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Abstract

In this paper we investigate the online hypergraph coloring prob-
lem. In this online problem the algorithm receives the vertices of the
hypergraph in some order vy, ..., v, and it must color v; by only look-
ing at the subhypergraph H; = (V;, E;) where V; = {v1,...,v;} and
E; contains the edges of the hypergraph which are subsets of V;. We
show that there exists no online hypergraph coloring algorithm with
sublinear competitive ratio. Furthermore we investigate some particu-
lar classes of hypergraphs (k-uniform hypergraphs, hypergraphs with
max degree k, hypergraphs with bounded matching number, projec-
tive planes), we analyse the online algorithm F'F and give matching
lower bounds for these classes.

keywords: online algorithms, combinatorial problems

1 Introduction

A coloring of a hypergraph is an assignment of positive integers to the vertices
of the hypergraph so that every edge contains vertices having different colors.
A k-coloring of a hypergraph is a coloring of it where the number of used
colors is at most k. In the online hypergraph coloring problem the algorithm
receives the vertices of the hypergraph in some order vy, ..., v, and it must
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color v; by only looking at the subhypergraph H; = (V;, E;) where V; =
{v1,...,v;} and E; contains the edges of the hypergraph which are subsets
of V.

Online hypergraph coloring is the generalization of online graph coloring.
Online graph coloring is investigated in several papers, one can find many
details on that problem in the survey [8]. Some results are proved about the
natural online graph coloring algorithm First Fit (we denote it by F'F). FF
uses the smallest color for each vertex which does not make a monochromatic
edge. In [6] it is shown that this algorithm is the best possible for the trees.
Some modified models are also investigated. In [7] the relaxed model where
the graph is known in advance is presented. This means that the decision
maker knows the graph up to isomorphism but during the procedure it does
not know which part of the graph is given. In [4] an extended model is
investigated where it is allowed to reject the vertex from the graph, and
the objective is the sum of the number of colors used to color the accepted
vertices and the total rejection cost. This paper also contains results about
the classical online graph coloring problem the case of the (k+1)-Claw free
graphs and graphs with bounded degree are considered, and it is proved that
algorithm F'F' is the best possible for them.

Concerning the online hypergraph coloring problem we are not aware of
any results about this area. Some results from online graph coloring which
belong to particular subclasses can be extended easily: the algorithms and
their competitive analysis for the trees, the graphs with bounded degree, k-
claw free graphs, graphs without induced C3 and C5 (see [4] and [9] for the
results on graphs). On the other hand the results for the general graphs can-
not be extended. In this paper we show that in contrast to the online graph
coloring there is no online algorithm with sublinear competitive ratio for the
general online hypergraph coloring problem. In the case of online graph col-
oring such algorithms exist, they are presented in [9] and [10]. Furtermore
in the case of graphs much better results exist for the bipartite graphs (see
[3] and [10] for details). For hypergraphs the hypergraph which proves the
lower bound is 2-colorable.

We also investigate some particular hypergraph classes we give the per-
formance of F'F' and we present matching lower bounds. We show that in the
case of 2-colorable k-uniform hypergraphs no online algorithm exists which
can color every such hypergraph with less colors than [n/(k — 1)] and we
show that algorithm F'F’ colors these hypergraphs with this much colors. We



also consider 2-colorable hypergraphs with max degree k, we show that no
online algorithm can color every such hypergraph with less color than &£+ 1,
and a simple online algorithm which colors these hypergraphs with this much
colors is given. Finally, we consider the hypergraphs with matching number
k, we show that F'F colors these hypergraphs with 2k 4+ 1 colors. As a con-
sequence we obtain that this algorithm colors the projective planes with 3
colors. We show that this bound is the best possible, we prove that there
exists no online algorithm which can color a projective plane with less then
3 colors. (We note that the projective planes of order ¢ > 2 are 2-colorable).

The paper is organized as follows. In the next section the basic notations
and definitions which are used in the paper are introduced, furthermore we
give a more detailed description of the online hypergraph coloring problem.
Later in Section 3 the main results are presented. Finally in Section 4 some
open questions are introduced.

2 Notations

In this paper on hypergraph we mean the structure H = (V, E') where V is
the finite set of the hypergraph’s vertices and E C p(V) is the set of the
edges where p(V) is the set of the nonempty subsets of V. We suppose that
each edge has at least two elements.

A coloring of a hypergraph is an assignment of positive integers (called
colors) to the vertices of the hypergraph so that every edge contains vertices
having different colors. For a hypergraph H the minimum number of colors
which is enough to color the hypergraph is called the chromatic number of
the hypergraph and denoted by x(H).

