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Abstract

For the affine stochastic delay differential equation
0
dX(t):a/ X(t+w)dudt +dW (), t>0,
-1

the local asymptotic properties of the likelihood function are studied. Local asymptotic
normality is proved in case of a € (—%2, 0), local asymptotic mixed normality is shown
if ae€ (O, oo), periodic local asymptotic mixed normality is valid if a € (—oo, —”72),
and only local asymptotic quadraticity holds at the points —%2 and 0. Applications
to the asymptotic behaviour of the maximum likelihood estimator ar of @ based on
(X (t))teo,r) are given as T — oo.

1 Introduction

Assume (W (t))er, is a standard Wiener process, a € R, and (X @(t));er, is a solution of
the affine stochastic delay differential equation (SDDE)

(1.1) {dX(t) —a % X(t+u)dudt+dW(t), teR,,

X(t) = Xo(t), te[-1,0],

where (Xo(t))ic[-1,00 is a continuous stochastic process independent of (W(t))iecr,. The
SDDE (|1.1]) can also be written in the integral form

(1.2) {X@ Xo(0) +a fy [, X(s+u)duds + W(t), teR,,

X(t) = Xo(1), te[-1,0].
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Equation (|1.1)) is a special case of the affine stochastic delay differential equation

(1.3) {dX(t> :fer(t‘i‘U)me(du) dt +dW(t), teR,,

X(t) = Xo(t), te[-r0],
where r > 0, and for each 6 € ©, my is a finite signed measure on [—r,0], see Gushchin and
Kiichler [4]. In that paper local asymptotic normality has been proved for stationary solutions.
In Gushchin and Kiichler [2], the special case of (1.3)) has been studied with r =1, © = R?
and my = adyg + bo_; for 6 = (a,b), where ¢, denotes the Dirac measure concentrated

at x € R, and they described the local properties of the likelihood function for the whole
parameter space RZ.

The solution (X @(¢));er, of (L.1)) exists, is pathwise uniquely determined and can be
represented as

(1.4)  X9(t) = 20.(t)Xo(0) + a /0 /0 Toa(t +u— s)Xo(s) dsdu + /t Zoa(t —s)dW (s),

for t € Ry, where (204(t))tc[-1,0) denotes the so-called fundamental solution of the deter-
ministic homogeneous delay differential equation

(1.5) {x(t) =20(0) +a [ [° x(s +u)duds, t€R,,
(L’(t) = [L’()(t), t c [_1’0]

with initial function

0, te[-1,0),
Io(t> = [ )
1, t=0.

In the trivial case of a = 0, we have xo(t) =1, t € Ry, and XO(¢) = X(0) + W(t),
t € Ry. Incaseof a € R\ {0}, the behaviour of (2¢4(t))ic[-1,00) is connected with the
so-called characteristic function h, : C — C, given by

(1.6) ha(N) == A — a/o eMdu, MNeC,
-1
and the set A, of the (complex) solutions of the so-called characteristic equation for ,
(1.7) /\—a/0 M du = 0.
-1
Applying usual methods (e.g., argument principle in complex analysis and the existence of local
inverses of holomorphic functions), one can derive the following properties of the set A,, see,

e.g., ReiB [9]. We have A(a) # 0, and A(a) consists of isolated points. Moreover, A(a) is
countably infinite, and for each ¢ € R, the set {A € A, : Re(\) > ¢} is finite. In particular,

vo(a) :=sup{Re(A\) : A € A} < 0.

Put
v1(a) ;= sup{Re(A) : A € A,, Re(A) < wp(a)},

where sup () := —oo. We have the following cases:
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f ac (—%2,0) then wvg(a) < 0;

(i

)
(i) If a=—=" then vo(a) =0 and vy(a) & Ay;
)

)

2

(iii) If a € (—oo,—’r—Z) then vp(a) >0 and wy(a) & Ag;

2

€ (0,00) then wvy(a) >0, vo(a) € Ay, m(vo(a)) =1 (where m(vg(a)) denotes the
multiplicity of vg(a)), and v;(a) < 0.

(iv

For any ~ > vg(a), we have z,(t) = O(e"), t € Ry. In particular, (zo4(t))ier, Is square
integrable if (and only if, see Gushchin and Kiichler [3]) vo(a) < 0. The Laplace transform of
(20,4(t))ter, is given by
o 1
/0 e Mroq(t)dt = BN A eC, Re(A) > vo(a).

