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Abstract

We define a time dependent empirical process based on n i.i.d. fractional Brownian motions
and establish Gaussian couplings and strong approximations to it by Gaussian processes.
They lead to functional laws of the iterated logarithm for this process.
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1 Introduction

The aim in this paper is to derive Gaussian couplings and strong approximations to time de-
pendent empirical processes based on n independent sample continuous fractional Brownian
motions, as defined in Subsection 2.1. Our couplings yield surprisingly close almost sure ap-
proximations of our empirical processes by Gaussian processes defined on sequences of intervals
for which weak convergence cannot hold in the limit. As an example of what our strong ap-
proximations can do, we show that functional laws of the iterated logarithm [FLIL| for these
empirical processes can be derived from those that are known for Gaussian processes.

Our investigations may be thought of as a continuation of those of Kuelbs, Kurtz and Zinn
[13], who proved central limit theorems for time dependent empirical processes based on n
independent copies of a wide variety of random processes. These include certain self-similar
processes of which fractional Brownian motion is a special case. Our results reveal the kind
of strong limit theorems that are possible when one turns to the detailed analysis of time
dependent empirical processes based on processes which have a fine local random structure,
such as fractional Brownian motion.

Kuelbs and Zinn [14, 15] have obtained central limit theorems for a time dependent quantile
process based on n independent copies of a wide variety of random processes. In the process they
generalized a result of Swanson [25], who used classical weak convergence theory to prove that
an appropriately scaled median of n independent Brownian motions converges weakly to a mean
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zero Gaussian process. In a sequel to this paper we use the results in the present work to derive
strong approximations and FLILs for quantile processes or inverses of these time dependent
empirical processes based on n i.i.d. sample continuous fractional Brownian motions. For details
see Kevei and Mason [10].

To motivate our work, we point out some implications of a coupling and a strong approxi-
mation due to Komlés, Major and Tusnady (KMT) [11]. Let X3, Xs,..., be i.i.d. F. For each
n>1, let

n
Fo(x)=n"'> 1{X; <z}, z€R,
j=1

denote the empirical distribution function based on X1, ..., X,,, and define the empirical process
vn () = Vit {Fu () = F (2)}, 2 € R

Using the coupling result given in Theorem 3 of KMT [11] one can construct a probability space
on which sit an i.i.d. F' sequence X7, Xo, ..., and a sequence of Brownian bridges B1, Bo, ...,
on [0,1] such that

[vn — By (F)|lg = O (l‘z%b> , as., (1.1)

where for a real-valued function T defined on a set S we use the notation
[T]lg =sup [T (s)]. (1.2)
seS

The rate logn/y/n in (1.1) is optimal.

Further, by the strong approximation result stated in Theorem 4 of KMT [11] one has on
the same probability space an i.i.d. F' sequence X7, Xo, ..., and a sequence of independent
Brownian bridges By, Ba, ..., on [0, 1] such that

Sy B (F) <<1ogn>2>
———— | =0[———|, as. (1.3)
. NG

Vn

It is known that the n~1/2 part of the rate in (1.3) is optimal, but not the (log n)2. It has long
been conjectured that the (log n)2 in (1.3) can be replaced by logn. This is one of the rare cases
where any such optimality is known in the rate of strong approximation to an empirical process.

Our goal is to develop analogs of (1.1) and (1.3) for the time dependent empirical processes
based on independent copies of sample continuous fractional Brownian motion. These are de-
scribed in the next section. The rates of coupling and strong approximation that we obtain are
unlikely to be anywhere near optimal in the sense just described, however they will be seen to
be sufficient to derive from them FLILs for our time dependent empirical processes. We find
it noteworthy that useful couplings and strong approximations can be obtained for the kind of
complexly formed empirical processes that we consider. Our main results are detailed in Section
2 and they are proved in Section 3. We gather together some needed facts in the Appendix. To
prove our main results we use the methodology outlined in Berthet and Mason [3].

Un




2 Coupling and strong approximation to a time dependent em-
pirical process

2.1 A time dependent empirical process

Let {B (H )} U {BJ(»H)} . be a sequence of i.i.d. sample continuous fractional Brownian motions
J

with Hurst index 0 < H < 1 defined on [0,00). Note that BH) is a continuous mean zero
Gaussian process on [0, 00) with covariance function defined for any s,t € [0, 00)

1
E (B (s) B (1)) = 5 (IsP" + 167 = s =P
By the Lévy modulus of continuity theorem for sample continuous fractional Brownian motion
BM) with Hurst index 0 < H < 1 (see (3.1) below), we have for any 0 < T' < co, w.p. 1,
\B(H) (t) — BU) (5)‘
sup

=L < o0, 2.1
0<s<t<T fu(t—s) 1)

where for ©u > 0

fr(u) = u?\/1Vlogu-! (2.2)
and a V b = max{a,b}. We shall take versions of {B(H)} U {B§H)} . such that (2.1) holds for
i>
all of their trajectories.
For any ¢t € [0,00) and = € R let F (¢t,z) = P {B(H) (t) <z} . Note that
F(t,x)=® (x/tH) ) (2.3)

where ¢ (z) = P{Z <z}, with Z being a standard normal random variable. For any n > 1
define the time dependent empirical distribution function

F,(t,z) =n"" i 1 {B](-H) (t) < m} .
j=1

Applying Theorem 5 in [13] (also see their Remark 8) one can show for any choice of 0 < v <
1 < T < oo that the time dependent empirical process indexed by (¢,z) € T (v),

on (t,2) = Vn{F, (t,z) — F (t,2)},

where
T()=MT] xR,

converges weakly to a uniformly continuous centered Gaussian process G (¢, x) indexed by (¢, z) €
T (), whose trajectories are bounded, having covariance function

E(G(s,2) G (t,y))

—p {B<H> (s) <z, B (1) < y} s {B<H> (s) < x} P {B<H> (t) < y} . @4

Keeping in mind that 7 () is equipped with the semimetric



p((s.2), (Ly)) = /B (G (s,2) - G (t.))% (2.5)

we see by weak convergence that ’T('y) is totally bounded and thus separable in the topology
induced by this semimetric p. Moreover its completion 7 () in this topology is compact. Since
G is bounded and uniformly continuous on 7 (7) it can be extended uniquely to be bounded
and uniformly continuous on T ().

Remark 1 To see how this is done, notice that for each t € [v,T], both {(t,—m)},,~, and
{(t,m)},,~, are Cauchy sequences in T () with respect to the semimetric p. Also by the bound-
edness and uniform continuity of G on T (7), the sequences {G (t,—m)},,~; and {G (t,m)},,>;
are also bounded Cauchy sequences in R. Furthermore, both EG? (t,—m) — 0 and EG? (t,m) —
0, as m — oo. Thus we can unambiguously define (t,—o0) as the limit of the sequence (t,—m)
as m — oo and G (t,—00) =0, w.p. 1, and (t,00) as the limit of the sequence (t,m) as m — 0o
and G (t,00) =0, w.p. 1. We see that for any t € [y, T| and (s,y) € T (7),

p((t,%00), (5,)) = \ B (G((t, £00)) — G (5,))> = VEG2 (5, 1)

and for s,t € [y, T

p((t,£00), (s,+00)) \/E (t,400)) — G (s, +00))* = 0.

With these definitions p becomes a semimetric on [y, T| x (RU{—o00,00}). Next consider [y, T] x
{—00,00} as an equivalence class, i.e. (t,£00) ~ (s,£00), whenever p ((t,£o00), (s,+o0)) =0,
which always happens, and denote it by w and with some abuse of the previous notation write
Gw) =0, p(w,w) = 0 and for any (s,y) € T (v), p(w,(s,y)) = VEG?(s,y), and let p
remain as it was previously defined on T (v) x T (v). We define the completion of T (vy) =
([v,T] x R) U{w}, which is readily shown to be a complete metric space with semimetric p.

Therefore we can consider G as a Gaussian process taking values in the separable Banach
space consisting of the continuous functions in the sup-norm on the compact metric space 7 ().
For later use we point out that by Proposition 1 on page 26 of Lifshits [20] we can assume that
the Gaussian process G (t, ) is separable.

For future reference we record here that for some finite positive constant M (v, T, H) for all
n>1

Assertion (2.6) follows from an application of the Hoffmann—Jgrgensen inequality, cf. Ledoux
and Talagrand [18], page 156. For the argument see, for instance, Lemma 3.1 of Einmahl and
Mason [8].

We restrict ourselves to positive 7, since in Section 8.1 of [13] it is pointed out that the
empirical process vy, (t,z) indexed by T (0) := [0,7] x R does not converge weakly to a uni-
formly continuous centered Gaussian process indexed by (t,z) € T (0), whose trajectories are
bounded. More generally in the sequel, G (¢,z) denotes a centered Gaussian process on T (0)
with covariance (2.4) that is uniformly continuous on 7 () with bounded trajectories for any
0<~y<1<T <.



We shall also be using the following empirical process indexed by function notation. Let
X, X1,Xo,..., be iid. random variables from a probability space (£2,.4, P) to a measurable
space (S,8). Consider an empirical process indexed by a class G of bounded measurable real
valued functions on (S,S) defined by

Yic1 o (Xi) —nEp (X)
NG

O‘n(%"):\/ﬁ(Pn—P)SO: ,p€G,

where

Py(p)=n"") ¢(X;) and P (p) = Bp(X).
=1

Keeping this notation in mind, let C [0, T'] be the class of continuous functions g on [0, 7] endowed
with the topology of uniform convergence and where B [0, T] denotes the Borel subsets of C [0, T].
Define this subclass of C [0, T]

coim for s {BO=00L o) ) o

Further, let F(, 1) be the class of functions of g € C[0,T] — R, indexed by (¢,z) € T (7), of the
form

ht,x (g) = 1{9 (t) <z,g¢€ Coo}

Here we permit v = 0. Since by (2.1) we can assume that each B
see that for any ht . € F(4 1),

(), B j > 1, is in Coo, we

an (heg) = ;ﬁ an (1 {B§H> (t) < m} _P {B<H> (t) < m}) — v (t, ).
=1

We shall be using the notation «,, (ki) and vy, (¢, z) interchangeably.

