhomogeneous wave equation governing such perturbations can
be written as
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The inhomogeneous term
eJ


 represents the plasma effects. Because the EM waves in plasma are

fast phenomena, we expect that the plasma response will be inertial. Thus, the current density
perturbation in plasma induced by the electric field

tE


 is given by
eee venJ


  , where e is the

electron charge, ne is the electron density and ev
 is the electron velocity perturbation, respectively.

The right-hand side of (1) can be rewritten as follows:
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Since the capillary Z-pinch dynamic is much slower compared to the perturbation caused by the
electric field. The motion of an electron with charge e and mass me in response to the electric field is
governed by
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where the last term on the right-hand side represents the impulse exchange between electrons and ions
with a frequency fei in which the velocity of ions is neglected. Notice, we do not deal with the
contribution of magnetic force. In that regard note, that the magnetic field of EM waves does not
influence the magnitude of

ev
 just change its direction. For electric field perturbations, we consider

the wave solutions for ideal input Gaussian-beam      tizrEtzrE tt  exp,
~

,,


 in which  zrEt ,
~

 is

space-dependent complex-valued electric field amplitude. For such perturbation, we expect a phase-

shifted time harmonic inertial plasma response    tizrvv ee  exp,
~

 . Solving (3) basing on this

form, we get the wave equation that combines the attenuated charged particle inertia and the light
wave effects in a plasma:
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where ωpe = (e2ne/ε0me) 1/2 is the electron plasma frequency. Using the proposed ideal input Gaussian-
beam, (4) can be rewritten as the space- and frequency-dependent wave equation:

    0,
~~222  zrEc tr


 (5)
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where )/(1~ 22
eir fi  is the relative permittivity of plasma, from which the refractive index

is 2/1~~
rrn  . Thus, the electric field of light wave in capillary Z-pinch determined by (4) and (5)

depends on the refractive index of dynamically changing plasma channel via ωpe and fei.
For the simulation of temporal and spatial evolution of the electron density and other plasma

variables during the capillary Z-pinch discharge, we used a standard one-fluid, two-temperature, 1-D
MHD model [22, 23]. In a cylindrical coordinate system. Equations of the model are as follows:
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Here, ne - electron density, ni - ion density, vr - plasma radial velocity, Jz - axial current density, Te
- electron temperature, Ti - ion temperature, <Z> - the average ion charge, p = pe + pi - plasma pressure,
Qe - electron heating, Qi - ion heating, Az - the axial vector potential, παβ = πeαβ + πiαβ - stress tensor, qer

- radial electron heat flow and qir - radial ion heat flow. Spatial evolution of plasma variables are
treated in Euler’s specification of the flow field, whereas the total number of ions in capillary is
constrained to be unchanged, i.e.
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where R is the capillary radius, and n0, p0, T0 are the initial neutral particle density, gas pressure and
temperature, respectively. The electric current is assumed to be sinusoidal:
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where Imax and Tcur are the peak and cycle duration of the electric current, respectively. The system of
equations (6)-(12) was solved for the boundary conditions corresponding to no-diffusive wall
 0/  Rri rn , no-viscous wall  0/  Rrr rv , in case of ions thermally insulated wall

 0/  Rri rT and in regards of electrons thermally conductive wall caused by magnetic pressure

acting on electrons   0/  Rrzze
r
e rAJTq . Nernst effect was also taken into consideration.

The general waveguiding properties of the capillary Z-pinch plasma have been derived for different
gases. We have used plasma variables provided by the MHD model. The peak value of the current
pulse, half-cycle duration, and the initial gas pressure were set to 30 kA, 100 ns and 0.6 mbar,
respectively. The studies were conducted for CO2-laser pulse with an input peak intensity of 1015

W/cm2 and different spot sizes of w0 = 80 ... 200 μm. As an example, figure 1-4 illustrate evolution of
the spatial and spectral intensity distributions of guided laser beam with optimal spot size of w0opt =
134 μm in Ne and Kr-plasma. The spatial distribution was computed at the central wavelength (λ =
10.6 μm) of CO2-laser pulse. In case of spectral distribution, the evaluation was studied at the capillary
axis. We found that higher frequency components of the guiding pulse propagate a bit faster resulting
in a slight shape-distortion of pulse after a longer distance. The studies showed, that in the first few
nanosecond of the guiding channel lifetime its single-mode transmission ability is fairly low, and this
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time range varies with the applied beam spot size. A transient guiding channel is always emerging
prior the maximum Z-pinch compression, independently of the used gases.