Based on the inverse Laplace transform and Cauchy’s residue theorem, the following crucial
lemma can be shown (see, e.g., Gushchin and Kiichler [2, Lemma 1.1]).

1.1 Lemma. For each a € R\ {0} and each ¢ € (—o0,vg(a)), there exists v € (—o0,c¢)
such that the fundamental solution (xo4(t))ici-1,00) 0f (L.5]) can be represented in the form

Toa(t) = Yot + Y (MM o),  as t— oo,
Re(3)Eleso(a)
with some constants c,(\), X € A,, and with
vo(a)
Poa(t) = { vola)® + 2vg(a) —a’
Ap(a) cos(ko(a)t) + Bo(a)sin(ko(a)t) if wvola) & A,
with ko(a) = [Im(Xo(a))|, where Xo(a) € A, is given by Re(Ao(a)) = vo(a), and
At e 200~ Ko@) () =) — anfa)]
(vo(a)? — Ko(a)? + 2vo(a) — a)? + dro(a)?(vo(a) +1)*
2(vo(a)? + ko(a)? + a)ro(a)
(vo(a)? — Ko(a)? + 2vp(a) — a)? + 4ko(a)?(vo(a) + 1)

if vo(a) € Ay and m(ve(a)) =1,

By(a) =

2 Quadratic approximations to likelihood ratios

We recall some definitions and statements concerning quadratic approximations to likelihood
ratios based on Jeganathan [6], Le Cam and Yang [7] and van der Vaart [10].

Let (92,A,P) be a probability space. Let © C RP be an open set. For each
0 €0, let (XO(t))el-10) be a continuous stochastic process on (2, 4,P). For each
T € Ry, let Ppr be the probability measure induced by (X (¢)),ci—1,7; on the space
(C(-1,7]), BC(-1,T]))).



2.1 Definition. The family (C([-1,T]),B(C([-1,T])),{Por : @ € O})rcr,, of statistical
experiments is said to have locally asymptotically quadratic (LAQ) likelihood ratios at 6 € ©
if there exist (scaling) matrices ror € RP*P, T € Ryy, random vectors Ag : 1 — RP and
Agr : Q= RP, T € Ry, and random matrices Jg : Q@ — RP*P and Jgr : @ — RP*P,
T e Ry, such that

d]P)B—f—Te,Th%T

2.1 ]
(2.1) og Por

1
(XO)my) = hpAgr — shidorhr +0s(1)  as T o

whenever hp € RP, T € Ri,, s a bounded family satisfying 0 + rorhr € © for all
T eRyy,

(2.2) (Agr,Jor) — (Ag,Jg)  as T — oo,

and we have

(2.3) P (Jg is symmetric and strictly positive definite) = 1
and

1
(2.4) E (exp {hTAg — éhTJgh}) =1, h c R?.

2.2 Definition. A family (C([-1,T]),B(C([-1,T])),{Per : @ € O})pcr,, of statistical
experiments is said to have locally asymptotically mized normal (LAMN) likelihood ratios at
0 € © ifitis LAQ at @ € ©, and the conditional distribution of Ag given Jg s
N,(0,Jg), or, equivalently, there exist a random vector Z :Q — RP and a random matriz

ng : {1 — RP*P_ such that they are independent, Z Z N, (0,1,), and Ag=neZ, Jg= Ne7, -

2.3 Definition. The family (C([-1,T]),B(C([-1,T))),{Por : @ € O})rcr,, of statistical
experiments is said to have periodic locally asymptotically mized normal (PLAMN) likelihood
ratios at @ € © if there exist D € Ry, (scaling) matrices ror € RP*P, T € Ry, , random
vectors Ag(d): Q2 —RP, de0,D), and Dgr:Q—RP, T € R, and random matrices
Jo(d) : Q@ - RP*? d € [0,D), and Jer : Q@ — RP*P, T € Ry,, such that holds
whenever hr € RP, T € Ryy, s a bounded family satisfying 6 + rerhr € © for all
TeRiq,

(2.5) (Borpsa Jorprd) — (Bo(d), Jo(d))  as k — oo
for all de[0,D), we have
(2.6) P (Jg(d) is symmetric and strictly positive definite) = 1, d e 0,D),

and for each d € [0, D), the conditional distribution of Ag(d) given Jg(d) is N,(0,Je(d)),
or, equivalently, there exist a random vector Z : Q — RP and a random matriz ne(d) :
Q — RP*P such that they are independent, Z 2 N,(0,1,), and Ag(d) =ne(d)Z, Je(d) =
ne(d)1g (d).