Let G(,,r) denote the mean zero Gaussian process indexed by F(, 1), having covariance
function defined for hs s, hey € F(y 1)

E (Gpy,1) (o) Gyr) () = P{ B () < 0, B (1) <y, B € o
_p {B<H> (s) <z, B ¢ coo} P {B(H> (1) <y, B ¢ coo} :

which since P {B(H) € Coo} =1,
=E(G(s,2)G(t,y)),

i.e. G(y,1) (ht,z) defines a probabilistically equivalent version of the Gaussian process G (t, ) for
(t,z) € T (7). We shall say that a process Y is a probabilistically equivalent version of Y if
~ D

y=>J.

Notice that in this notation

p((5,2), (6:)) = \VE (Gymy (hose) — Gy (b))
= \/Var (hes (BU) — hy,, (BUD))

< \JB (e (BED) — iy (BU))? = dp (o hiy).
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More generally, for suitable functions f and g we shall write

dp (f,9) = B (f (BU) — g (BUD))>. (2.8)

The proofs of a number our results rely on a lemma of Berkes and Philipp [2], which for the
convenience of the reader we state here.

Lemma A1l of Berkes and Philipp (1979) Let S;,i = 1,2,3 be Polish spaces. Let F be a
distribution on S1 X So and G be a distribution on Sy X Sg such that the second marginal of F
is equal to the first marginal of G. Then there exists a probability space and a random vector
(Z1, Zo, Z3) defined on it taking its values in Sy X So X Ss such that (Z1,Z3) has distribution F
and (Za, Z3) has distribution G.

2.2  Our main coupling and strong approximation results for «,

In the results that follow

2
1/0:2—|—ﬁ and Hy=1+H. (2.9)

We have the following Gaussian coupling to the empirical process «,, indexed by F(,, 7).

Proposition 1 As long as 0 < 7, < 1 satisfies for some 0 <1 < =

5Hg”’
1
> 28 —1n, asn — oo, (2.10)
logn
for every X\ > 1 there exists a p(\) > 0 such that for each integer n large enough one can construct
on the same probability space random vectors B&H), e B,(LH) ii.d. BH) and a probabilistically

equivalent version @EZZ ) of Gy, 1) such that,

p{]

where 7o = (19H + 25)/(24H + 20) and vy is defined in (2.9). Moreover, in particular, when
Yo =n""1, with 0 <n < ﬁ,

)
v { Hozn E 1) Hf(vnm

On = @EZT)J) H

2/(245v0)
N ,0()\) (IOg n)‘rz (nfl/Z,y;SHO/Z) 0 } < 77,7)\, (211)
]:('Y’IMT)

> p(\)n~™ (log n)Tz} <n

where 7 = 11(n) = (1 —5Hon) / (2 + 519) > 0.

Remark 2 Notice that Proposition 1 yields the coupling rate

‘ =O0p ((log n)" (n—1/2%75H0/2>

In particular, for any 0 < H < 1 and 0 < n < 1/(5Hy) the convergence (2.12) holds with
Yo = n~", since such v, satisfy (2.10). The convergence (2.12) is surprising in light of the
results in Section 8.1 in [13], where it is pointed out that the empirical process vy, (t, ) indexed
by [0,T] x R does not converge weakly to a uniformly continuous centered Gaussian process

~(n)
an— G 1)

2/(2+5V0)> (2.12)

’ ’]:("/n \T)



indezed by (t,x) € [0,T] x R whose trajectories are bounded. Observe, however, by Theorem &
in [13] for each n > 1 there is a version of Gaussian process Gy, (t,x) = Gy, 1) (htz), which
is uniformly continuous on [y, T| X R with bounded trajectories. We shall see that a coupling
result following from a special case of Theorem 1.1 of Zaitsev [30] is crucial to establish (2.11)
on intervals [yn, T] such that v, goes to zero at the rate (2.10).

For any « > 0 let

G (k) ={t"hey : (t,x) € [0,T] x R}. (2.13)
For g € G (k), with some abuse of notation, we shall write
Gy (9) =t"Go,1) (bt ) - (2.14)

Also, in analogy with (1.2), we set

We get the following Gaussian coupling to the empirical process «,, indexed by G (k).

o — G Hg(,{) = sup {‘t"an (hew) — "Gy (he)| = (1) € [0.T) R} .

Proposition 2 For any 0 < k < oo and every X\ > 1 there exists a p' (\) > 0 such that for
each integer n large enough one can construct on the same probability space random wvectors

BEH), ey B,(LH) i.i.d. BH) and a probabilistically equivalent version @ES)T) of G,y such that,
P{flan =&, > # O Gomn™ | <0 (215

where T2 is as in Proposition 1 and 71 = 7{(k) = k/(5Ho + k(2 + 51p)).
Remark 3 [t is shown in Remark 6 that the Gaussian process indexed by G (k)
t"Gor) (hiz) =t°G (¢, ), (t,z) € [0,T] X R,

has a version that is uniformly continuous with bounded trajectories. Therefore Proposition
2 implies that for any k£ > 0 the weighted empirical process t"oy, (hey) = tFvy, (t,z), (t,z) €
[0,T] x R, converges weakly to t*G (t,z). Recall, as pointed out in Remark 2, weak convergence
fails if k is chosen to be zero.

Propositions 1 and 2 lead to the following two strong approximation theorems.

Theorem 1 As long as 1 > ~ =, > 0 is constant, under the assumptions and notation of
Proposition 1 for all 1/ (2711(0)) < a < 1/71(0) and & > 1 there exist a p (a,§) > 0, a sequence of
i.0.d. B;H), BéH), ..., and a sequence of independent copies GE?T), GE?T)’ cee

on the same probability space such that

of G(y,1) sitting

P ax Vmaoy, — Z Ggfy) ) > p(a,§) nl/2=7(a) (logn)™ % < n—¢
- =1 Fy,1)
and
|max Vmaoy, — Z GE?T) =0 (nl/Z_T(a) (log n)m) , a.s.,
- =1 Fe1)

where T (o) = (a1 (0) —1/2) /(1 + «) > 0.



Theorem 2 Under the assumptions and notation of Proposition 2 for any x > 0, for all

1/(21) < a < 1/7{, and & > 1 there exist a p' (a,§) > 0, a sequence of i.i.d. B%H),BéH),...,
and a sequence of independent copies GE(I))T)’ GE?T)’ vy of G(o,1y sitling on the same probability
space such that
P max |lvm Z%T P (@, &) n'/> 7@ (logn)™ b < ¢
G(k)
and
e Vmay, — z; GES),T) =0 <n1/2_T/(0‘) (log n)TQ) , a.s., (2.16)
= G(x)

where 7' (o) = (ar] —1/2) /(1 4+ ) > 0.

Remark 4 Theorems 1 and 2 are strong approximations, meaning that strong limit theorems can
be inferred for the approximated empirical process oy, from those that may hold for the sequence
of approximating Gaussian processes as long as the almost sure rate of strong approximation is
close enough. This is illustrated in Section 2.4.

2.3 Comments on the proofs of Theorems 1 and 2

The proofs of Theorems 1 and 2 follow from Propositions 1 and 2 (after some obvious notation
translations) exactly as Theorem 1 in [3] follows from their Proposition 1, where a scheme
described on pages 236-238 of Philipp [22] is closely followed. (Note that in [3] “Cp (e, 7)” should
be “p(c,7)”.) The essential ingredients are the maximal Inequalities 1A and 2A. Subsection
4.5.

2.4 Applications to FLIL

Theorem 1 obviously implies that for any fixed choice of 0 < v < 1 < T there exist on the

same probability space an i.i.d. sequence B%H), BéH), ..., of sample continuous fractional Brow-

nian motions on [vy,7] with Hurst index 0 < H < 1 and a sequence of independent copies

G&),T)v Gg?T)v .., of G(%T) such that
12177?;(71 \/704m Z GW T)

Fy1)

Vmuy, (t, ) ZG (t,z) —o(\/m>, a.s., (2.17)

= max  sup
1<m<n (t,2)eT (V)

where (G}E D ) (htz) =: G (t,x), for i > 1. Noting by the comment right after Remark 1, we can

consider that each G; (t,x) is w.p. 1 [with probability 1] in the separable Banach space consisting
of continuous functions in the sup-norm on the compact metric space 7°¢ (), equipped with the



semimetric p, we can apply the theorem in LePage [19] (see also Corollary 2.2 of Arcones [1]) to
conclude the following FLIL, namely, the sequence of Gaussian processes defined on 7°¢ ()

Z?:l Gi (t7 l‘)
v2nloglogn

is w.p. 1 relatively compact in £ (7€ (7)), (the space of bounded functions T on 7° () equipped
with supremum norm [T, 7e(y)) = SUPger, (7e(7)) [T (¥)]), and its limit set is the unit ball of
the reproducing kernel Hilbert space determined by the covariance function E (G (s,z) G (t,y)) .
Note that by continuity of G (¢, x) and its covariance function, the same statement holds with
T°¢ () replaced by T (). Therefore by (2.17) the same is true for

v, (¢, )
v2loglogn

This result can also be inferred from the FLIL for the empirical process as stated in Theorem 9
on p. 609 of Ledoux and Talagrand [17] using the fact pointed out above that v,, converges weakly
to a bounded uniformly continuous centered Gaussian process G (¢, ) indexed by (¢,x) € T (7).
In particular we get that

c(t,x) e TC (7)}

D (t,x) € T(’y)} . (2.18)

Un, (t7 x)
v2loglogn

ol £
lim sup 0D — limsup sup

D =o0(v,T), as.
nooo V2loglogn n—oo (tz)eT(v)

where
0% (y,T) = sup {E ((G%%T) (ht,x)> tha € f(’y,T)}
1

= sup{Var(hm(B(H))) ((tyz) € ’T(”y)} =T

In the same way, on the probability space of Theorem 2, for all 0 < k < oo,

m m
max |[v/may, — Z G(é)T = max sup |vVmt v, (t,x) — Z t"G; (t, )
tsmsn i=1 oD G(r) 1SMEN (1,2)€T(0) i=1 (2.19)

=o0 (x/nloglogn> , a.8.,

where t”GE?T) (htz) =:t"G; (t,x), for i > 1. We point out in Remark 6 below that the process

Gy (t,x) := t"G (t,x) has a version that is bounded and uniformly continuous on 7 (0) =
[0, 7] x R with respect to the semimetric

pr((5,2),(ty)) = \/E (s°G (s,2) — G (t,y))". (2.20)

From now on we assume that G, (t,z) is such a version. Denote by 7€ (0) the completion of
7 (0) in the topology induced by the semimetric p,; from which we get by arguing as above and
applying the LePage theorem that

Z?:l t"G; (t7 H?)
v2nloglogn

D(t,x) e TC (0)}



is, w.p. 1, relatively compact in £, (7¢(0)) and its limit set is the unit ball of the reproducing
kernel Hilbert space determined by the covariance function E (s"t"G (s,z)G (t,y)), (s,x) €
7¢(0). Note that by uniform continuity of G (t,x) = t*G (¢, z) and its covariance function, the
same statement holds with 7¢(0) replaced by 7 (0). Therefore by (2.19) the same is true for
the sequence of processes

{ "y (ta JJ)

JoToslozn (t,x) € T(O)} . (2.21)

This implies that
t" v, (t, x)

v2loglogn

limsup sup
n—oo  (t,z)eT(0)

=0, (T), as. (2.22)

where

o2 (T) = sup {E (G%O’T) (tﬁht,x)) thys €0 (/4;)}

= sup {Var(t“htvx(B(H))) (t,x) € T(O)} = Tjﬂ.

