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deeper the nonlinear viscoelastic properties. We use
the silicone oil AK 1.000.000 from Wacker as the test
material, since the viscoelastic properties of this sili-
cone oil well represent that of a whole range of silicone
oils with different zero-shear viscosities. Large ampli-
tude oscillatory shear (LAOS) is a commonly used
method to characterize the nonlinear viscoelastic prop-
erties of the materials [20].
         The most common method to quantify LAOS tests
is Fourier transform (FT) rheology [21]. For a sinusoidal
strain input, the stress response could be described by
a Fourier series [22]. Only odd harmonics are included
in these series because the stress signal is assumed to
be of odd symmetry with respect to directionality of
shear strain or shear rate, i.e., the material response is
un changed if the coordinate system is reversed [23].
Another way to quantify nonlinear viscoelasticity in
LAOS is the stress decomposition (SD) technique. Here
the stress response is decomposed to elastic and vis-
cous stresses. The elastic stress should exhibit odd sym-

1      INTRODUCTION

Silicone oils are important viscoelastic fluids, with a
broad range of use from fundamental science to indus-
trial applications [1 – 12]. Linear viscoelastic properties
of silicone oils, usually with rather low zero-shear vis-
cosity, have been studied in a number of papers, as well
as their shear thinning behavior [2, 13]. High viscosity
silicon oils were investigated only in a few cases [14 – 17],
including high-frequency measurements [18, 19]. If the
deformations of the silicone oil are large enough, non-
linear viscoelastic properties control its material re -
sponse. This is of increasing importance, both in poly-
mer research and in engineering applications. Ampli-
tude sweep test were already published in our previous
work [19], but a more extensive analysis has not been
done yet on the nonlinear viscoelasticity of high viscos-
ity silicone oils, to the best of our knowledge. Now we
extend our former investigations and report on LAOS
measurement with high viscosity PDMS to explore
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metry to shear strain and the viscous stress should
exhibit even symmetry to shear strain (odd symmetry
to shear rate) [24]. Our paper is organized as follows:
First we review the most important features and quan-
tities of LAOS analysis performed on a nonlinear vis-
coelastic fluid. Then we present our LAOS test results
and analyze them, including the limitations of the mea-
surements performed. Next, we test our nonlinear vis-
coelastic constitutive equations using the raw mea-
sured data, and based on this we extend our LAOS
analysis with the help of simulations. Finally, we make
some conclusion.

2     REVIEW OF LAOS-RELATED NONLINEAR
VISCOELASTIC QUANTITIES

A basic test to explore the nonlinear viscoelastic regime
is amplitude sweep, when only the fundamental har-
monic component of the shear stress is computed.
Much more information about nonlinear viscoelasticity
can be obtained using Large Amplitude Oscillatory
Shear (LAOS) tests, which is a well-defined method to
probe the nonlinear properties of the sample. A sinu-
soidal strain of the form g(t) = g0sin(ωt) is applied to the
material and the measured raw shear stress signal is
analyzed. Scanning both the strain amplitude and the
oscillation frequency, detailed characterization of the
material’s nonlinear viscoelastic properties can be ob -
tained.
         In the past, several methods have been proposed
to analyze the non-linear data obtained from LAOS ex -
periments. For instance, the raw stress signal s(t) can
be graphically visualized as a function of strain g(t) or
strain rate g· (t) resulting respectively in elastic or vis-
cous Lissajous-Bowditch plots [25 – 29]. Such curves
qualitatively show evidence of non-linearities, as the
shape of the closed loops starts to deviate from an ellip-
soidal shape. The characterization of nonlinear visco -
elasticity based on LAOS measurements uses several
different quantities. In this paper we use both the FT-
rheology and the Ewoldt quantities which can be con-
sidered standard by now. The output stress signal at
steady-state can be represented by a Fourier series of
odd harmonics [20].

     (1)

The FT-rheology methodology can be applied to various
complex fluids, for example, emulsions [30], suspensions
[31], dilute or concentrated polymer solutions and poly-
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Figure 1: Graphical interpretation of the minimum (red) and
large quantities (green), as defined in Equations 2 and 3,
shown for data obtained with silicon oil sample AK 1.000.000
(Wacker). The first harmonic moduli (blue) are also shown for
comparison. Plots (a) and (b) present linear viscoelastic re -
sponse (ω = 10 rad/s, g0 = 0.1), whereas plots (c) and (d) pre-
sent nonlinear viscoelastic behavior (ω = 10 rad/s, g0 = 10).