2.4 Remark. The notion of LAMN is defined in Le Cam and Yang [7] and Jeganathan [6] so
that PLAMN in the sense of Definiton 2.3 is LAMN as well.

2.5 Definition. A family (C([-1,T]),B(C([-1,T))),{Per : @ € O})rcr,, of statistical
experiments is said to have locally asymptotically normal (LAN) likelihood ratios at 6@ € © if
it is LAMN at @ € ©, and Jg is deterministic.

3 Radon—Nikodym derivatives

From this section, we will consider the SDDE with fixed continuous initial process
(Xo(t))tej-1,0- Further, for all T € Ry,, let P,y be the probability measure induced
by (X(1))ief-1.7 on (C([—1,T)),B(C([—1,T]))). We need the following statement, which
can be derived from formula (7.139) in Section 7.6.4 of Liptser and Shiryaev [§].

3.1 Lemma. Let a,a € R. Then for all T € Ry,, the measures P,r and Pzr are
absolutely continuous with respect to each other, and

dPz 1
dPq 1

T 0 2_q [T 0 2
=(a—a) / / XO(t 4+ u)dudX @ (t) — 5 / < / X (t 4 u) du) dt
0 J-1 0 -1

- [ [ xOermaare -0 [ (/_ix<a><t+u>du)2dt-

In order to investigate convergence of the family

log (X9 1)

(3.1) (&r)rer., = (C(R4), B(C(R4)), {Pur : a € R})

TeR, 4+

of statistical experiments, we derive the following corollary.

3.2 Corollary. For each a € R, TeRy,, r,r € R and hy € R, we have

dPa-H"a,T hr,T

1
TP, r

1
(XD 1) = hrDar — §h%Ja,T>

with
T 0 T 0 2
Ay = Ta,T/ / XD (¢ 4 u) dudW (t), Jo 1= 7"27T/ </ X (t +u) du> dt.
0o J-1 0 -1

Consequently, the quadratic approzimation (2.1) is valid.



4 Local asymptotics of likelihood ratios

4.1 Proposition. If a € (—%2, O) then the family (Er)rer,, of statistical experiments given

in (3.1) is LAN at a with scaling rq1 = \/LT’ T eR,,, and with

00 0 2
J, = / (/ Toq(t + u) du) dt.
0 —(tAL)

4.2 Proposition. The family (Er)rer,, of statistical experiments given in (3.1) is LAQ at

0 with scaling ror = %, T e Ry, and with

Ay = /01 W(t) dW(t), Jo = /OIW(t)th,

where (W(t))icpo,1) 15 a standard Wiener process.

4.3 Proposition. The family (Er)rer,, of statistical experiments given in (3.1) is LAQ at

—%2 with scaling T_s2g = %, T eR,,, and with
N k) / W) AW () — Wh(t) AW (1))
-5 w(m2+16) J, 2 2 N
_ 16(4 — 77)2 ! 2 2
T = 7T2(7T2+16)2/0 WL (1)? + W(t)?) dt,

where (Wi(t), Wa(t))tcpp,) i a 2-dimensional standard Wiener process.

4.4 Proposition. If a € (0,00) then the family (Er)rer,, of statistical experiments given
in (3.1) s LAMN at a with scaling ro7 = e @7 T €R,,, and with

_ _ (1 — e wl@)? (a)\2
Ba= 2V Ja= g —ap )

with
0 0 e )
U@ = 20(0) + a / / (@9 ds du + / e @ dW(s),
—-1Ju 0

and Z s a standard normally distributed random variable independent of J,.

4.5 Proposition. If a € (—oo, —%2) then the family (Er)rer,. of statistical experiments
given in (3.1) is PLAMN at a with period D = oty With scaling ror = e"0@T T ecR,,,
and with

Au(d) = Z+/To(d), Ja(d):/Ooe_”"(a)s(v(“)(d—s))2ds, de[o, il )

0 Ko(a)

where

0 0
V@ () = Xo(0)pa(t) + a/ / Qalt +u — 5)e @9 X (5) ds du
—1Ju

+/ Qa(t — 8)e 0@ qIV (s), teR,,
0



with
©a(t) := Ag(a) cos(ko(a)t) + By(a) sin(ko(a)t), teR,

and Z is a standard normally distributed random variable independent of J,(d).