FLILs are by no means the only strong limit theorems for «,, that can be derived from Theorems
1 and 2. For instance, one could consider Chung-type LILs.

3 Proofs of Propositions 1 and 2

Before we can prove Propositions 1 and 2 we must first establish Proposition 3 below, which is
a version of the coupling given in Proposition 1 that holds on an appropriate class of functions
Fn. To do so we must first define this class of functions, derive an entropy bound for it and
choose a good grid. Our entropy bound will allow us to fill in the interstices of the empirical
and Gaussian processes constructed on F;, in Proposition 3 by processes defined on all of F(, 1
in such a way as to get useful rates of coupling. The proofs of the bracketing bounds given in
Subsection 3.3 form the most technical part of this paper.

3.1 A useful class of functions

To ease the notation from now on we suppress the Hurst index H. As above, let B (s) = B (H )(s),
s > 0, denote a sample continuous fractional Brownian motion with Hurst index 0 < H < 1.
We have

E(B(t) = B(s)* = [t —s*".

Note that for all (s,z), (t,y) € T (v),

P ((s,2) , (t,y) = E(L{B(s) < &} — F(s,x) - (1{B(t) <y} — F (t,)))*
<E({B(s) <}~ L{B(t) < y})? = & (e ) -

For the modulus of continuity of a sample continuous fractional Brownian motion B, with
Hurst index H, Wang ([29], Corollary 1.1) proved that

B(t+h)— B(t
lim sup [B(t + h) ()|:1, a.s. (3.1)

hi04e(0,1—-n) hH\/2logh~1
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Recall the definition of fy in (2.2). For any K > 1 denote the class of continuous real-valued
functions on [0, 77,

C(K)={g: lg(s) —g)| < Kfu(ls—t]),0 <s,t <T}. (3.2)

One readily checks that C (K) is closed in C[0,7]. For any (t,x) € T () let hg;) denote the
function of g € C[0,7] — {0, 1} defined by

hiﬁ?(g)zl{g(t) <z,g€eC(K)}.

The following class of functions will play an essential role in our proof:
FKA) =" tx)eT 3.3
(K,7) = {hee = (b2) €T () g (3.3)

It is shown in the Appendix that these classes are pointwise measurable, which allows us to take
supremums over these classes without the need to worry about measurability problems.

3.2 Bracketing

We shall use the notion of bracketing. Let G be a class of measurable real-valued functions defined
on a measurable space (5,S). A way to measure the size of a class G is to use Ly(P)-brackets.
Let | and v be measurable real-valued functions on (S,S) such that | < v and dp(l,v) < u,
u > 0, where

dp(l,v) =\ Ep (1(6) — v (€))?

and ¢ is a random variable taking values in S defined on a probability space (2,4, P). The pair
of functions [, v form an u-bracket [[,v] consisting of all the functions f € G such that [ < f < v.
Let N, H(u, G,dp) be the minimum number of u-brackets needed to cover G.

3.3 A useful bracketing bound

Our next aim is to bound the bracketing number Njj(u, F(K,v),dp), where P is the measure
induced on the Borelsets of C [0, T], by B, with d% (I,v) = E (I (B) — v (B))*.
We shall prove the following entropy bound:

Entropy Bound I For some constant C7 (depending on 7" and H), for u € (0,1/e), v € (0,1/e)
and K > e,

1
K\\ &
Npj(u, F(K,7),dp) < CpKHy 204, flogy =1y~ (1HH) <10g ()> . (3.4)
wy
Proof Choose v =1ty <t; <...<t, =T, such that
KfH (ti — tifl) § 1, for 0 § /) § k‘, (3.5)

and Ty < Toppr1 < ... <21 <20=0<21 < ... < Ty, Wwith 0 = yo < y1 < ... < Ym,
Ty = Fy;, 1 =0,1,...,m, such that
T > 2TH. (3.6)

Also put Z_(y,41) = —00, Tm41 = 00.
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Consider the upper and lower functions: for g € C[0,T]
vij(9) = 1{g(ti-1) < xj + Kfu (ti —ti-1),9 € C(K)}

and
lij(g9) =1{g(ti-1) <xj_1 — Kfu (t; —ti—1),9 € C(K)},

fori=1,2,...,k, j=—m,...,m,m+1. Note that v ;,+1(9) = 1{g € C(K)}, and l; _n(g) = 0.
First we show that these functions define a covering. Select any t;—1 < ¢t < ¢; (in the case
i=1weallow tgp =t) and zj1 < x <z, for i =1,...,k, j = —m+1,...,m. Since for any
g €C(K)
g(tic1) = Kfu(ti—tio1) <g(t) <g(tic1) + Kfu (ti —ti—1)
we see that for all g € C(K), l;; (9) < hg;) (9) <wvij(9).
Next, for —oo < < x_,, and any t;_1 <t < t;, 0 =1;_p (g9) < hg;) (9) < vi—m(g), and

for z,, < < oo and any t;—1 <t <tj, limy1(9) < hg;) (9) < Vim+1(9) = {g € C(K)}.

Clearly for —m + 1 < 7 < m we get
dp(lij,vi5) = E (vij(B) — i ;(B))?
= P{B(ti_l) S (acj_l — KfH(tZ — ti_1),.7}j + KfH(tl — ti_l)],B S C(K)}

< P{B(tifl) S (l‘j,1 — KfH(tz — tifl),iﬂj + KfH(tZ - tifl)]} (37)
_ i+ Kfu(ti—ti-1) } iy — Kfg(ti—ti—1)
e e R e ]

So that for —m + 1 < j < m we have

1 _
dp(li g, vig) < ——= (w5 — xj_1 + 2K f(t; — tio1)) t;].

V2r

Inequality (3.7) is also valid for j = —m and j = m + 1, namely

x J—
dp(li—m, Vi—m) = dp(ligm+1, Vins1) <1 — @ ( = L

Now by tf, <TH 27H >2 (3.5) and (3.6) we have

)

Ty — Kfg(ti —ti1)  2xp — 2K fg(t; —tio1) S Tm

H H - H’
t 2H | 2T

which when combined with the standard normal tail bound holding for z > 0, P{Z > z} <
127r exp(—22/2), gives

_ Ny H .2
L[ ®m Kf}é(tz i)} _(I)< :I,-n;{) oL ot
tifl 2T \/271' Tm

From this we see that for u € (0,e™!), the choice z,,, > 4T \/logu~—1 ensures that

z

A% (i —my Vi—m) = db(limi1, Vime1) < u°.
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Thus to construct our u-covering, it suffices to appropriately partition the intervals

(4T \log u=1,4T" \/log u~1] and [, T,

so that x,, > 4TH \/logu=1, t; — t;_; satisfies (3.5), and for 0 <i < kand —m+1 < j < m,
dp(lij,vig) < u’.

Set
1/H —1/H,.,2/H
s s K U
M) = /52" and ) = <\/;> T 39
[log (Kl/H,yflqu/H)]

Let [x] denote here and elsewhere the smallest integer greater than or equal to z. Putting

H _/ -1 —
4Tlogu-‘ =:m and k(y,u) = [T 'y_‘ =k,

mO ) = | TR G ) "(y,u)

straightforward computations show that for the choice
Y = iA(y,u),i=0,1,...,m, t; =vy+jI(v,u),j=0,1,....,k—1and t;, =T,
by (3.8) we have for —m +1<j <m
dp(lij, vij) < u’.
We also see that vy, = xm = 4TH\/logT > 27" and by (3.8) for 0 <i <k

H,2. /
MS H,2 <1,

Kfu(ti—tio1) < Kfg(T(y,u) < 1 v <

Thus (3.5) and (3.6) hold. Hence this choice of ¢; and x; corresponds to a u-covering of F(K, 7).
So we have proved the following entropy bound: for v € (0,e7!),v € (0,e7!) and K > e

NH(’LL,]:(K,’)/),dp) < (k(v,w) +1) 2m(y,u) +2),

thus (3.4) holds for some constant Cp (depending on T" and H). O
It will often be convenient to use the following weaker entropy bound, which follows easily
from (3.4).

Entropy Bound II For some constant C/. (depending on T and H), for u € (0,1], v € (0, 1]
and K > e,

Npj(u, F(K,7),dp) < CpK* Hy =341/ o =(142/1) (3.9)
Set
F(K,~,e) = {(f, f’) € F(K,vy) x F(K,v):dp (f,f’) < E} (3.10)
and
G(K,v,e)={f=[f":(f.f)eF(Kne}, (3.11)
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that is, F (K,v,¢) and G (K, v, €) are the classes of functions on C [0, 7], indexed by v < s,t < T,
—00 < x,y < 00, defined for g € C[0,T] by

(h(;fc) (9) 7h§§) (g)) =(1{g(s) <w,geC(K)},1{g(t) <y,g € C(K)})

and

respectively, and satisfying

dp (hgfgg, hs )) \/E (hgﬂi) (B) — ") (B)>2 <.

We find that independently of €
Nyj(u, G (K, 7,¢) ,dp) < (Njj(u/2, F (K,~),dp))”. (3.12)

3.4 Proof of Proposition 1

For any ¢ > 0, n > e and 0 < v <1 < T denote the class of real-valued functions on [0, 77,

Cn :=C(y/clogn) = {g sg(s) —g )] < elognfu(ls—t]),0<s,t< T} , (3.13)
and let Co be as in (2.7). Notice that by (3.1), P{B € Cx} = 1. Define the class of functions
C[0,7] — R indexed by [y,,T] x R =T (7,)

t,x

Fn = {h(vclogn) (9)=1{g(t) <z,g€Cu}: (t,2) € T(’Yn)}-

To simplify our previous notation we shall write here

B (g) = YT (g). (3.14)

For h{") € F, let
an (n) = n—l/QZ (1{Bi(t) < 2, B; € C,} = P{B(t) <, B€Cn}).