Figure 1. The intensity distribution of guided
laser beam in Ne-plasma.

Figure 2. The spectral distribution of guided
laser beam in Ne-plasma.

Figure 3. The intensity distribution of guided
laser beam in Kr-plasma.

Figure 4. The spectral distribution of guided
laser beam in Kr-plasma.

In single-mode regime, the guiding channel is able to extend the interaction length (Rayleigh-range)
over the whole capillary length. In this regime the shape distortion of propagated pulse is insignificant
even after longer distances (>100 mm). In order to quantify ability of the channel to produce the single
mode regime, a correlation coefficient [23] was computed at different input beam spot sizes. The
optimal beam spot size w0opt = 134 μm was determined by taking maximum of time average of the
coefficient over the channel lifetime. The ability of plasma channel to guide the high intensity laser
pulse is a crucial tool in the LWFA. Dynamic of the electron density distribution in the capillary Z-
pinch involves changes in channel transmission. Therefore, the relatively short existence of the
guiding channel necessitates low timing jitter between the laser system and the Z-pinch discharge. In
order to improve the transmission ability, two options may come up, namely, the timing jitter should
be reduced further or the time-dependent channel radius should be followed by the matched spot size.
When the guiding channel significantly shrinks, the input beam spot size exceeds the matched spot
size, resulting the repetitive focusing and defocusing patterns. Intensity at the focal points can be
higher as at the input (figure 1-4). Formation of the guiding channel strongly depends on rising time of
the excitation current pulse amplitude of which can be decreased by using lighter gases.
For hydrogen, the waveguiding properties of plasma channel produced by the capillary Z-pinch are

shown in figure 5 and 6. The computations were performed for Imax = 9.9 kA, Tcur / 2 = 47 ns and the
initial pressure of hydrogen p0 = 1.1 mbar. The studies were conducted for CO2-laser pulse with
duration of 0.5 ps and input peak intensity of 1017 W/cm2 at the different spot sizes. As an example,
figure 5 and 6 show evolution of the spatial and spectral intensity distributions of guided laser beam
for w0 = 150 μm.
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Figure 5. The intensity distribution of guided
laser beam in the H-plasma.

Figure 6. The spectral distribution of guided
laser beam in the H-plasma.

3. Acceleration of electrons in capillary Z-pinch plasma waveguide
For simulation of the wakefield acceleration of electrons in hydrogen plasma channel produced by
capillary Z-pinch, we used the particle-in-cell (PIC) model combined with the MHD model presented
in Sec. 2. Newton’s 2nd law for j-th electron with relativistic correction is given by

  ,Fvm
dt

d j
e

j
e


 (15)

where me is the rest mass of electron,   2/1
22

/1


 cv j
e

j  is the relativistic factor and
Pe FFF


 is

the force acting on electron. It is a superposition of two most dominant electric and ponderomotive
forces:
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Here, UE 


is the electric field caused by charge separation,
LE

is the electric field amplitude

of laser and ω0 is the central angular frequency of laser pulse. Electric field caused by charge
separation can be obtained from Gauss’s law or Poisson’s equation

0/ E


or ,/ 0
2  U (17)

where ρ = <Z>eni − ene is the charge density. In case of hydrogen plasma, <Z> = 1, i.e. ρ = e(ni − ne ).
In the discrete case, the expression in bracket can be written as follows
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where j
eq
 and j

iq
 are the positions of j-th electron and ion. Correspondently, /j j

e ev dq dt
  . All of

equations above describing electron movement can be used for ions by interchanging me with mi.
Since me << mi, ponderomotive force doesn’t affect ions. Thus, they would “standing still” during
whole process, i.e. 0j

iv 
 and j j

iq r
  . On the other hand, in hydrogen plasma ni = ne = n. Number of

particles in a mesh volume at r position is     /mesh cV r G r n
  , where  cG r

 is the coupling constant

which makes equality between discrete and continuous plasma frequency:
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Now (18) can be rewritten as follows
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Combining all of results above we get system of equations of the PIC model:

/j j
e ev dq dt
  (21)
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The electron density evolution computed by using the above presented PIC model was compared
with the MHD-based density perturbation model which is formulated as follows. Continuity equation
of mass density of electrons is given by