4.6 Remark. If LAN property holds then one can construct asymptotically optimal tests, see,
e.g., Theorem 15.4 and Addendum 15.5 of van der Vaart [10].

5 Maximum likelihood estimates

For fixed T € R,,, maximizing log dPOT( @] 1)) in a €R gives the MLE of a based
on the observations (X (t))tc[-1,7] having the form

fof X@O(t 4 u)dudX@(¢)

By (S8 X+ ) du) dt

)

provided that fOT (f X@(t 4 du> dt > 0. Using the SDDE ([I.1]), one can check that

[ x@ (t+u)dudW()
! (ff’ X(a >(t+u)du) dt

hence

Aa,T
Ja,T

Using the results of Section [4] and the continuous mapping theorem, we obtain the following

r;},(&\T —a) =

result.
5.1 Proposition. If a € (—%2,0) then
VT (Gr —a) =5 N(0, JH) as T — oo,

where J, is given in Proposition [{.1].
If a=0 then

T (ar —a) = Ty —» = le()dW()
T T fo Zdt

where (W(t))eo,) 15 a standard Wiener process.

as T — oo,

2

If a=—% then

as T — oo,

”) o, LWl () 0 )

T(ar—a)=T (aT + — fo OV ()7 £ Wh(0)?) i

7



where (Wi (1), Wa(t))tepp,) is a 2-dimensional standard Wiener process.

If a€(0,00) then

e @T (Gp — a) N \/Zj_a as T — oo,
where J, is given in Proposition [.4).
If a€ (—oo, —%2) then for each d € [0, HO’Ea)),
e W@t (G s g —a) z as T — oo,

wo(a) Ja(d)
where J,(d) is given in Proposition[.4

If LAMN property holds then we have local asymptotic minimax bound for arbitrary es-
timators, see, e.g., Le Cam and Yang [7, 6.6, Theorem 1]. Maximum likelihood estimators
attain this bound for bounded loss function, see, e.g., Le Cam and Yang [7, 6.6, Remark 11].
Moreover, maximum likelihood estimators are asymptotically efficient in Hajek’s convolution
theorem sense (see, for example, Le Cam and Yang [7, 6.6, Theorem 3 and Remark 13| or
Jeganathan [6]).

6 Proofs

In some cases the proofs are omitted or condensed, however in these cases we always refer to
our ArXiv preprint Benke and Pap [I] for a detailed discussion.

By Fubini’s theorem and the Cauchy—-Schwarz inequality, one obtains the following estimate.

6.1 Lemma. Let (y(t))ic[-1,0) be a deterministic continuous function. Put

2() = /_Ol/uoy(t—l—u—s)Xg(s)dsdu, tER,.

Then for each T € R,
T 0 T
/ Z(t)*dt S/ Xo(s)? ds/ y(v)?* dv.
0 -1

-1

For each a € R and each deterministic continuous function (y(t))ic[-1,), consider the
continuous stochastic process (Y@ (t)),cr, given by

(6.1) YO(t) = y(t)X0(0)+a/1/ Yt +u — 5)Xo(s) dsdu+/0 y(t — s)dW(s)

for t € R,. The following statements are analogues of Lemmas 4.3, 4.5, 4.6, 4.8 and 4.9 of
Gushchin and Kiichler [2].



6.2 Lemma. Let (y(t))ic-1,00) be a deterministic continuous function with [ y(t)* dt < co.
Then for each a € R,

1 /T
?/ Y@ (t)dt =50 as T — oo,
—/ y (@ dt—>/ as T — oo.
6.3 Lemma. Let w e R, and y(t):=¢e“, t€[-1,00). Then for each a € R,
e Wty @ () 25 pla), as t — oo,

T
as. 1
e—2wT/ (Y(a)(t))Q de 25 2_(U1(Ua))2’ as T — oo,
0 w

with

0 0 o)
U9 = X,(0) + a / / e X (s) ds du + / e s dW (s).
-1 Ju 0

6.4 Lemma. Let w eR,,, K €R, and y(t) = p(t)e", t € [—1,00), with ¢(t) = cos(kt),
te[—1,00), or ¢(t) =sin(kt), t € [-1,00). Then for each a € R,

ety @ (1) — V@() 25 0, as t — oo,
T 0 P
e 2T / YO0 dt— [ (VT —1)*dt — 0,  as T — oo,
0 0

with
V(1) .= Xo(0)p(t) + a/_l/ ot + u — 5)e* ™) Xy (s) ds du + /Ooo ot — s)e ™ dW (s)

for t eR.