Notice that for each (t,z) € T (y5), when B; € Cy,, for i =1,...,n,

(h(") )+ VP {B(t) <,B ¢ Cy)
o <hm> VAP {B(t) <2, B ¢ Cal.

Let FE:}L ) denote the mean zero Gaussian process indexed by JF,,, having covariance function

defined for h&f@?, h(n) € Fp by

E (FEZZL,T) (h;fz) F o <h(")>> — P{B(s)<z,B(t)<y,BecCy)

—P{B(s)<x,BeC,}P{B(t)<y,BeC,}.

(3.15)

We shall first establish the following auxiliary result.
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Proposition 3 As long as 1 > v = ~, > 0 satisfies (2.10), for every ¥ > 1 there exists a
1 (9) > 0 such that for each integer n large enough one can construct on the same probability

space random vectors By, ..., By i.i.d. B and a probabilistically equivalent version IFE:ZL T) of
FE:}MT) such that
~ 2/(2+510)
P{‘ an () T)) L > n(9) (logn)™ (n‘1/27;5H°/2> [ } <n™’,  (3.16)

where 19 is given in Proposition 1 and Hy and vy are defined as in (2.9). Moreover, in particular,
when v, =n~, with 0 < n < ﬁ and is 11 as in Proposition 1,

P

Proof Let B be a sample continuous fractional Brownian motion with Hurst index 0 < H < 1
restricted to [0, 7] taking values in the measurable space (C[0,T],B[0,7]). As above P denotes
the probability measure induced on the Borel sets of C [0, T] by B. Let M denote the real-valued
measurable functions on the space (C[0,7],B10,7]). For any € > 0 we can choose a grid

INFE:ZL,T) an

Ay —

>n(9)n~ ™ (log n)TZ} <n? (3.17)

H(e)={hy: 1< k<N ()} (3.18)

of measurable functions M on (C[0,7],B10,T]) such that each f € F, is in a ball {f € M :
dp(hg, f) < e} around some hy, 1 <k < N (g), where

dp(he, £) = \ E (hi (B) — £ (B))”.

The choice
N(e) = Njj(e/2, Fn,dp) (3.19)

permits us to select such hy € F,,. Recalling the previous notation (3.10) and (3.11), set

Fn () = f( clogn,%,5> and G, (¢) =G ( clogm%,e) . (3.20)

Fix n > 1. Let By,...,B, be ii.d. B, and €1,...,€¢, be independent Rademacher random
variables mutually independent of By, ..., B,. Write for £ > 0,

} . (3.22)

po () = E { sup
(Fo)EFu()

n=1/2 Z & (f— 1) (By)

(3.21)

2N e (f - f1) (B))
=1

=F sup
f=1'€Gn(e)

and

WG (e)=E {( sup () (F) =B ()

Lf)EFn(e)
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Lemma 1 Givene > 0,9 > 0,t >0 and n > 1 large enough, there exist a probability space

(Q, A, P) on which sit By,...,B, i.i.d. B and a probabilistically equivalent version FE:T)L ) of
(n)

the Gaussian process IF(% ) indexed by F, such that for suitable positive constants C1,Ca, A,
Ay and As with A5 < 1/2, independent of € >0, § >0, t >0 and n > 1, we have

p{]

2
< ClN(€)2 exp (_W> + 2exp (—Al\/ﬁ t) + 4dexp <—A€52t> .

n — FEZT)L,T)HJ% > Apd () + 1S () + 6+ (A+1) t}
(3.23)

(N ()

Proof of Lemma 1 Our proof applies the procedure detailed in Section 5.1 in [3]. Given € > 0
and n > 1, our aim is to construct a probability space (£, 7, P) on which sit By, ..., B, ii.d. B
and a version F (:T)L o of the Gaussian process FE:}L ) indexed by F,, such that for H (¢) and
Fn (€) defined as above and for all A >0, § > 0 and ¢ > 0,

P {)

< P{ max
heH(e)

U — ]FEZT)“T)HH > ApS () + pC (e) + 6+ (A+1) t}

an (h) — ﬁgzij)(h)‘ > 5}

—i—P{ sup  |an (f) — o (f')] > Aud (€)+At} (3.24)
(f.f)EFn(e)

m(n) m(n)
F('YnyT) (f) B F('YnyT) (f/)

—i—P{ sup >t—|—u§(s)}
(£.))€Fn(e)

= P (8) + Qu (t,€) + Qn (t,2),

with all these probabilities simultaneously small for suitably chosen A > 0, § > 0 and ¢ > 0.
Consider the n i.i.d. mean zero random vectors in RV(),

1
NG

First note that by the definition of hy € F,,, we have

N (¢)

Y= hi(Bi) —Ehi (B),....hn() (Bi) = Ehy(y (B)), 1 <i<n.

where |-|, N > 1, denotes the usual Euclidean norm on RY. Therefore by the coupling
inequality (4.1) we can enlarge the probability space on which (3.24) to include Z1, ..., Z, i.i.d.

7 = (Zl,...,ZN(E))

mean zero Gaussian vectors such that

P, (0) <P (Yi — Zi)

1

n

(N (£))*?

)

> 4§ 3 <CLN (e)*exp <—W) , (3.25)

N(e)
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where Cov(Z', Z¥) = Cov(Y',Y*) =: (h;, h). Moreover by Lemma Al of Berkes and Philipp
(n)

this space can be extended to include a probabilistically equivalent version F (v

process Fg:i T) indexed by F,, such that for 1 < k < N (e),

) of the Gaussian

=(n) R
F) (i) = Z; zZk.

The P, (0) in (3.24) is defined through this ﬁg:i 7)- Notice that the probability space on which

Yi,....Y., Z1,...,Z, and E‘E:}L ) sit depends on n > 1 and the choice of € > 0 and § > 0.
Observe that the class

Gu(e)={f—1f":(f.f) e Fule)}
satisfies

0k o= sup Var(f(B)-f(B)< sup dh(f.f)<en
(f,f")EFn(e) (f,f")EFn(e)

Thus with A > 0 as in (4.8) we get by applying Talagrand’s inequality,
Qn (t,e) = P{Hanﬂgn(a) > A(uy, () +1t)} < 2exp Q2 + 2exp (—A1v/nt) . (3.26)

Next, consider the separable centered Gaussian process Zy, ¢y = ]FEZ}L T) (f) —INFEZT)l ) (f") indexed
by F, (). We have

2
A@)= w E (D -0 ))

(f:f"EFn
— sup Var(f(B) - f(B) < sup  db(f.f) <
(£,f)€Fn(e) (f.fEFn(e)

Borell’s inequality (4.15) now gives

Fgwi,T)(f) - FE%)L,T)(JN) >t py (5)} < 2exp <—2€2) . (3.27)

@n (t,e) =P sup
(f,f)EFn(e)

Putting (3.25), (3.26) and (3.27) together we obtain, for some positive constants A, A; and As
with As < 1/2,

IP’{‘ n — FE:Z»T)H]: > ApS (€) + uS (e) + 6+ (A + 1)t}
Coy/1 & Ast?
< C1N(5)2 exp (—(]\;(8))5/2) + 2exp (—Am/ﬁt) + 4 exp <_852) . (3.28)

O
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Remark 5 Here are the Polish spaces that allow us to apply the Berkes and Philipp Lemma A1

as in the construction leading to (3.23). By applying the entropy bound (3.9) we can assume via
the Dudley entropy condition (4.10) that the Gaussian process FE n) T) indezxed by F, in (3.23)
is separable, bounded and dp uniformly continuous, where dp is deﬁned as in (2.8). Moreover,
since by using (3.9), F, is readily seen to be totally bounded, its completion Ff is compact. (We
complete F,, using the procedure described in Remark 1.) Furthermore, the process IA?(;?“T) can
be readily extended to be a continuous Gaussian process on Fy. Thus when applying the Berkes
and Philipp lemma we can assume that Fir) T s a Gaussian process indezxed by Ff. taking values
in the Polish space S3 of bounded real valued functions defined on the compact set F; continuous
with respect to dp. Therefore we can assume that By,...,By, i.i.d. B, Y1,...,Y, i.i.d. Y and
Zy ...y Zy ii.d. Z take values in the Polish space S1 x Sy, where S1 = C ([O,T])” x RNE" gnd

So =RNE" and Zy,...,Z, ii.d. Z and FEZ ) take values in the Polish space Sy X Ss.

The proof of Proposition 3 will be completed by refining inequality (3.28). Recall the notation
F(K,7), G(K,v,¢), (3.19) and (3.20). We find that for any 0 < e,u < e}, with K = M,, =
Velogn, (3.4) gives the bound, with vy and Hy as in (2.9), for some ¢; > 1,

N(u) = N j(u/2,F (My,v),dp) = Njj(u/2, Fn,dp) (3.20)
< et MY =0\ flog u=1y~ 0 [log (M, / (ury))) '

and the weaker entropy bound (3.9) combined with (3.12) implies that for some ¢ > 0 and any
€(0,1), v €(0,1),

(ug( ny V€ ) dP):N[]<uvgn<€)’dP)

< (N{y(u/2, F (My,7) ,dp))? (3.30)
< C2M;4L/Hu73uo,yf(2+4/H).

We shall make frequent use of the following elementary inequality. For any x > 1 and any ¢ < 1

we have .
/ Va+logu=tdu < 2ev/x +loge~1. (3.31)
0

Setting 0 = ¢ in (4.3) and (4.4) below we get using (3.30) and (3.31) that for some c3 > 0,

J (e, Gn (e / /1108 N[ (5.6, (€) . dp) ds < 3 /log [(log n) /(=)
0]
and for some by > 0

a(2,Gn (€)= & (1 +log Njy(e,Gn (), dp)) ™% = boe (log [(log n) /(7)) V2.

For the p3 () in (3.21) we obtain by inequality (4.7) with measurable envelope G = 1

12 (g) < ezeAgy/log [(logn)/(e7)] + Ao\/ﬁl{l > /nboe/+/log [(log n)/(a’y)]} ,

which as long as 1 > e =¢, >0 and 1 > v = ~, > 0 satisfy

Vnen (3.32)

Vog[logn)/Enm)] T
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implies that for all large enough n for a suitable A} > 0

1 (en) < Aleny/log [(logn)/(enm)]- (3.33)

Recall the definition of x& () in (3.21). We get via the Gaussian moment bound (4.11) and
inequality (3.31) that for all 0 < e, < 1/e and appropriate A5 and Af

uG (en) < A} /0 " V/Iog [(og m)/(wrn)] du < Ayen/log [(log 1)/ enrn)].