(a)

(b)

(c)

(d)
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mer melts [32–37]. To represent the elastic and viscous
behavior of the material, Ewoldt et al. defined two new
physically meaningful elastic and viscous properties [38]:

                                          (2)

                                          (3)

where G’M is the minimum strain modulus at g = 0 and
G’L is the large strain modulus at the maximum
imposed strain. Analogously, h’M is the minimum rate
dynamic viscosity at g· (t) = 0 and h’L is the large rate
dynamic viscosity at the maximum imposed shear rate.
We present the graphical interpretation of these para-
meters with the help of the elastic and viscous Lis-
sajous-Bodwitch curves for our silicon oil sample in Fig-
ure 1. The black loops are the raw stress signals versus
the raw shear or shear rate signals. The red tangent
lines show the minimum values G’M and h’M, the green
lines show the largest values G’L and h’L and the dotted
blue lines show the first harmonic values G’1 and
h’1 = G’’1 /ω. In the linear regime G’M = G’L = G’1= e1 and
h’M = h’L = h’1 = n1 as show by Figures 1a and 1b. In the
nonlinear case these parameters are different as show
by Figures 1c and 1d. Note that we specify the strain with
its decimal value in this paper, i.e. strain amplitude
g0 = 1 means 100 %. Ewoldt et al. define also two other
parameters to characterize intracycle nonlinearities:
The strain-stiffening ratio is

                                                  (4)

The S = 0 represent linear elastic response, whereas S < 0
( > 0) indicates intracycle strain stiffening (softening) [38].
The shear thickening ratio is

                                                   (5)

The T = 0 represent linear viscous response, whereas
T < 0 ( > 0) indicates intracycle shear thickening (thin-
ning) [38]. Here we note that this formalism was extend-
ed also for LAOS with sinusoidal stress input [39].

3     RESULTS

Our previous amplitude sweep tests [19] suggest that
the silicone oil AK 1.000.000 (Wacker) has strain thin-
ning behavior in the entire measured angular frequen-
cy range: both the storage and the loss moduli decrease
if we increase the amplitude of the oscillation. The
onset of nonlinear behavior occurs at decreasing shear
amplitude values as we increase the angular frequency.
Figure 2 shows this behavior at selected values of the
angular frequencies. This strain thinning behavior of
the silicon fluid can be explained similarly as its shear
thinning behavior: when the strain amplitude is more
and more increased, the polymer chains more and more
align with the flow field and that is why both the loss
and the storage moduli decrease [40].
         To have a better insight into the nonlinear proper-
ties of the material we performed true LAOS test. Our
measurements were done with an Anton Paar MCR702
rheometer. This is the latest model of the company, with
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Figure 2: Amplitude sweep data, measured at 60°C tempera-
ture and at the indicated angular frequencies, show strain
thinning behavior of the silicone oil AK 1.000.000. Full (open)
symbols represent the storage (loss) modulus. Figure 3: LAOS data for the silicon oil shown as normalized elas-

tic Lissajous-Bodwitch curves at selected strain amplitudes. We
use black lines for the raw shear stress, whereas red lines for
the elastic shear stress. The maximum shear stress is also indi-
cated above each curve.
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increased precision and twin motor setup. The instru-
ment is able to measure the raw shear strain and shear
stress data. To avoid the outflow of the material at high
strain amplitudes we used CC10 (concentric cylinder
measuring head with 10 mm inner diameter) geometry.
For the data analysis we used the new RheoCompass
software. The strain controlled LAOS test were mea-
sured at frequencies of ω = 1, 2, 5, 10, 20, 50 rad/s and
at a strain amplitude range of g0 from 0.1 to 100 with
6 points per decade and at constant temperature of
T = 60°C. We used a new silicone oil sample for each
measurement case.
         To analyze the raw stress signal we use Lissajous-
Bodwitch curves, which visually show the intracycle vis-
coelastic response: the elastic Lissajous-Bodwitch curve
(raw shear stress data versus raw strain data) and the
viscous Lissajous-Bodwitch curve (raw shear stress data
versus raw shear rate data). The normalized elastic Lis-
sajous-Bodwitch curves as a function of both frequency
and strain amplitude are shown in Figure 3, while the
corresponding normalized viscous Lissajous-Bodwitch
curves are shown in Figure 4. In these figures we also
plot the elastic s’ and viscous s’’ stresses in red,as de -
fined by [24]:

