ON EXTENSIONS OF COMPLETELY SIMPLE
SEMIGROUPS BY GROUPS

TAMAS DEKANY

ABSTRACT. An example of an extension of a completely simple
semigroup U by a group H is given which cannot be embedded
into the wreath product of U by H. On the other hand, every
central extension of U by H is shown to be embeddable in the
wreath product of U by H, and any extension of U by H is proved
to be embeddable in a semidirect product of a completely simple
semigroup V by H where the maximal subgroups of V are direct
powers of those of U.

1. INTRODUCTION

Group extensions play a fundamental role both in the structure the-
ory and in the theory of varieties of groups. The following basic result
was proved in 1950, see [2]:

Kaloujnine—Krasner Theorem. Any extension of a group N by a
group H is embeddable in the wreath product of N by H.

Note that the wreath product of N by H is a special semidirect
product of a direct power of N by H, see the details below.

Completely simple semigroups are often considered as a natural and
close generalization of groups. In this paper we establish that the
Kaloujnine-Krasner Theorem fails to hold for extensions of completely
simple semigroups by groups, where extension is taken within the class
of regular, or equivalently, of completely simple semigroups. However,
it is valid within the class of central completely simple semigroups, and
a slightly weaker embedding theorem holds in general: each extension
of a completely simple semigroup U by a group H is embeddable in a
semidirect product of a completely simple semigroup V' by H where V'
is “close” to U (e.g., the maximal subgroups of V' are direct powers of
those of U), and in the special case where U is a group, the embedding
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given in the proof coincides with that well known from a standard proof
of the Kaloujnine-Krasner Theorem.

2. PRELIMINARIES

For the undefined notions and notation the reader is referred to [1]
and [3].

Let T' be a semigroup and let H be a group with identity element
N. We say that H acts on T (on the left by automorphisms) if a map
HxT — T, (At) — 4 is given such that, for all t,u € T and
A, B € H, we have

Nt =t, BY% = B(At) and A(tu) =t - M.

If T is a semigroup acted upon by the group H then an associative
multiplication can be defined on the set 7'x H by the rule (¢, A)(u, B) =
(t-“u, A- B). The semigroup so obtained is called the semidirect product
of T by H (with respect to the given action), and is denoted by T x H.
Observe that if T is also a group then this construction is the usual
semidirect product of groups.

Notice that the second projection T' x H induces a group congruence
ponT x H, and (T x H)/p is isomorphic to H. Moreover, the identity
element of the group (T'x H)/p is

Kerp={(t,N)eT xH :teT},

called the kernel of p, which is a subsemigroup in 1" x H isomorphic to
T.

Note that a semidirect product of a completely simple semigroup by
a group is completely simple. Green’s relations £ and R on a semidirect
product can be described in the following way.

Proposition 2.1. Let T'x H be a semidirect product of a reqular semi-
group T by a group H. Then, for any elements (t, A), (u, B), we have

(1) (t,A)R(u,B) in T x H if and only if t Ru in T,
(2) (t,A) L (u,B) in T x H if and only if * LB "u in T.

Now let T" be a semigroup and let H be a group. An action of H on
the direct power T can be defined in the following natural way: for any
feT? and A € H, let “f be the element of T# where B(f) = (BA) f
for any B € H. The semidirect product T x H defined in this way is
called the wreath product of T' by H, and is denoted by T H.

By the Rees—Suschkewitsch Theorem, a completely simple semigroup
is in most cases represented throughout the paper as a Rees matrix
semigroup with a normalized sandwich matrix. A completely simple
semigroup is called central if the product of any two of its idempo-
tents lies in the centre of the containing maximal subgroup. It is well
known that a Rees matrix semigroup M|[G; I, A; P] with P normalized
is central if and only if each entry of P belongs to the centre of G.
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The group congruences of a Rees matrix semigroup with a normalized
sandwich matrix are characterized as follows.