0e
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Introduction of perturbed term of mass density e = e0 + δe yields
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Since δρe << ρe0 and δρe varies much faster in time than ρe0, the first and the last terms of equation
above can be neglected. Taking relativistic factor γ into account we get
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In case of hydrogen plasma, the charge density on the right-hand side of Poisson’s equation (17)
can be expressed as follows

.)()( 0 eeeiei nennnenne   (28)

Here, ni − ne0 = 0 due to plasma quasi-neutrality. Thus, we can do the following transformations on
the 2nd term of (27):
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where ωpe is the relativistic plasma frequency, and is the relativistic factor for Gaussian laser beam, in
which fei is the collisional frequency between electrons and ions. Combining all of results above we
get the system of equations of density perturbation model that includes Eq. (30) and the following
equations.
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Evolution of the electron density and energy gain during the acceleration was computed by using

the above presented PIC for different waveguiding regimes, which occur at the propagation time of
0.60, 2.55, 7.05 and 8.80 ps (figure 7-10). Evolution of the electron density and energy gain during
the acceleration was computed by using the above presented PIC for different wave-guiding regimes,
which occur at the propagation time of 0.60, 2.55, 7.05 and 8.80 ps (figure 7-10).
Figure 11 shows evolution of the electron energy maximum, where the vertical lines indicate the

local maxima, which are related to four different regimes. The respective spectra of electrons are
shown in figure 12. We note that that acceleration of electrons is nonlinear versus the acceleration
time (figure 11). We investigated correspondence of the electron energy maxima at the four regimes
(figure 11) with the peaks of axial intensity of guided laser beam (figure 13). The respective transverse
intensity distribution of guided laser beam is shown in figure 14. Comparison of figure 11 and 13
indicates quasi-synchronization of the local electron energy maxima with the inflection points between
peaks of intensity of guided laser beam. The above presented PIC model (figure 7-10) was compared
with the MHD-based density perturbation model (figure 15-18) in case of the same waveguiding
regimes (0.60, 2.55, 7.05 and 8.80 ps). The PIC model provides information about energy gain during
the acceleration (figure 11 and 12), while the perturbation model gives more exact information about
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plasma frequency (figure 19). Plasma wavelength of the PIC model is about 200 µm (figure 9 and 10),
while the exact value is 144 µm that corresponds to the plasma frequency ωpe= (e2ne/ε0meγ) 1/2.

Figure 7. Electron distribution at 0.60 ps. Figure 8. Electron distribution at 2.55 ps.

Figure 9. Electron distribution at 7.05 ps. Figure 10. Electron distribution at 8.08 ps.

Figure 11. Electron energy maximum versus
time.

Figure 12. Energy spectra of electrons.

Figure 13. Axial intensity distribution of
guided laser beam.

Figure 14. Transverse intensity distribution of
guided laser beam.
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Figure 15. Electron density distribution
at 0.6 ps.

Figure 16. Electron density distribution at 2.55
ps.

Figure 17. Electron density distribution
at 7.05 ps.

Figure 18. Electron density distribution at 8.80
ps.

Figure 19. The plasma density spectrum derived from plasma oscillations at point (x = 500 µm, y = 0
µm), where ωpe= (e2ne/ε0meγ) 1/2 is the exact plasma frequency.

4. Summary and conclusion
The theoretical examination of the Z-pinch H-plasma waveguide inside a 3-mm inner diameter and 50-
mm long capillary was performed on CO2-laser pulse with input peak intensity of >1015 W/cm2. The
main plasma variables of the fast Z-pinch discharge were computed by the 1-D MHD model. The
waveguide properties of the capillary Z-pinch plasma were obtained from the space and frequency
dependent wave equation that combines the attenuated charged particle inertia and the light wave
effects in the plasma. Simulations showed that the guiding channel occurs far from capillary wall and
exists for a few nanoseconds. In terms of laser driven plasma wakefield accelerators (LWFA), the Z-
pinch waveguide is able to extend the acceleration length over the whole capillary. At the end of the
guiding channel existence, the repetitive focusing and defocusing patterns were observed with
intensity increase at the focal points. For simulation of the wakefield acceleration of electrons in the
different waveguiding regimes, we used a PIC model. The influence of waveguiding regimes on the
electron acceleration was demonstrated: quasi-synchronization of the electron energy maxima with the
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inflection points between peaks of intensity of guided laser beam was demonstrated. We showed that
the acceleration of electrons is nonlinear versus the acceleration time.
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