  (6)

 (7)

Note, that the Fourier series decomposition contains
only odd harmonic components, due to the symmetry
properties of the stress signal [23]. For the decomposi-
tion we used the RheoCompass software. The values of
the maximal shear stress sMAX are also shown above
the curves. The Lissajous-Bodwitch curves having ellip-
tical shape, which therefore yield straight elastic and
viscous stress curves, indicate linear viscoelasticity. At
small strain amplitudes, i.e. below 1, both the elastic and
viscous curves show linear viscoelasticity, in full agree-
ment with the interpretation of the amplitude sweep
measurements. Nonlinearity can be observed at higher
amplitudes, the magnitude of the nonlinearity depends
not only on the strain amplitude but also on the fre-
quency.
         However, in some cases the maximum stress am -
pli tudes suddenly decrease instead of increasing with
the strain amplitude, see frequency and deformation
pairings (ω, g0) of (2, 100), (5, 39.8), (5, 100), and (50, 10).
Furthermore, these curves look rather distorted. These
measurement cases are strongly influenced by the

Weissenberg-effect therefore we do not regard these
data as valid measurements. In the nonlinear regime,
the elastic Lissajous-Bodwitch curves show intracycle
strain stiffening whereas the viscous Lissajous-Bod-
witch curves show intracycle shear thinning. However,
having a closer a look at the viscous curves, we see that
in many cases the viscous stress curves have secondary
loops. This effect occurs because the input strain signal
is not a pure sinusoidal anymore in these cases. If the
strain signal is not a pure sine function than the Cho
decomposition is not applicable anymore. The software
uses the Fourier stress decomposition and in these cas-
es this could be deceptive. It is hard to decide whether
the stress signal is nonlinear dominantly due to the
material nonlinearity or due to the non-sinusoidal
input strain signal.

4     DISCUSSION OF THE LAOS MEASUREMENTS

In order to check the non-sinusoidal character of the
input strain signal we start out from its Fourier series
decomposition:

                                                        (8)

We check the ratio of the amplitude of the 3rd harmonic
component to the fundamental component
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Figure 4: LAOS data for the silicon oil shown as normalized
viscous Lissajous-Bodwitch curves at selected strain ampli-
tudes. We use black lines for the raw shear stress, whereas
red lines for the viscous shear stress. The maximum shear
stress is also indicated above each curve.
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We plot this quantity as a function of g0 for all the mea-
sured angular frequencies in Figure 5. Those measure-
ment cases which were influenced by the Weissenberg-
effect were not included in this analysis. As we see, r31
is below 5 % even at high frequencies and strain ampli-
tudes. The higher frequency components are negligi-
ble. Thus the input strain signal itself is rather close to
a pure sinusoid in good agreement with the fact that
the elastic stress curves in Figure 3 do not have any sec-
ondary loops. However this is not the case for the shear
rate obtained from the input strain signal. Calculating
the shear rate by the derivation of Equation 8:

                                                   (9)

it is easy to see that the ratio of the amplitude of its nth

harmonic component to the fundamental component is
n times larger than the analogous strain quantity. So
where the strain signal still does not differ much from a
single sinusoidal (r31 = 5 %), the shear rate signal differs
considerably stronger from the pure sinusoidal (g

.~
3/g

.~
1 =

15 %). This distortion has a more pronounced effect on
the viscous stress curves as shown by the secondary
loops in Figure 4, since this PDMS sample is dominantly
viscous in the measured frequency range. Therefore, we
do not consider those measurement cases, which have
secondary loops in the viscous or in the elastic stress,
being suitable for the usual LAOS analysis.
         However, the shear or shear-rate versus shear
stress relation is still accurately measured in these cas-
es, and it contains the nonlinear viscoelastic informa-
tion about the material. Therefore, these measurement
cases can be utilized as verification test cases for sim-
ulations with a nonlinear viscoelastic constitutive
equation: as long as the tested constitutive equation is
able to simulate the measured shear stress in the case
of the non-sinusoidal shear or shear-rate, it is obvious
that this constitutive equation gives reliable results

also for a simple sinusoidal input with the same ampli-
tude and angular frequency. Since this latter is a simu-
lated LAOS test, it follows that we can safely replace the
measured data with simulated LAOS data in these mea-
surement cases.