Proposition 2.2. Let S = M|[G; 1, A; P] be a Rees matriz semigroup
where P is normalized. Assume that N is a normal subgroup of G such
that every entry of P belongs to N. Define a relation p on S such that,
for every (i,g,), (j,h,pn) € S, let

(i,9,\) p (j, hypt) if and only if gh™" € N.

Then p is a group congruence on S such that S/p is isomorphic to G/N
and Ker p = M[N; I, A; P].

Conversely, every group congruence on S is of this form for some
normal subgroup N of G where all entries of P belong to N.

This proposition implies that the kernel of any group congruence of
a completely simple semigroup is completely simple. Conversely, it is
routine to check that if S is a regular semigroup and p is a group con-
gruence on S such that Kerp is a completely simple subsemigroup of
S then S is necessarily completely simple. This allows us to extend the
notion of a group extension in the following manner: given completely
simple semigroups S, U and a group H, we say that S is an extension
of U by H if there exists a group congruence p on S such that S/p is
isomorphic to H and Ker p is isomorphic to U. For example, a semidi-
rect product of a completely simple semigroup 1" by a group H is an
extension of T' by H.

Now we present an isomorphic copy of the wreath product T? H of a
Rees matrix semigroup 7' = M|G; I, A; P] by a group H which allows
us to make the calculation in the next section easier. First, it is routine
to see that the direct power T* is isomorphic to M[GH; [H A, PH]
where PH = (pg) is the following sandwich matrix: for any ¢ € A¥ and
n € Il we have Apg] = Dag,an (A € H). Moreover, the action in the
definition of the wreath product determines the following action when
replacing TH by M[GH; 17 AH; PH]: for any A € H and (n, f,€) €
MIGH; T A", PH) we have A(n, f,€) = (“n, Af,4€), where “p € 17,
Af € G and 4 € AT are the maps defined by B(“n) = (BA)n,
B(*f) = (BA)f and B(“¢) = (BA), respectively, for every B € H.

Notice that, for any A € H, we have

A("pey) = (AB)pgy, = Piapie,(aBn = Pace), Ay = APl s,
and so
ey, = ik 5, (1)
for any B € H.
Finally, we sketch a standard proof of the Kaloujnine-Krasner The-
orem.

Let G be an extension of N by H. Without loss of generality, we
can assume that N is a normal subgroup of G and H = G/N. Choose
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and fix an element r4 from each coset A of N in G such that ry is the
identity element of G. It is straightforward to check that the map

k:G— N"xH, g (f,,gN) where f,: H— N, A TAQTZ.EN (2)
is an embedding. Since  is a morphism, the equality

fon = 1g- ngh (3)
holds for every g, h € G.

3. EMBEDDABILITY IN A WREATH PRODUCT

In this section first we notice that the Kaloujnine-Krasner Theorem
can be easily extended to central completely simple semigroups. More-
over, we establish that it fails in general: we present a completely simple
semigroup which is an extension of a completely simple semigroup by
a group, and is not embeddable in their wreath product.

Let S = M|[G; 1, A; P] be an extension of a completely simple semi-
group U by a group H where P is chosen to be normalized. By Propo-
sition 2.2, we can assume that there is a normal subgroup N of the
group G such that all entries of the sandwich matrix P belong to N,
and we have H = G/N and U = M[N;I,A; P] C S.

First suppose that S is central, i.e., each entry of P belongs to the
centre of the group . Note that, in this case, U is necessarily also
central. In this case, we can mimic the proof of the Kaloujnine-Krasner
Theorem sketched in the previous section. For, it is routine to check by
applying (2) and (3) that the map

v: S —=UIH=U"xH, (i,g,\) — ( gi)‘,gN)
where
2 H = U, A (i, Afg, )
is an embedding. This verifies the following statement.
Proposition 3.1. Fach central completely simple semigroup which s

an extension of a (necessarily also central) completely simple semigroup
U by a group H is embeddable in the wreath product of U by H.