An online hypergraph (defined first in [1]) is a structure H< = (H, <)
where H is a hypergraph and < is a linear ordering of its vertices. We call
a vertex the first, second,..., and ending vertex of an edge according to the
ordering <. An online hypergraph coloring algorithm colors the i-th vertex
of the hypergraph by only looking at the subhypergraph H; = (V;, E;) where
V; contains the first ¢ vertices and E; contains the edges of the hypergraph
which are subsets of V;. A straightforward idea is to use the greedy algorithm
F'F to color online hypergraphs. F'F' uses the smallest color for each vertex
which does not make a monochromatic edge.

Usually in the theory of online computation the efficiency of the online



algorithms are measured by the competitive ratio (see [2] and [5]) where the
online algorithm is compared to the optimal offline algorithm. To define this
ratio in this case we need some more notations. We extend the notations
which are used in the area of online graph coloring. For an online algorithm
A and an online hypergraph H<, the number of colors used by A to color H<
is denoted by x4 (H<). For a hypergraph H, x 4(H) denotes the maximum of
the x4(H <) values over all ordering <. The competitive ratio of an algorithm
A on a class I' of hypergraphs is maxgerxa(H)/x(H).

We use the following notions from the theory of hypergraphs. A hyper-
graph is called k-uniform if each edge contains k vertices. The degree of a
vertex is the number of edges which contains it, the maximal degree of a
hypergraph is the maximum of the degrees of the vertices. By the matching
number v(H) of a hypergraph H we mean the maximal number of pairwise
disjoint edges of H. Let us note that by the definitions it follows immediately
that the matching number of the projective planes is 1.

3 Main results

3.1 2-colorable k-uniform hypergraphs

In this part we consider the case of 2-colorable k-uniform hypergraphs with
k > 3. (We note that the 2-uniform hypergraphs are the graphs.) We prove
the following result.

Theorem 1 Let k > 3. For every online hypergraph coloring algorithm A
there exists a 2-colorable k-uniform hypergraph H on n vertices with x 4(H) >
[n/(k—1)]. If H is a k-uniform hypergraph then xrpr(H) < [n/(k —1)].

Proof. Let A be an arbitrary online hypergraph coloring algorithm, define
the online hypergraph H, 4 on n vertices as follows. Any vertex v; is the
ending vertex of the following edges: for each color ¢ which is used by A
for at least £ — 1 vertices we have and edge e.; which contains the vertices
colored with ¢ by A and v;.

Note that if £ — 1 vertices are colored with a color ¢ by A, then each of
the following vertices is contained in an edge together with these c-colored
vertices, therefore no more vertex can obtain the color ¢. This means that
each color is used at most & — 1 times. Consequently we obtained that

Xa(Hna) = [n/(k = 1)].



Now we show that this hypergraph is k-uniform and 2-colorable. Let us
observe that each edge in H,, 4 contains k vertices, where the first k — 1 are
colored with the same color by A. Consider the following 2-coloring of H,, 4.
Every vertex which is colored with a new color by A gets the color 1, the
other vertices get the color 2. By the above observation on the first £ — 1
vertices of the edges it follows that the first vertex gets the offline color 1,
the second vertex gets the color 2 (since k£ > 3 it has the same online color)
thus there is no monochromatic edge in this coloring. Therefore we showed
that the hypergraph is 2-colorable.

Now consider the algorithm F'F. The graph is k-uniform therefore if less
than k — 1 vertices are colored by F'F' with some color ¢ then F'I' does not
use a further color for the next vertex. Therefore the number of colors used
by F'F is not more than [n/(k—1)]. O

The theorem shows that the competitive ratio of F/F'is [n/(k—1)]/2 on
this class and no better algorithm can be defined for this class. Therefore we
obtained the following result.

Corollary 2 F'F is an optimal online algorithm for the class of 2-colorable
k-uniform hypergraphs.

Remark: We must note that in this case not only FF' but many reason-
able coloring algorithms can color the hypergraph with [n/(k — 1)] colors.
Any algorithm which uses at most & — 1 times each color gives a coloring of
the hypergraph.

Moreover this theorem also proves (with & = 3) that contrary to the case
of the online graph coloring in the case of hypergraphs no online algorithm
with sublinear competitive ratio exists.

Corollary 3 For every online hypergraph coloring algorithm A there exists
a 2-colorable hypergraph H on n vertices with x4(H) > n/2.

3.2 Hypergraphs with maximal degree k

In this part we consider the case of 2-colorable hypergraphs with maximal
degree k. It is easy to see that any hypergraph with maximal degree k is k+1
colorable, algorithm F'F' colors them with k + 1 colors. The following result
shows that it is not possible to give a better algorithm even for 2-colorable
hypergraphs from this class.



Theorem 4 For every online hypergraph coloring algorithm A there exists
a 2-colorable hypergraph H with mazximal degree k such that x4(H) > k+ 1.