5      CONSTITUTIVE MODEL AND SIMULATIONS

We use the constitutive equation published in our ear-
lier work [19]. This is based on a 6 element Maxwell
model, which was fitted to the joined SAOS and DWS
storage and loss moduli. The following equations de -
fine our nonlinear White-Metzner-type model:

                      (10)

Here i = 1, 2, …, 6 is the element index, s is the full shear
stress, si is the shear stress of the ith element. hi and gi
are the ith viscosity and elastic modulus parameter of
the fitted Maxwell model. The shear rate dependent
viscosities h~ i (g· (t)) are defined as:

             (11)
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Figure 6: Comparison of simulated (red) and measured raw
(black) shear stress data versus time, at several selected repre-
sentative angular frequencies and amplitudes. The plot to
the left belongs to the linear amplitude regime and the plot
to the right represents a nonlinear case.

Figure 5: The ratio of the strain amplitude of the 3rd harmon-
ic component to the fundamental component r31 as a func-
tion of the fundamental component g0 for all the measured
angular frequencies.
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where g· denotes the shear rate and li = hi/gi is the relax-
ation time parameters of the i th element. This consti-
tutive equation very accurately accounts for the shear
thinning of the silicone oil, as detailed in [19]. The sim-
ulations were carried out with the Wolfram Mathemat-
ica software, where a “virtual rheometer” was imple-
mented as follows. We set the (arbitrary) shear rate sig-
nal and the program computes the raw shear stress sig-
nal by solving the constitutive equations numerically.
Then, from the input shear rate and output shear stress
signals, the program calculates all the quantities to
characterize the nonlinear viscoelasticity (G’n, G’’n, G’M,
G’L, h’M, and h’L).
         In order to verify our constitutive Equations 10 and
11, we make an interpolation over the raw data of the
input shear rate function obtained from the RheoCom-
pass software, and use this as the input of the “virtual
rheometer” program. Then we compare the computed
stress signal with the measured raw shear stress data, as
shown in Figure 6 for several selected representative
angular frequencies and amplitudes, indicated in the
plots. For each angular frequency, the plot to the left
belongs to the linear amplitude regime and the plot to
the right represents a nonlinear case. The simulated data
fit very well to the measured raw shear stress signal, even
at highly non-sinusoidal input shear rates (ω > 10 rad/s
and g0 > 3.98). Figure 7 shows these results in a more suit-
able representation, using the normalized elastic and vis-
cous Lissajous-Bodwitch curves. The black curves illus-
trate the measured data, whereas the red curves are the
simulated data. Note that even the negative slope was
modeled accurately, at ω = 10 rad/s and g0 = 10. This way
we verified that the constitutive equations (Equation 10
and 11) accurately describe the rheological properties of
the AK 1.000.000 silicon oil both in the linear and in the
nonlinear regime.

6     NONLINEAR VISCOELASTIC PROPERTIES BY
EXTENDED LAOS SIMULATIONS

In order to have a more complete LAOS analysis, we
extended the parameter range of the LAOS simulations
(i.e. the “virtual rheometer” with a strictly sinusoidal
shear-rate input) up to ω = 600 rad/s and g0 = 100. On
one hand, we used the result of these simulations to
replace the measured data in those cases, where the
measurement was not suitable for LAOS analysis for
some of the reasons described previously. On the other
hand, in the parameter range where we had no measure-
ments at all, we used these simulations for the prediction
of the nonlinear viscoelastic features of the silicone oil.
It was important to extend the angular frequency range
well above the crossover frequency (ωCO = 210 rad/s),

in order the give a full LAOS characterization of the sili-
cone oil.
         The sine shear-rate controlled LAOS test were sim-
ulated for the frequency of ω = 1, 2, 5, 10, 20, 50, 100,
200, 400, and 600 rad/s in a strain amplitude range of
g0 from 0.1 to 100 with 6 points per decade. We present
these results with the help of Pipkin diagrams [41],
which show the measured data if they were suitable for
LAOS analysis, but they show the simulated data oth-
erwise. Figures 8a and 9a show the Pipkin diagrams of
the ratios n3/n1 and e3/e1, respectively where