Hence, as long as (3.32) is satisfied, for some D > 0 we have for all large enough n

Apiy (2n) + 1 (en) < Deny/log [(logn)/(enyn))- (3.34)

In addition, by (3.29) we have the bound

N (en) < e1(logn) /e 704 [log e, M0 (log [(log n) /()

and also the weaker bound (3.9) gives for some ¢4 > 0

N (23) < ca(logn) /e 3041/ H) =142/ H)

n

Therefore, in view of (3.34) and (3.23), it is natural to define for suitably large positive v and
/
727

§ =1en/log[(logn)/(ea1m)]  and t = 5e,\/log [(logn)/(enyn)].

We now have by (3.23), as long as (3.32) holds, that for all large enough n there is a probability
space depending on 7,74, y» and &, on which a,, and F™  sit such that

(vn,T)
P {‘ > (D + 91 + (1 + A)75) en/log [(log n)/(an’yn)]}
Crci(logn)1 (— esv/mien 90" /log [(log m) /(e )
IR A= L (logn) 17 (log &5 1)3/4 (log [(log n)/(snfyn)])%
+2exp (—Awé\/ﬁan\/log [(log n)/(an’yn)]) + 4dexp (—As(15)? log [(log n) / (envm)]) -

~=(n)
an_m%mﬂf

n

for some c¢5 > 0. Choose ¢, such that
\/77671;’_5”0/2')/751]{0/2 = (]og n)%+5(%+%)‘

Then by (2.10)
loge, ! . 1—5Hyn
logn 2+ 51

>0,

and .
log(en’}/n)_ 11— 5H077
logn 2+ 5
An easy computation shows that the exponent of the first term satisfies with a positive constant

X

+n=:¢>0.

Vien PR fog [logm /Gl o
(logn) 7 (log &5, 1)5/4 (log [(log 1) /(£ 7a)]) 27
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and

1/(14+5v0/2)
env/10g[(logn)/(en7m)] ~ /¢ (logn)™ (n_1/2%75H0/2> o

where 79 is given in Proposition 1. We readily obtain from these last bounds that for every
¥ > 1 there exist D > 0, 71 > 0 and ~4 > 0 such that for all n > 1 large enough, «,, and IFE”Z )
can be defined on the same probability space so that

2

On — T)H D+’Yl (1+A)7£)
x \/2C(logn)™ (n—1/27;5H0/2)1/(1+5uo/2) } <n?,

which in the special case when v, =n~", with 0 <7 < ﬁ, gives

P{ o}
where 71 = (1 —5Hon) /(24 51p) > 0. It is clear now that there exists a n(¥9) > 0 such that

(3.16) and (3.17) hold. This completes the proof of Proposition 3. O

We are now ready to complete the proof of Proposition 1. This will be accomplished in two
steps.

o
(D) || £

n

>(D+’yi +(1+A) 72)\/>n (logn)™ }gnﬁ,

Step 1 We shall construct the needed version @E:iT) of the Gaussian process G(,,, 1) as required

in Proposition 1. Set for a fixed n for any m > e

Fon = {02 (9) = H{g (1) S @9 € Cu} + (2) €T () }
and let

Foon = {03 (9) = 1{g (1) S 3,9 € Coc} s (1,0) € T (3)
(Note that Feon = F(y,,1)-) Set

Foo (7n) = foo,nU Um>e ~Fm,n

(m)

ty €

Let H(%“T) be the mean zero Gaussian process indexed by Fu (75) such that for hg’fg, h
Foo () with e < k <m < oo

Cov (Hpy, 7y (B) My ) (k) = PAB(s) < 2, B() <y, B € Gk}
—P{B(s)<z,BeC}P{B(t)<y,B€Cn}.

In particular

Cov (H(%T) (hgf?))  Hiyn, 1) (hf;))) = Cov (Gy, 1) (hs) » G 1) (M) -

Thus H,, 1) (hgi‘;)) is a version of the Gaussian process G, 1) (hsz). The process @§ZiT)

required in the statement of Proposition 1 will be a version of the process Hy,, 1) (hgoa?))
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Notice that fore < &k <m

E (e, 1) (h%) ) H,, 1 (h<m>)>2 < P{B(s) <a,B € Cpn —Cy}
<P{B¢C}.

(3.35)

In the following lemma using Dudley’s entropy condition (4.14) we show that H,, 1) has a
continuous modification. To do so, we introduce further notation. For a set T equipped with a
semimetric p let N (¢, T, p) denote the minimal number of p-balls of radius € needed to cover T.

Lemma 2 The Gaussian process H,, 7y has a bounded uniformly continuous modification I?H(%“T).
Proof Using the definition of Cj in (3.13) and the Landau-Shepp inequality (4.17) we obtain
P{B ¢ C} = P{L > +/clogk} < Ce Peclosk — gp=De, (3.36)

Let us fix 1 > ¢ > 0 and choose k = [(4C/?)"/(¢P)], where [-] stands for the upper integer
part. Then from (3.35) and (3.36) follow for any m > k (allowing m = co) that

db(h™ h)) < P{B ¢ ¢y} < /4.

t,x

For each ¢ < k choose a dp — /2 grid {hg)xz}fvzll in F(v/clog?,v,) = Fip. The entropy bound
IT (3.9) and the choice of k shows that
Nf S C'(log k)l/H€_3(1+1/H)’y;(1+2/H)

< C'loge ' e 30U/ H) A ~(142/H) (3.37)

Consider the finite set of functions
g= Ufﬁk{hgf,)xi e =1,2,... ,Ng}.

We claim that G is a dp — € grid in Foo (7). Indeed, let hg;) € Foo(yn) be arbitrary. If m < k
then there is an h( . € G such that dp(h( ™) h(:nx)z) < ¢e/2. For m > k we have

t,x

dp(B™ By < dp(h{™ h) + dp(h{) hF) ) <ej2 4 /2 =,

tx "ty t,x tx

where h( ) is chosen such that dp(h( ) h( ) w) < €/2.

, L4 tx?

Thus G is indeed a dp — ¢ grid in Fuo ( ) for which by (3.37)

k
N(e, Foolyn),dp) < 1G] =Y Ny < Cer,, (1H2/H) (3.38)
(=1

with a = 2/(cD)+6/H, say. Thus Dudley’s condition (4.14) is satisfied, and a bounded uniformly

continuous modification H,, 7) exists. [

From now on to reduce notation we shall assume that H,, r) is its bounded uniformly
continuous modification. Consider the class of functions C [0, T] — R? indexed by (¢t,z) € T (v»)
given by

D, {(hg’;),h(‘”))  (t,x) € T(%)}.
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Define the mean zero Gaussian process on D,

D™ (hy;g, h<°°>) — H,, 1) (h,ﬁj;)) — Hs,, 1) (hi‘j;’)) . (3.39)

Introduce the semimetric on D,

A (2 (120 5)) = o (B89 (22 ) B0 (i 1)
Notice that

ol (n D) (n) i) < Vade (0 00)) + Vade (B304

, ty o tyy
=) ((20) (h03) ).

Thus pg) is bounded by the semimetric dg).

With the view towards applying the Gaussian moment inequality (4.12) let
s 00 s {6 (4265, (45467)) - (85 (45.167) €.
=sup {pp’ (R ACD), (h3)13)) ¢ (s02) () € T(w) |

denote the diameter of the set D,,. Observe that

diam (Dy) < 2 s \/ E (H(%,T) (hg’}x) — H, 7 (hg?;;)) ) :

which by (3.35) is

P{B ¢C,}.
This last bound, in turn, by the Landau—Shepp inequality (4.17) below is
Dcl
:2\/P{L> \/clogm} < 2v/Cexp (— C;’g”) (3.40)
Thus for any A > 1 there exists a ¢ > 0 such that
diam (D) < n™2. (3.41)

Next notice that by the definition of D,, and by (3.38) for some constant cg > 1,

N (u, Dy, dip)) < (N(1/2, Foo () . dp))* < cgu 2y G4/, (3.42)
Write W (o)
(n) — (n) n) pleo) 1,
‘Dn Dn—sup{’Dn (htxvh )’-(t,x)GT(%)}-

Combining (3.41) and (3.42) with the Gaussian moment inequality (4.12) we have

o < BHu, i (W) ~ He (5)] + As /On_A v

n—4 4
A_|_A4/ \/1ogcﬁ—2alogu— <2+H> log vy, du,
0
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which by using (2.10) and (3.31) gives for some b > 0 ,

‘ < bn~2/logn. (3.43)

Dn
We have by using the Landau—Shepp inequality (4.17) that for a sufficiently large ¢ > 0

oh, (D) = sup {E (p (nf2. h(°°)>)2 L (ta)eT (%)}
<P{B¢C})<n?

(3.44)

Hence by Borell’s inequality (4.15), for all z > 0,

» (e

which on account of (3.43) and (3.44) gives for all 6 > 1

P { HID)%") bn~2/logn + 2n"2/2,/0 logn} <n7? (3.45)

Returning to the construction of @(ni 7) in Proposition 1, for each n > e, let F®) ) denote

the restriction of Hy,, 7y to F, and G, 1) the restriction of H, 7y to F(,, 1) "Notice by
(3.37), Fo (7n) is totally bounded in the dp semimetric, as are F,, and Foon = F(y,1). By the

discussion given in Remark 5 for IF( n) and }—% (Gr(7 1) can be extended to a continuous

function on the completion ]:( 1) © ’ (7 )5 ich is compact. Therefore we can argue that

22

27, (0 )

>z <2ex —
Dy }_ P

n

(n)
<F(W),@(%T),

takes values in the Polish space S3 x Sy, where S5 is as in Remark 5 and Sy = S} x R, with
S% being the Banach space of bounded real valued functions defined on the compact set ]:(C'yn,T)
continuous with respect to dp. Hence Lemma A1 of Berkes and Philipp applies here and we can
enlarge the probability space on which inequality (3.16) holds to include a version

ORI
<F<VW7T>’G< ry | m)

() D > so that besides (3.16), (3.45) is also valid.