Proof of Proposition [4.1. Observe that the process (fi)l X@(t + u) du)
sentation ([6.1)) with

has a repre-

teR

y(t) = / Zoq(t + u) du, t €[—1,00).

—(tA1)

Assumption a € (=T,0) implies vy(a) < 0, and hence Jo” o,a(t)?dt < oo holds. Thus

o) 0 0 0 o)
/ y(t)*dt = / / / Zoa(t + u)Toq(t +v)dtdude < / Toq(t)?dt < 0.
0 —1J-1J—(uAv) 0

Hence we can apply Lemma [6.2] to obtain

Jor = = /(/X (t +u) du) dt—>/ (/(Mlxo@(t%—u)du)zdt:Ja

9



as 1T — oo. Moreover, the process

//X (t 4 u) dudW(t), T eRy,

is a continuous martingale with M(®(0) = 0 and with quadratic variation

(M@OY(T) = /OT (/_01 X (t +u) du)zdt,

hence, Theorem VIII.5.42 of Jacod and Shiryaev [5] yields the statement.
Proof of Proposition 4.2 We have

1 T 0
Agr = T/ / XOU¢+u)dudW(t) TeRy,.
0

As in the proof of Proposition , for each t € [1,00), we obtain
0 0 t 0
/ XO(t 4 u) du = Xo(0) / To,0(t + u) du + / / zoo(t +u— s)dudW(s).
-1 -1 0 J-1
Here we have

0 0 1, fi elo,t—1],
/azo,o(t—i—u)du:l, /xo,o(t—i—u—s)du:{ or s €| ]

-1 -1 t—s, for seft—1,t,

hence
0 t .
XO(t 4 u) du = Xo(0) + W(H) +/ (=5 —1)dW(s) = W(1) + X (1),
-1 t—1
where E( 2f0 2dt) —0 as T — oco. Foreach T € R,,, consider the process
1
WT(s) = —=W(Ts), s € [0,1].
(9) 1= <= W (Ts) 0.1
Then we have
AOT—/WT t)dWw'(t) / X(t)dw(t

2
JO,T:/ WT(t)thJr—Q/ W(t)X dt+—/ X(t
0 T 0

l/T7<t)dW(t) 0 i/TY(t)Zdtim

#|(z [ Fwaro) |-

Here

as T'— oo, since

= 7 /OT E(X(t)?)dt — 0.

10



By the functional central limit theorem,
wT 2w as T — oo,

hence

%/OT WX () dt‘ < \/(/01 W (1) dt) (% /OTY(t)Q dt) 50 as T— oo,

and the claim follows from Corollary 4.12 in Gushchin and Kiichler [2]. a
Proof of Proposition [4.3] We have

1 [Ty 2
_ T/ / XD 4wy dudW(t) T eR,,.
0 —1

As in the proof of Proposition , for each t € [1,00), we have

0
/X(’T/Q)(zH—u)du—Xo(O)/ $0,Lt+u du+// t+u—s)dudW()
)

1

__/ /XO /xo’g(zﬁ—l—u%—v—s)dudsdv

We have Uo(—%Z) =0 and /4:0(—”—) =, hence AO(——2) = W21f16 and BO(—%) = Wffm.