                                        (12)

                                        (13)

The magnitude of n3/n1 characterizes the viscous non-
linearity and that of e3/e1 characterizes the elastic non-
linearity. The higher value of the ratio represents higher
nonlinearity, because it is actually the ratio of the 3rd

harmonic components to the fundamental compo-
nents, thus these parameters can be easily calculated
from the Fourier expansion of the output raw stress sig-
nal. Figures 8b and 9b show Pipkin diagrams of T and S,
respectively as defined by Equations 4 and 5. The color
code shows the gradual buildup of the nonlinear behav-
ior from the yellow to the red area, in 9 steps. In the
nonlinear regime, the elastic Pipkin diagrams show
intracycle strain stiffening (e3/e1 > 0 for S > 0) whereas
the viscous Pipkin diagrams show intracycle shear thin-
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Figure 7: Comparison of the simulated (red) and measured
(black) shear stress data shown as elastic and viscous Lis-
sajous-Bodwitch curves for the same parameters as in Figure
6. The plot to the left belongs to the linear amplitude regime
and the plot to the right represents a nonlinear case.
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ning (n3/n1 < 0 for T < 0). At any angular frequency, higher
strain amplitude implies higher nonlinearity. The build -
up of nonlinear elastic behavior starts at lower strain
amplitude and it is much steeper, then that of the non-
linear viscous character. However, taking into account,
that the silicone oil is dominantly viscous below ωCO =
210 rad/s, the total viscoelastic stress re sponse can be
safely considered linear below strain amplitude 1 and
angular frequency 100 rad/s.
         Comparing the dependence of the S and the T para-
meters on the angular frequency and strain amplitude
with that of the e3/e1 and the n3/n1 ratios, respectively,
there are regions with similar structure, but there are
also regions with different structure. Since the S and T
parameters include also the effect of the higher-order
harmonics, the regions with different structure indi-
cate stronger nonlinearity, where checking only the
third harmonic components, i.e. e3/e1 and n3/n1, is not

sufficient to characterize the nonlinear material. Thus,
the analysis of S in comparison with e3/e1 and that of T
in comparison with n3/n1, gives a more complete expla-
nation of the nonlinear viscoelastic properties. Two par-
ticular phenomena can be observed from the Pipkin dia-
grams of S and T. The T parameter has a maximum
around ω = 50 rad/s angular frequency. Above
ω = 30 rad/s angular frequency the S parameter is nearly
independent of the angular frequency, so in these cases
the material reaches its elastic nonlinearity only due to
the strain amplitude.

7      CONCLUSIONS

In this paper, we investigated the nonlinear viscoelastic
properties of a high viscosity silicone oil, using LAOS
tests performed with a high precision rotational rheo -
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Figure 8: Pipkin diagrams of the n3/n1 and the T parameters, which characterize the viscous behavior in LAOS for the combined
measured and simulated data as described in the text.

a) b)

Figure 9: Pipkin diagram of the e3/e1 and S parameters, which characterize the elastic behavior in LAOS for the combined mea-
sured and simulated data as described in the text.

a) b)
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meter. Earlier results already have shown that this sili-
cone oil is shear thinning, and both the storage and the
loss moduli decrease with increasing oscillation ampli-
tude in an amplitude sweep test. Based on our new LAOS
tests, the total viscoelastic stress response can be safely
considered linear below strain amplitude 1 and angular
frequency 100 rad/s. In the nonlinear regime, the elastic
Lissajous-Bodwitch curves show intracycle strain stiff-
ening whereas the viscous Lissajous-Bodwitch curves
show intracycle shear thinning. We carefully analyzed
also the raw data of our new LAOS tests and discarded
from the LAOS analysis those cases where the input
shear-rate signal was not sinusoidal sufficiently. How-
ever, we successfully utilized these cases as a verifica-
tion of our nonlinear viscoelastic model, a 6 element
White-Metzner type constitutive equation (Equations 9
and 10). The analysis of S in comparison with n3/n1 and
that of T in comparison with e3/e1 gives a more complete
explanation of the nonlinear viscoelastic properties.
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