)

n

of the process ( Ew) T),G(,Yn’ )

o — G

Step 2 We shall show that inequality (2.11) holds for (v, T) Hf
’ (v, T)

, which will complete
t,x

the proof of Proposition 1. Define for <h(n) hgf)) € D,,

t,x t,x

B (hi2) hiET) =B 1y (ME) = Gy ()

Clearly

i

5 = Sup {‘}FEZZ,T) (hﬁ@) GEZi 7y (hea)| : (8 x) € T(%)}.

n

Dn
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Notice that by (3.15)

(n)
an =G 1)

< sup{ an (hg?) — ﬁE:ZT) (hg@)’ (t,x) € T(”yn)}

Hf(mf)

+§il{%;?%}+v%P{B¢6ﬁ+wﬁg>
=1

Dn

Let
Sn (A) = bn~2/logn + 2n~2/2/0logn.

Recalling that P {B ¢ C,} <n~2, we get by (3.16) and (3.45)

() s i 22 HE0)
P{ e L Gy
—%v%nA4—&(A)}
~(r 2/(245v0)
<P {] o = F | > () (togmy™ (n1 2y, 300/2) T } (3.46)

+P{§il&%¢&&>0}+P“@&)

< n~Y + ni—4 + n=?.

- > o (A)}

Noting that the A in the above inequalities can be made as large as desired by choosing ¢ large
enough, we see that for every A > 1, for sufficiently large ¢ > 0 (that is large A > 0), ¥ > 0,
0 > 0 and all large n

n 4 pl=2 1t <A (3.47)

and for any choice of ¢ > 0, § > 0 and large enough ¢ > 0 (large A > 0), for all large n
2/(2+5v0)
n(@) (07125 5002) T S A 45, (A,

Thus there is a p(\) > 0, and ¢ > 0, 9 > 0 and € > 0 such that for all large enough n,

2/(2+5vp)
p(N)(logn)™ (n1/2q; 5H0/2)

)2/(2+5V0)

> n(0) (logn)™ (n/2 502 + /A + 8, (A)

and (3.47) holds, which by (3.46) implies that

Pl

that is, for all such large n there exists a suitable probability space such that (2.11) holds. This
completes the proof of Proposition 1. O

Oy — G

<n-
(’Yn’T) H]:("/n,T) ’

e 2/(2+510)
> ) logny™ (/2 02 T o
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3.5 Proof of Proposition 2
Put 7y, = n~", with n = (5Ho + k(2 + 519)) 1. Note that for this choice of 1
1 (n) =7 =1 (k) = k/(5Hy + K(2 + 51g)) = k. (3.48)

Applying Proposition 1, for every X' > X\ > 1 there exists a p(A’) > 0 such that for each integer n
large enough one can construct on the same probability space random vectors By, ..., B, i.i.d. B
and a probabilistically equivalent version (GE ) ) of G(,,, 1) such that,

n
Tns
P{‘

with 71 =71 () = (1 —5Hon) / (2 + 5vp), which, since T%/t* > 1 for ¢ € [y, T], implies that

Qp — @E:BMT) >p ()\/) n- (log TL)T2} < n_)\/’

Hf(mT)

an (hio) = G 1) (hea)

P sup t" > T (N)n~™ (logn)™ p < n. (3.49)
(t,2)E[yn,T]xR

Using Lemma A1 of Berkes and Philipp, we can enlarge the probability on which (3.49) holds
(n)

to include a Gaussian process G r) indexed by G (k), so that G(o ) and @(%

) agree on
{t"hig : (t,z) € [0, T] x R}.

(The validity of the application of the Berkes and Philipp lemma can be argued as in Remark
5.) Further we have, using inequality (4.18) below with § = k, that for a suitable d; > 0 for all
large n

P {sup {t"|G (t,2)| : (t,x) € [0,n7"] x R} > dln_”“\/logn} <n ™V, (3.50)
where G (t,7) = G 1) (ht) for (t,z) € [0,n77] x R.

Next by using inequality (4.25) below with 6 = k we get that for a suitable dy > 0 for all
large n

P {sup {t"an (hew)] : (t,2) € [0,n7"] x R} > dgn_"”\/logn} <n . (3.51)

Recall the notation (2.14). Combining inequalities (3.49), (3.50) and (3.51), and noting that
T2 > 1/2, we get for all large enough n

|

It is clear now that the optimal choice for n satisfies 71(n) = k7, which by (3.48) our chosen
value fulfills. Thus by choosing ) so that 3n=* < n=*, setting p’ (\) = di + do + T%p (\), we
conclude that (2.15) holds. O

oy — @(O,T) Hg(ﬁ) > (dl +do + T“p<)\/)) n— min{71,nx} (log n)m} < 3N,

Remark 6 Here we discuss the continuity of the Gaussian process G 1y indeved by G (k). A
straightforward argument based on Inequality 1 in the Appendix shows that, w.p. 1, for alle >0
there exists a 0 < v <1 such that

sup |G (t, )| <e. (3.52)
(t,x)€[0,7]xR
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Moreover, as pointed out above, for any 0 < v < 1, G (t,z) is almost surely bounded and
uniformly continuous on [y, T] x R, when equipped with the semimetric (2.5), which implies the
same for t"G (t,x), which when combined with (3.52), readily implies that t*G (t,z) is almost
surely bounded and uniformly continuous on T (0) = [0,T] x R with respect to the semimetric
pr (2.20). Also by applying Proposition 1 on page 26 of Lifshits [20] we can assume that the
Gaussian process t"G (t, x) is separable. Thus there exists a version of t*G (t,x) that is bounded
and uniformly continuous on T (0).

4 Appendix

4.1 A Gaussian coupling inequality

Einmahl and Mason [8] pointed out in their Fact 2.2 that the Strassen-Dudley theorem (see
Theorem 11.6.2 in Dudley [7]) in combination with a special case of Theorem 1.1 of Zaitsev [30]
(also see the discussion after its statement) yields the following Gaussian coupling. Here ||y,
N > 1, denotes the usual Euclidean norm on R¥.

Coupling inequality. Let Y7,...,Y, be independent mean zero random vectors in RV, N > 1,
such that for some b > 0,
lYily <b, i=1,...,n.

If (Q,T, P) is rich enough then for each 6 > 0, one can define independent normally distributed

mean zero random vectors Zi,...,Z, with Z; and Y; having the same covariance matriz for
1=1,...,n, such that for universal constants C1 > 0 and Co > 0,
- Cs6
2 2
P{ ;(Y;—Zi) N>5} < C1N?exp (—N%> (4.1)

Remark 7 Actually Einmahl and Mason did not specify the N2 in (4.1) and they applied a less
precise result given Theorem 1.1 in [31] with N? replaced by N5/2 however their argument is
equally valid when based upon Theorem 1.1 in [30]. Zaitsev [30] remarks that the assumptions of
Theorem 1.1 of [31] imply those of Theorem 1.1 of [30]. See, in particular, the paragraph right
above Remark 1.1 in [30]. Also see equation (18) in [32].

4.2 Pointwise measurable classes

Definition. A class G of measurable real-valued functions defined on a measurable space (S, S)
is pointwise measurable if there exists a countable subclass G, of G such that we can find for
any function f € G a sequence of functions { f,} in Go for which lim,, o fin(z) = f(z) for all
x € S. For more about pointwise measurability see pages 109-110 and Example 2.3.4 of van der
Vaart and Wellner [28], as well as Section 8.2 of Kosorok [12].

We shall show here that the classes of functions F (K,v), K > 1, of the form (3.3), where
0 <v<1<T < oo are pointwise measurable. Let (Q denote the set of rational numbers. For
any K > 1 consider the countable class Foo i of functions of g € C[0,7] — {0,1} indexed by
u,v € [v, T]NQU{~,T},y € Q defined by

H{g () = Kfu(lv—ul) <y, g € C(K)},
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where C (K) is as in (3.2). Clearly for each (t,z) € T(vy) = [y,T] x R we can choose sequences
Sm and ty, € [v,T) N QU {~, T} such that ¢, \,t and s, ' t. Also we can select a sequence
Ym € Q \, z. We see that each

Hg (tm) = Kfa([tm — sm|) < ym,g9 € C(K)} € Foo k-
Moreover, if g € C (K), then g (tm) — K fu(|[tm — sm|) < g (t) and g (tm) — K fu(|[tm — sm|) —
g (t). Thus if g (t) <z and g € C (K) then
1o (tm) = K frr([tm = sm]) < ymog € C(K)} =1 = 1= hip) (9).
Whereas if g (t) > x then for some § > 0, g (t) > x 4+ ¢ and all large enough m,
g (tm) — Kfu(|tm — sm|) > +0/2 and 4 6/4 > yp,.

This says that eventually g (t,,) — K fu(|tm — $m|) > ym and thus

1{g (tn) — K fir(ltm — sml) < ymrg € C(K)} = 0= h"Y) (g).

Hence F (K,7) is pointwise measurable with countable subclass Fio k-

For any £ > 0 and K > 1 let G (k, K) denote the class of functions g € C[0,7] — [0,T"]
indexed by (¢t,x) € T (0) = [0,7] x R defined by

t*h) (9) = "1 {g (t) < 2.9 € C (K)}. (4.2)

Clearly by a slight modification of the above argument G (k, K) is pointwise measurable.

4.3 Inequalities for empirical processes

In this subsection G is a pointwise measurable class of measurable real-valued functions defined
on a measurable space (S,S). For any 0 < 0 < 1, set

J(0,G) = / /1108 N (5. G.dp) ds (4.3)
00

and s

a(0,G) = o [1+log Njj(0,G.dp)] /.
Lemma 19.34 in van der Vaart [27] gives the following moment bound. (Note the needed “ +1”
in the definition of J(o,G) and a (0, G).)

(4.4)

Moment inequality. Let &,&1,...,&, be i.i.d. and assume that G has a measurable envelope
function G and E (92 ({)) < o? <1 for every g € G. We have, for a universal constant A},

E < 4 [7(0,6) + Vi B (G(€) 1{G (&) > Via(0,0)})] . (45)

g

jﬁ S (9(6) — Fo(€)
=1
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Let € be a Rademacher variable, i.e. P{e = 1} = P{e = —1} = 1/2, and consider independent
Rademacher variables €1, ..., €, independent of &1, ..., &,. From a special case of a well-known
symmetrization lemma, we have for any class of functions G in L; (P)

B[S eoe) - Bg©)| < B> (o6 - Bg(©)]| <28 eiglco)
i=1 g i=1 g i=1 g
(See Lemma 6.3 of Ledoux and Talagrand [18].) In particular we get
B[S age)| <B|Y e -Eo©) +E> o 15 ©l
i=1 g i=1 G i=1
<2E|Y (9(&%) — Eg ()| +ovn. (4.6)
=1 g

Thus we readily get from (4.5) with Ayp = 24} +1 and noting that the integrand of J (o, G)
is greater than or equal to 1,

E < Ay [J(0,9)+Vn E(G(&)1{G (&) >Vna(s,G)})]. (4.7)

g

= (X
=1

We shall be using the moment bound (4.7) in conjunction with the following exponential
inequality due to Talagrand [26]. This maximal version is pointed out by Einmahl and Mason
[9, Inequality A.1 on p.31].