Now we turn to investigating the general case where S is an arbitrary
completely simple semigroup. Suppose that there exists an embedding
S — UlH, i.e., an embedding

w: S — M[NH 7 A PP s H (4)

where M[NH; 5 AHf; PH] » H is the isomorphic copy of U H in-
troduced in the previous section. Proposition 2.1 implies that, in the
semidirect product M[NH; [H A, PH] x H, we have

[(m1, f1,61), Al R [(m2, f2, &2), B
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if and Only if (7717 f17 51) R (7727 f27 52) n M[NHJ [H7 AH7 PHL and this
is the case if and only if 17, = ny. Moreover,

[(7717f1>€1)7A] L [(7727 f27£2>?B]

if and only if 4™ (ny, f1,&1) 53710727 fa, &) in M[NH; [H A, PH] and
this is the case if and only if 4'¢; = B7'¢,. Thus we see that the R-class
of an element [(n, f, &), A] depends only on 7, while its £-class depends
only on ¢ and A. Since the morphism ¢ sends R-equivalent elements
to R-equivalent elements, and L-equivalent elements to L-equivalent
elements, we obtain that, for each i € I, there exists n; € I, and for
each (A, \) € H x A, there exists €4, € AT, such that, for every g € G,
we have

(ZagaA)QO = [(nﬁf;AaggN,)\)?gN]
for some fi* € N¥.

Since ¢ is a morphism, we have

[(% f;)\a gngA)v gN} [(773'7 }Jzﬂ7 gthlt)’ hN] - [(% f;gkjh’ fghN,p), ghN]

for any i,7 € I, g,h € G and A\, u € A. This equality holds if and only
if

ix o H Ngjp _ gip
fg .pEQN,)ugNT]j - h fgpxjh (5)
for any 7,5 € I, g,h € G and A\, u € A, and
NN = Eghivip (6)

for any g,h € G and pu € A. Notice that (6) is equivalent to requiring
that

514,/1 = AgN S
for every pn € A and A € H. Therefore, later on, we shortly write £,

and % . instead of {y,, and &4, respectively.
By (1), equality (5) is equivalent to

o _ piX gN H  gNgrjp
fgmjh - fg pfwj fh : <7)

Substituting g = h =1 and g = p;il, h =1, j = 1, respectively, where
1 denotes the identity element of N, we obtain from (7) that

iw _ i H  pip
pl;j —J1 p&\ﬂj 1> (8>
o pip _ i H o
W= fPLl’PMl - fp;z‘lp&m o
and the latter implies
i\ -
fP;il - (pgm) 1‘ (9)

If py; = 1 then the map

uin: G = N5 H, g~ (pfl, [ gN) (10)
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is an injective group morphism For it is injective since ¢ is injective,
A — i\ _ oH  fix . gN, i
and by (7> we have pﬁ,\m g pﬁwz ;p,\z - p&ﬁz‘f; d (p@\’/i i )’ and

SO

(péwz g ’gN)(pﬁw flL/\>hN) (pgw fgh?ghN)

We now give a suitable group G, a normal subgroup N of G and a
Rees matrix semigroup S = M|[G; I, A; P] for which no such injective
morphism ¢ exists.

Let G be the non-commutative group of order 21. To ease our calcu-
lations, we present GG in the form G = Z7 x [5] where Z is the additive
group of the ring of residues modulo 7, [2] = {T,2,4} is the subgroup
of the (multiplicative) group of units of the same ring generated by 2,
and m acts on Z; by multiplication. The second projection of GG is a
morphism onto [2], its kernel is N = {(a,1) : a € Z;} isomorphic to
Z7, and the map H = G/N — [2], (a, k)N + k is an isomorphism. For
our later convenience, we identify H with [2] via this isomorphism. Let
I = A = {1,2}, and denote by P the normalized sandwich matrix of
type A x I over G consisting of the elements p;; = p1a = pa; = (0, 1),
the identity element of N, and psy = (1,1) € N, an element of order 7.