Consequently, by Lemma [1.1] there exists v € (—00,0) such that

16 cos(mt) + 47 sin(mt)

- vt
x07_§(t) 2116 + o(e”"), as t — oo,
and hence
/ XCTD (4 4 ) du = / / 16 cos(m(t +u — s)) + dmsin(n(t +u — s)) dudW (s) + X (1)
w2+ 16
-7 [t —
= m Sll’l( (t — 8)) dW(S) + X(t),

where T2 fo )2 dt 50 as T — oo. Introducing

t t

X1 (t) = / cos(ms) AW (s),  Xo(t) = / sin(rs)dWV(s),  teR.,
0 0

we obtain

/_01 X (¢ 4 u) du = %(Xl (t) sin(7t) — Xy(t) cos(mt)) + X (1),

11



and hence

84 -m 1 7 ,
Afﬁ,T =TT 16) ?/o (X1 (t) sin(mt) — Xa(t) cos(nt)) dW (t) + (T,
_ 64(4_7_)2 i ! sin(mt) — cos(mt))?
Tgn = marerge e [, (G sinen) = Xa(t cos(re)
16(4 —

m)
m L(T) + L(T)

— %/0 X(t)dW (1), I(T) := %/O X(t)*dt

L(T) := %/0 (X, (t) sin(mt) — X(t) cos(mt)) X (t) dt.

with

For each T € R, ,, consider the following processes on [0, 1]:

T o L 3 T s) = L S T s) ‘= L S
W*(s) := \/TW(T ), Xi(s): \/TXl(T ), Xa(s): \/TXQ(T );
XT(s) := X{(s)sin(nT's) — X3 (s) cos(nT’s).
Then we have

G T(s) dWT

A= m / X7(s) AW (5) + L(T),
_ 7 L 6@ -m)

J2r= 7r2 7r2 + 16 / X (72 + 16) L(T) + L(D).

Introducing the process
t
:/ XT(s)dWT(s),  t€R,,
0

we have

t
| xtepas=wyl, rer,,
0

where ([U,V];)wcr, denotes the quadratic covariation process of the processes (Up)icr, and
(Vi)ter, . Moreover,

t
V() = (76 AXI () - X (9aXT (), teR.
0
By the functional central limit theorem,

(XL, xH = (Wi, W) as T — oo,

7
12



hence

Yy 2y as T — oo

with
1

(t) =+ / (Wi (s) dWa(s) — Wa(s) dWA(s), ¢ € R,

2

see, e.g., Lemma 4.1 in Gushchin and Kiichler [2]. Further, by Corollary 4.12 in Gushchin and
Kiichler [2],

(Y(1),[Y,Y]) = (Y1), [V, Vh) as T — oo

Here we have -
V.V = Z/ (Wi (s)* + Wa(s)?) ds.

0

Recall that Ig(T) 250 as T — co. Further, I;(T) —»0 as T — oo, since E(,(T)?) =
-2 fo 2)dt =+ 0 as T — co. Finally,

(T \/(/ X7 (s 2ds>%(/0T7(t)2dt)i>0 as T — o0,

and the claim follows. O

Proof of Proposition [4.4, We have

T 0 2
Jor = 8_2U°(Q)T/ (/ X(“)(t + u) du) dt T eR,.
0 —1

The process (fi)l X @ (t4-u) du)tE Loy has arepresentation (6.1)) with y(t f | Toa(t+u)du,
t € R,, see the proof of Proposition . The assumption a € (0, 00) 1mphes vo(a) > 0 and
vi(a) <0, hence by Lemma[L.1] there exists v € (vi(a),0) such that

Uo(a) vo(a)t t
Toal(t) = e\ 4+ o(e™), as t — oo.
0, ( ) ’U()(CL)2 + 2’00(&) - ( )
Consequently,
/0 Zoo(t +u)du = L e e @ 4 o), as t — oo,
q vo(a)? 4+ 2v(a) — a

and we obtain

g s 2 L 2(U(“))2—J as T — 0o
oT 2vg(a) (a)? + 2vy(a) — a o '

Theorem VIII.5.42 of Jacod and Shiryaev [5] yields the statement. O

Proof of Proposition 4.5 We have again

Joq = e 20l /(/X t+udu) dt T eRy,
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and the process (fi X@(t +u) du)te[1 ~) has a representation (6.1) with y(t) = fi)l Zoa(t +

u)du, t € Ry, see the proof of Proposition . The assumption a € (—oo7 —%2) implies

vo(a) >0 and wvy(a) ¢ A,, hence by Lemma [1.1] there exists v € (0,vp(a)) such that
Z0.4(t) = pa(t)e @ 4 o(e), as t — o0.
Applying Lemma [6.4], we obtain
Jor — Ju(T) Lo, as T — oo.

The process (Jq(t))ier, is periodic with period D = —507(21). O
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