Talagrand inequality. Let G be a pointwise measurable class of measurable real-valued func-
tions defined on a measurable space (S,S) satisfying ||g|lcc < M, g € G, for some 0 < M < oc.

Let X, X,,, n > 1, be a sequence of i.i.d. random variables defined on a probability space (2, A, P)
and taking values in S, then for all t > 0 we have for suitable finite constants A, Ay > 0,

A1t2 At
+t <2exp|——= | +2exp | ——+ |
nog M

(4.8)

n

> eg(Xi)

>
Pq max [[Vmomllg > A | E 2
1=

g

where 0 = sup,cg Var(g(X)).

4.4 Inequalities for Gaussian processes

Let Z be a separable mean zero Gaussian process on a probability space (€2, A, P) indexed by a
set T, equipped with a semimetric

p(s,0) = VEZ (1)~ Z(5))> (4.9)

For each € > 0 let N (¢, T, p) denote the minimal number of p-balls of radius € needed to cover
T. Write ||Z|| = sup;er |Z¢| and o3 (Z) = sup,cr E (Z7).
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According to Dudley [6], the entropy condition
/ Vi1og N (g, T, p)de < ¢ (4.10)
[0,1]

ensures the existence of a separable, bounded, p-uniformly continuous modification of Z. The
following moment bound is a version of Corollary 2.2.8 in van der Vaart and Wellner [28]. (Also
see their Problem 2.2.14.)

Gaussian moment inequality. For some universal constant A4 > 0 and all 0 > 0 we have

E( sup |Zi —Zs|) < A4/ V1og N (e, T, p) de (4.11)
[0,0]

p(s,t)<o

and for any ty € T,

E(|Zlly) < E[Ze,] + As /[ VIgNET gl (4.12)
0,D

with
D = sup p(s,t) (4.13)
s,teT
denoting the diameter of T.

Notice that if d is a semimetric on T such that for all s,t € T, d(s,t) > p(s,t), then

sup  |Zi—Zs| > sup  |Zi — Zs
{s:p(s,t)<o} {s: d(s,t)<0o}

and N (¢, T,d) > N (¢, T, p). Thus
/ Viog N (¢,T,d) de < o0 (4.14)
[0,1]

implies by the Dudley result the existence of a separable, bounded, d-uniformly continuous
modification of Z. (Here note that p-uniformly continuous implies d-uniformly continuous.)
Moreover the moment inequalities in (4.11) and (4.12) hold when p is replaced by d and in the
definition of .

In particular, these inequalities hold when Z = G, 1), the Gaussian process defined at
the end of Subsection 2.1, where T = F(, 1) and d = dp is as defined in (2.8), and D =
sup {dp (f,9): f,g€ .F(AY’T)} is the diameter D of T = F(, 7).

The following large deviation probability estimate for ||Z||; is due to Borell [4]. (Also see
Proposition A.2.1 in [28].) Let M (X) denote the a median of ||Z||, i.e. P{||Z|; > M (X)} >
1/2 and P{||Z|; < M (X)} > 1/2. We shall assume that M (X) is finite.

Borell’s inequality. For all z > 0,

2

P - B (121 > 23 < 20 (~ 52 ) (1.15)
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4.4.1 Application of Landau—Shepp Theorem
We shall be using the following version of the Landau and Shepp [LS] [16] theorem:

Theorem [LS] Let X;, t € T, be a real valued separable Gaussian process such that w.p. 1,
sup;er | X¢| < oo, then for any 0 < B < 1/(20%), where 0® = sup;ep Var (Xy), for all y
sufficiently large

P {sup | X¢| > y} < exp (—ByQ) ) (4.16)
teT

Refer to Landau and Shepp [16] theorem (also see Sato [23], Theorem 2.5 of Marcus and Shepp
[21] and Proposition A.2.3 in [28]).

Recall the definition of L in (2.1). Since L is finite, w.p. 1, we can apply the Landau and
Shepp theorem to infer that for appropriate constants C' > 0 and D > 0, for all ¢ > 0,

P{L >t} < Cexp(—Dt?). (4.17)

4.5 Four maximal inequalities

For the following inequalities recall the mean zero Gaussian process G with covariance function
defined in (2.4). Inequalities 1 and 2 are required for the proof of Proposition 2, and Inequalities
1A and 2A are needed in the proofs of Theorems 1 and 2.

Inequality 1. For all 0 < o < oo and § > 0 we have for some constant p(5) and all z >0

229—2(5
(t,x)€[0,0] xR

and for each n > 1 and for t°GW (t,z),... . t°G™ (t,x) i.i.d. t°G (t,x)

P<{ max sup
1SmEn (¢ .2)€(0,0] xR

1 & , 22,2
7 ZtJG(Z) (t,x)| > 0®2°0 (8) + z} < 4exp (—255“) . (4.19)
i=1

Proof Define for any integer k > 0,
T = [2*’“,2*“1] « R.
Theorem 5 in [13] implies that, w.p. 1, for each integer k,
sup{|G (t,z)| : (t,z) € Ty} < 0. (4.20)
Notice that for any £ > 0
sup{|G (t,z)|: (t,x) € Tx} 2 sup{|G (t,z)|: (t,x) € To}.

Furthermore (4.20) and separability of G (¢, ) permits us to apply the Landau—Shepp theorem
(see (4.16)) to get
po == E (sup{|G (t, )| : (t,) € To}) < oo.
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Thus for any integer K

E (sup {ma(t, )| (tx) € [0,275] x ]R})

[e.9]
<po Yy 27 =27/ (1-27) = 27K u ().
k=K

This implies that, w.p. 1,
sup {t5 |G (t,z)| : (t,z) € [0, Z_K] X ]R} < 0.

Also
sup {Var (téG (t,x)) : (t,z) € [0, 2_K} X ]R} < 972K

Applying Borell’s inequality (4.15) with Z (t,z) = t°G (t,z), T = [0,27%] x R, E(||Z|;) <
279K, (8) and 02 (Z) < 272K we get for all z > 0 and integers K

22225K>

P sup |G (t, )] > 27K 1 (6) + 2z p < 2exp <—
(t,z)e 2

[0,2-K]xR
Choose any 0 < o < oo and integer K such that 275 > p > 275~1 We see that
oK+l 5 p71 > 9K > -l
Hence [0, 0] x R C [0,27%] x R. Therefore
P {sup {t‘s |G (t,x)| : (t,z) € [0, 0] X R} > 0°2%1 (8) + z}

<p {sup {ﬁ G (t,2)] : (t,z) € [0,27K] x R} > 279K, (8) + z}
Z2225K Z2g—26

Inequality (4.19) follows from Lévy’s inequality (see Proposition A.1.2 in van der Vaart and
Wellner [28]) along with separability of the Gaussian process t°G (t, ). O

Inequality 1A. For all 0 < v <1< T < oo we have for some constant u and all z > 0

2
P{ sup |G (t,z)| >u+z} < 2exp <—Z> (4.21)
(t2)ET () 2
and for each n > 1 and GY (t,z),...,G™ (t,z) i.i.d. G (t,z)
PJ{ max  sup L zm:G(i) (t,x)| >p+zp <4dexp (—22> (4.22)
1<m<n (t,z)eT () \/’Tl =1 ’ - 2 ) ’
Proof Theorem 5 in [13] implies that, w.p. 1,
sup{|G (t,z)|: (t,z) € T (7)} < 0. (4.23)
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Furthermore (4.23) permits us to apply the Landau—Shepp theorem to get
pi=E (sup{|G (t,z)| : (t,x) € T (v)}) < 0.

Also
sup{Var (G (t,z)): (t,z) € T (v)} < 1.
t

Applying Borell’s inequality (4.15) with Z(t,x) = G(t,z), T = T (v), E(|Z||;) = n and
02 (Z) < 1, we get for all z >0

2
P{ sup \G(t,x)\>u+z}§2exp(—z>.
(t)E€T() 2

Inequality (4.22) follows from Lévy’s inequality and separability of the Gaussian process G (¢, x).
O

Inequality 2. For all 0 < o < 00 and § > 0 we have for some E(J) and for suitable finite
positive constants A, A1 > 0, for all z >0

P { max sup  |vVmt®au, (his)| > VnA (E(cS)Z‘sg‘s + z)}

1SmE (1,2)€[0,0] xR (4.24)

<2 {exp (—z2A1 (2@)_26) + exp (—z\/ﬁAl (2@)_6>} .
Note, in particular, Inequality 2 implies that for all A > 1 there is a d > 1 such that
P {sup {|t5an (hea) | : (t,2) €0, 0] x R} > d@\/@} <n (4.25)
Proof For any k> 1 and g € C|0, o], let
ge () = 29 (127, 1 € [0.0].
and for any k > 1,t € [0,9], x € R and g € C|0, ] set

hiok (9) = hea (gx) = 1{gr (t) < x}.

Clearly w.p. 1

n n
sup €ihtz(B;)| = sup €iltz i (Bi)| -
(L) ETs ; U e ; e
Moreover, since
D kH k
(Biyo = {2785 (124) )
we see that
sup €iht, k(Bz) = Sup €iht,x(Bz‘)
(t,x)e"ﬁc ,Lz:; ‘ (t,x)E% i=1
and thus
n n
E sup | eihio(Bi)|=E sup |> eihio(Bi)|. (4.26)
(t’m)€7—k =1 (tzw)e% =1
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We readily see by inequality (4.6)

Z €iht,x(Bi)
i=1

which by (2.6) is <2 (M (1,2,H) + 1) \/n =: Eyy/n. Thus
Z €iht,x(Bi)
i=1

E sup

S < 2V/E |[vnll g, + V7,
t,x)ETo

E sup < Epv/n. (4.27)

(t,x)eTo
FE sup {

Next, for all § > 0

n

23 " €ihia(B:)

i=1

:0§t§2K,xER}

is by (4.26) and (4.27)

n

<> 2ME sup > eihua(Bi)| < E(8)2 5 Vn, (4.28)
k=K (t.2)€Tk | =1
where E (§) = Ep/ (1 —279).