Now we assume that ¢ is an embedding of the form (4) from this
Rees matrix semigroup S, and apply the general properties deduced so
far for this S.

The elements of order 3 in G and N x H play crucial role in our
argument. Observe that (0,2) and (0,4) are mutual inverse elements
of G of order 3. Moreover all the elements of order 3 in N¥ x H are
of the form (,2) or (¢,4). Let us mention, although we do not need it
explicitly, that (¢, 2) and (t,4) are of order 3 if and only if (1¢) - (2t) -
(i) = (0,1).

Applying the injective group morphism ¢y;: G —> NH x H defined
in (10), we see that ptny = (h, 1) with h = pfl| f,. Since the image
of an element of order 3 has order 3, the following two cases occur:

Case 1: (0 iy = (t,4). Then we obtain ((0,4) 'pe2(0,4))e; =

(t~ ) 2)(h, 1)(t, 4) 2(t 1.2, -2%,1) = (%, 1). On the other hand,

9 1)(0, ) = (2,1) = (1,1)* = p2,, and so
1 ,1). Thus % = h? which implies, for any a €
H, that a( h) = a(hQ), Whence (2a)h = ah - ah = (ah)?. Consequently,
2h = (1h)? and 4h = (2h)* = (1h)*. Since h is not the identity element
of the group N, we deduce that 1h # (0,1), the identity element of
N. Since N is a cyclic group of order 7, we have 1h # 2h, 1h # 4h and
2h # 4h. This means that h is injective, and its image does not contain
(0,1).

Case 2: (0,4)111 = (t,2). A similar argument shows that 2h = (1h)*
and 4h = (1h)2, and we again deduce that h is injective, and its image
does not contain (0, 1).
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By (8) and (9), we have
11 _ rl12 H 21 __ H -1 _H H -1
fpzz - f(ﬁ,T)pﬁzﬁzf(ﬁ,T) - (p£2m) Deany <p€1772) )

and so

H 11 H H -1 _H H —1
h = Peyny Jpao = Perm (p£2771) Deony (p&nz) : (11)

This means that we can express h as a product of entries in PY
and their inverses, which sit at the intersections of two rows and two

columns. By the definition of P, for any a € H and for any i,j €
{1,2}, we have

H
a’p&m]’ = pa&,am‘
Hence the image of each entry of P is contained in {(0, 1), ps2}, and
apgm = poo if and only if a&; = an; = 2.
Consequently, for any a € H,
apg771 = apg772 = poo if and only if apgm = apg772 = Poa.

Hence we see that it is impossible that two of the four entries pf, , pf
pg _ pg », Sitting neither in the same row nor in the same column assign
p2o to some a € H. For, in this case, (11) would imply ah = (0,1),
contradicting the property deduced above that the image of h does
not contain (0,1). Consequently, for any a € H, at least two of the
four entries pf, ) Pes pg - pg - assig.n (0,1) to a, and if precisely two
then the respective entries sit either in the same row or in the same
column of PH. So, by (11), we have ah € {(0,1),pas, Py } for any
a € H, contradicting the fact that ah # (0,1) and h is injective. This

completes the proof that there is no embedding (4) in the case of S
considered, thus proving the following result.

Theorem 3.2. There exists a completely simple semigroup which is an
extension of a completely simple semigroup U by a group H and which
1s not embeddable in the wreath product of U by H.

4. EMBEDDABILITY IN A SEMIDIRECT PRODUCT

In the previous section, we established that the Kaloujnine-Krasner
Theorem does not generalize for extensions of completely simple semi-
groups by groups. In this section, we present a modified version of the
Kaloujnine-Krasner Theorem which holds for all extensions of com-
pletely simple semigroups by groups.