Let
H (6, K) = {hi s (t.2) € [0,275] xR}
From (4.28) we get

Esup{

Z €ig(B;)
=1

g€ H(S, K)} <E@©®) 27K n. (4.29)

Also observe that each g € H (0, K) satisfies |g| < 2759, Applying Talagrand’s inequality (4.8)
with M = 2~ K9 032%(5 K) = 272K9 and the bound (4.29), we get that for any 6 > 0 we have for
suitable finite positive constants A, A; > 0, for all z >0

P {lglw?gn VM| lue.x) = VRA(E (8) 2750 + 2)}

< 2(exp(—22A4122K9) 4 exp(—zy/nA125°)).

(4.30)

Inequality (4.24) follows from inequality (4.30). To see this choose any 0 < ¢ < oo and
integer K such that 275 > p > 27K~1 We see that

oK+l 41 > 9K > =1 /o,
Hence {t°h;, : (t,z) € [0, 0] x R} C H (6, K). Thus

P{ max  sup |Vmtan (he) | > VRA(E (6)2°0° + Z)}

1SmSn (¢,0)€[0,0] xR
<p {1I<nn?§n VMo lne.x) = VRAE (5) 2750 + Z)}
(exp(—22 A122K%) 1 exp(—2/iA1257))
{exp (—22A1(29)—25) + exp (_z\/ﬁAl(%))_(s)} '

<2
<2

33



O

Inequality 2A. For all0 < v <1< T < o0, we have for some some L(v,T) and all z> 0 for
suitable finite positive constants A, A1 > 0, for all z >0

P{ max sSup |mam (ht,:p) | > \/’EA (L(v,T) + Z)}

1SS (42)€T ()
< 2{exp (—2°41) +exp (—zv/nd1) } .

Proof We see by inequality (4.6)

(4.31)

n

E sup
(t,z)ET ()

€iht 2 (Bi)
i—1

which by (2.6) is <2 (M (v,T,H) + 1) /n =: L(v,T)+/n. Thus

<2VnE [onll7¢) + V7,

n

Z €iht 2 (Bi)

i=1

E  sup
(t,x)eT ()

< L(v,T)v/n. (4.32)

Applying Talagrand’s inequality (4.8) with M = 1, org_-(7 "= 1 and the bound (4.32), give (4.31).
’ O

Remark 8 Actually, to apply Talagrand’s inequality in the proofs of Inequalities 2 and 24, as
it is stated in (4.8), the classes of functions H (6, K) and F(, 1) should be pointwise measurable.
Here we shall discuss how to take care of this detail in the proof of Inequality 2. A similar
discussion works for the proof of Inequality 2A.

For any k> 1 let

H(, K, k)={gl{geC(k)}:9eH(,K)}.

The class H (6, K, k) is pointwise measurable. Applying Talagrand’s inequality we get with M =

2—K5 — 2—2K§
+t
H(6,K k)

Obviously by the Wang [29] result (3.1), w.p. 1, B € U ,C (k). Therefore, w.p. 1, for any
n > 1, Bi,...,By, i.i.d. B there exists a k > 1 such that uniformly in (t,z) € [0,0] X R,
hg;) (Bi) = hig (B;) and t‘shg;) (Bi) = t°hy s (B;), for i = 1,...,n. This says that, w.p. 1, for
any n > 1, there exists a k > 1, such that uniformly in (t,z) € [0, o] x R

2
and Oy(s. ¢ k)

n

> eag(Bi)

=1

P{ max |[Vmam|lays.xe) > A <E

1<m<

22K5A t2
) e (20 a).

< 2exp <

\}ﬁ i t(sht,w (B)1{B; ¢ C(k)} =0.
i=1
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Furthermore

sup NP Zt‘sEhm ) 1{Bi ¢ C(k)} < Vnd’P{B¢C(k)},

(t,x)€[0,0] xR

which converges to zero for each fixed n > 1, as k — oo. By passing to the limit, as k — oo, we
get for any 0 >0 andt >0

n

> cg(Bi)

=1

P maX H\/>Oém|‘7-[6K)>A E + 1

1<m

H(8,K)

22K6A1t2
n

< 2exp (— + 2exp (—QK‘SAlt) .

Similarly one can argue the validity of the Talagrand inequality using the index class F(, ).

Acknowledgement The authors thank the Associate Editor for a comment that led to Remark
1. PK was partially supported by the Hungarian Scientific Research Fund OTKA PD106181, by
the European Union and co-funded by the European Social Fund under the project ‘Telemedicine-
focused research activities on the field of Mathematics, Informatics and Medical sciences’ of
project number TAMOP—4.2.2.A—11/1/KONV—2012—0073, and by a postdoctoral fellowship of
the Alexander von Humboldt Foundation.

References

1]

2]

Arcones, M. A.: On the law of the iterated logarithm for Gaussian processes. J. Theor.
Probab. 8, 877-903 (1995)

Berkes, 1., Philipp, W.: Approximation theorems for independent and weakly dependent
random vectors. Ann. Probab. 7 29-54 (1979)

Berthet, P., Mason, D. M.: Revisiting two strong approximation results of Dudley and
Philipp. High dimensional probability, IMS Lecture Notes Monogr. Ser., 51, Inst. Math.
Statist., Beachwood, OH, 155-172 (2006)

Borell, C.: The Brunn-Minkowski inequality in Gauss space. Invent. Math. 30, 207-216
(1975)

de la Pena, V. H. and Giné, E.: Decoupling. From dependence to independence. Randomly
stopped processes. U —statistics and processes. Martingales and beyond. Probability and its
Applications. Springer—Verlag, New York (1999)

Dudley, R. M.: The sizes of compact subsets of Hilbert space and continuity of Gaussian
processes. J. Functional Analysis 1, 290-330 (1967)

Dudley, R. M.: Real Analysis and Probability. Wadsworth & Brooks/Cole Advanced Books
& Software, Pacific Grove, CA (1989)

Einmahl, U., Mason, D. M.: Gaussian approximation of local empirical processes indexed
by functions. Probab. Theory Relat. Fields 107, 283-311 (1997)

35



[9]

[10]

[11]

[12]

[13]

[14]

Finmahl, U., Mason, D. M.: An empirical process approach to the uniform consistency of
kernel-type function estimators. J. Theor. Probab. 13, 1-37 (2000)

Kevei, P. and Mason, D. M.: Strong approximations to time dependent empirical and
quantile processes based on independent fractional Brownian motions, arXiv:1308.4939.

Komlés, J., Major, P., Tusnddy, G.: An approximation of partial sums of independent rv’s
and the sample df. I, Z. Wahrsch verw Gebiete 32, 111-131 (1975)

Kosorok, M. R.: Introduction to empirical processes and semiparametric inference. Springer
Series in Statistics. Springer, New York (2008)

Kuelbs, J., Kurtz, T., Zinn, J.: A CLT for empirical processes involving time-dependent
data. Ann. Probab. 41, 785-816 (2013)

Kuelbs, J., Zinn, J.: Empirical quantile-clts for time-dependent data. High Dimensional
Probability VI, Banff, AB, 2011, Progr. in Probab., vol. 66, pp. 167-194 (2013)

Kuelbs, J., Zinn, J.: Empirical quantile central limit theorems for some self-similar pro-
cesses. J. Theoret. Probab. 28, 313-336 (2015)

Landau, H. J., Shepp, L. A.: On the supremum of a Gaussian process. Sankhya Ser. A 32,
369-378 (1970)

Ledoux, M., Talagrand, M.: Comparison theorems, random geometry and some limit the-
orems for empirical processes. Ann. Probab. 17, 596-631 (1989)

Ledoux, M. and Talagrand, M.: Probability in Banach spaces. Isoperimetry and processes.
Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 23, Springer-Verlag, Berlin (1991)

LePage, R. D.: Log log law for Gaussian processes. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 25, 103-108 (1972/73)

Lifshits, M. A.: Gaussian random functions. Mathematics and its Applications, 322, Kluwer
Academic Publishers, Dordrecht (1995)

Marcus, M. B., Shepp, L. A.: Sample behavior of Gaussian processes. Proceedings of the
Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ. California,
Berkeley, Calif., 1970/1971), Vol. II: Probability theory, pp. 423-441. Univ. California Press,
Berkeley, Calif., (1972)

Philipp, W.: Invariance principles for independent and weakly dependent random variables.
Dependence in probability and statistics (Oberwolfach, 1985), 225-268, Progr. Probab.
Statist., 11, Birkhduser Boston, Boston, MA, (1986)

Sato, H.: A remark on Landau—Shepp’s theorem. Sankhya Ser. A 33, 227-228 (1971)

Shorack, G. R., Wellner, Jon A.: Empirical processes with applications to statistics. Wiley
Series in Probability and Mathematical Statistics: Probability and Mathematical Statistics.
John Wiley & Sons, Inc., New York, (1986)

36



[25]

[26]

[27]

28]

[29]

[30]

[31]

32]

Swanson, J.: Weak convergence of the scaled median of independent Brownian motions.
Probab. Theory Relat. Fields 138, 269-304 (2007)

Talagrand, M.: Sharper bounds for Gaussian and empirical processes. Ann. Probab. 22,
28-76 (1994)

van der Vaart, A. W.: Asymptotic statistics. Cambridge Series in Statistical and Proba-
bilistic Mathematics, 3. Cambridge University Press, Cambridge (1998)

van der Vaart, A. W., Wellner, J. A.: Weak convergence and empirical processes. With
applications to statistics. Springer Series in Statistics. Springer, New York (1996)

Wang, W.: On a functional limit result for increments of a fractional Brownian motion.
Acta Math. Hungar. 93 153-170 (2001)

Zaitsev, A. Yu.: Estimates of the Lévy-Prokhorov distance in the multivariate central limit
theorem for random variables with finite exponential moments. Theory Probab. Appl. 31,
203-220 (1987a)

Zaitsev, A. Yu.: On the Gaussian approximation of convolutions under multidimensional
analogues of S. N. Bernstein’s inequality conditions. Probab. Theory Relat. Fields 74, 534—
566 (1987b)

Zaitsev, A. Yu.: The accuracy of strong Gaussian approximation for sums of independent
random vectors Russian Math. Surveys 68, 721-761(2013)

37