Let S be an extension of a completely simple semigroup U by a group
H. Our goal is to give an embedding of S into a semidirect product
V x H of a completely simple semigroup V by H such that, in the
special case where S is a group (i.e., I and A are singletons), it is
just the embedding in (2). Unlike in the wreath product U ¢ H, in this
semidirect product V x H the R- and L-classes of V, its sandwich
matrix and the action of H on V' can be chosen appropriately.
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Theorem 4.1. Any extension of a completely simple semigroup U by
a group H is embeddable in a semidirect product of a completely simple
semigroup V' by the group H, where the maximal subgroups of V are
direct powers of the maximal subgroups of U.

Proof.  Let S be an extension of U by H. As above, we can assume
that S = M|[G; I, A; P] where the sandwich matrix P is normalized,
and by Proposition 2.2, there is a normal subgroup N of GG such that
every entry of P belongs to N, and H = G/N,U = M[N;I,A; P] C S.
Consider the action of H on N defining the wreath product N H,
and, for any g € G, the map f, € N defined in (2).

By means of S, we define a suitable semigroup V', an action of H on
V', and an embedding of S into the semidirect product of V by H. Let
V = M[NH: 1, H x \;Q], where the entries of @ belong to the direct
power N: for any (B,\) € H x A and j € I, let

q(B A), fp>\]

Define an action of H on H x A by the rule 4(B,\) = (A - B,)\)
((B,\) € Hx A, A€ H). Now we give an action of H on V" as follows:
for any A € H and (i, f, (B,\)) € V, let

A f,(BN) = (1, °f , XB, X))
For any A € H and (i, f, (B, \)), (J, /', (C, 1)) € V, we have

i, £, (BoN) - 4G 5 (Cow)) = (4, (A-BA) G A (A Cop)
= (1 f QAB,\) f>(A'CuU))
2 v O )
= A( f 4(B,)),j - 1 (Cop)
i (GRS (eAT))
Hence this is a well-defined action of H on V, and so the semidirect
product V x H = M[N®: I, H x A; Q] x H with respect to this action

is defined.
Let us consider the mapping

v M[G;I,A; P] — MNP, T, H x A; Q] x H,

where

(1,9, A )b = ((i, fg, (9N, A)), gN).

We intend to verify that ¢ is an embedding. Assume that (7, g, A\)y =
(]7 h’a ,u)@b, 1e> (Za fga (gN7 A))v gN) = (]a fha (hN7 :u))a hN) Hence i = ]7
A=, gN = hN and f; = f,. Since x in (2) is injective, the last two
equalities imply g = h, and so (i, g, \) = (j, h, u) follows.
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To prove that v is a morphism, we can see for any (i, g, A), (7, h, u) €
MIG; I, A; P], that

(4,9, (g, ho ) = ((4, fg, (gN, ), gN) (4, fns (AN, 1)), hN)

((

((i, f3. (9N, N)) - (G, fo, (RN, 1)), ghN)
= ((i, f3, (9N, X)) (5, fn, (ghN, 1)), ghN))

(i, fq - agnnyg - fu, (ghN, 1)), ghN),
and

((ia g, A)(]? h7 /ﬁ))l/f = (iu gp)xjh7 N)w = <<Z7 fgp/\jha (gpkth, :U’))u gp/\th)'
We need to prove that the two maps in the middle components are
equal. Since py; € N and N is the identity element of H, (3) implies
by the definition of @) that

fgp)\jh - fg ) ngijh
fg ' gN(fp)\j . ijth)
fg : gN(prj . fh)

= f.gN gN
g Pxj h

= fg “d(gN,)),j 'ngh-

Thus ¢ is, indeed, an embedding, and the proof of the theorem is

complete.
O

Note that, in the case where S is a group, i.e., where I and A are
singletons (and so the single entry of P is the identity of G, and S is
isomorphic to G), the map v coincides with the embedding « in (2).
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