Proof.  For an arbitrary online algorithm we use the following recursive
algorithm to construct the hypergraph H. Hj is a hypergraph which contains
one vertex and no edge. Then Hj is colored with one color by any online
algorithm, and the maximal degree of Hy is 0. Suppose that for every online
algorithm A we have a hypergraph Hy(A) which has maximal degree at most
k and A uses at least k + 1 colors for it. Let ONL be an arbitrary online
algorithm. Let ON L' be the online algorithm which colors the vertices in the
same way as ON L colors after the coloring of a disjoint copy of Hy(ONL).
We build Hg.1(ONL) as follows. First we give H,(ONL) to the algorithm
and then a disjoint hypergraph Hi(ONL'). We distinguish the following
two cases. If ONL does not use the same k + 1 colors for H,(ONL) and
Hy(ONL') then the sequence is finished, the hypergraph which we obtained
is Hy1(ONL). Algorithm ONL uses at least k + 2 colors for it, and the
maximal degree is k < k+1. If ONL uses the same colors for H,(ON L) and
Hi(ONL') then we obtain Hy as follows. We give an extra vertex v at the
end of the algorithm which closes the following vertices. For each color i we
define one edge which contains the first vertex with color ¢ from H,(ONL),
the first vertex with color ¢ from Hy(ONL'), and vertex v. Then ONL has
to use a new color for vertex v, thus it uses k£ + 2 colors. Considering the
degrees of the vertices, v has degree k + 1, the degree of the other vertices is
increased by at most 1, therefore the maximum degree of Hy;(ONL) is at
most k + 1.

To prove the theorem we have to show that Hy(ONL) is 2-colorable
for each k£ and for each online algorithm ONL. We prove by induction
that for each k£ and for each algorithm ONL there exists such a 2-coloring
of H,(ONL) where each vertex which obtains a new color from algorithm
ONL has color 1. For Hy the statement is trivial. Now suppose that the
statement is true for k, we prove it for k + 1. Let ONL an arbitrary online
algorithm. If Hy,1(ONL) consist of the two disjoint hypergraphs H,(ONL)
and Hy(ONL') then the statement is trivial we can use the offline 2-colorings
of H(ONL) and H(ONL'), and the statement follows. Now suppose that
Hy1(ONL) is given by the two hypergraphs Hy(ONL) and Hi(ONL’) and
one extra vertex v. Then we can give the following coloring. Color H,(ON L)
by induction, color Hy(ONL') also by induction but changing the colors, fi-
nally give color 1 to vertex v. By the induction hypothesis it follows that the



edges which are included in H,(ONL) or in H(ONL') are not monochro-
matic. The edges which intersect both Hy(ONL) and Hy(ONL') contains
the first occurrence of the online color ¢ in Hy(ONL) (this get the offline
color 1), the first occurrence of the online color ¢ in Hy(ONL’) (this get the
offline color 2), thus these edges are not monochromatic. Therefore we gave
a 2-coloring. Furthermore the extra property of the coloring also remains
valid, the first occurrences of the online colors used for H,(ONL) get offline
color 1 by the induction hypothesis and the first occurrence of the further
color (vertex v) again obtains the offline color 1. O

3.3 Hypergraphs with bounded matching number

Considering this class of hypergraphs F'F' can achieve the following perfor-
mance.

Theorem 5 For any hypergraph H algorithm F'F' gives a coloring of H with
at most 2-v(H) + 1 colors.

Proof.  Consider an arbitrary hypergraph H and suppose that FF used k
colors to color it. For every i < k/2 consider a vertex v; which obtains the
color 2. By the definition of F'F' it follows that there exists an edge F; whose
last vertex is v; and the other vertices obtain the color 2¢ — 1 by F'F'. Then
considering the edges E;, i = 1,...,|k/2] we obtain pairwise disjoint edges,
thus v(H) > |k/2], and this proves the theorem. O

Since any two edges of the projective planes are intersecting (the matching
number is 1) we also obtained the following result.

Corollary 6 F'F' colors the projective planes with at most 3 colors.

It is easy to see that the projective planes are two colorable if ¢ > 2.
(Consider three points which are not collinear. Color these points with color
1, the points of the lines which connect these points obtain the color 2, the
other points of the plane gets color 1.) On the other hand as the following
statement shows there exists no online algorithm which can use less colors
than F'F in this cases.

Theorem 7 No online algorithm exists which can color a projective plane
with less than 3 colors.



Proof. Consider an arbitrary online algorithm A and a projective plane with
order q. Give the points of the projective plane to the algorithm in the fol-
lowing order. First ¢? points arrive such that none of the lines are completed
(the remaining g + 1 points will give one line of the plane furthermore they
will finish all the other lines). Now distinguish the following two cases.

If A uses more than two colors then the statement is obvious. Suppose
that A uses at most two colors 1 and 2. Without loss of generality we can
suppose that the number of points colored by 1 is not less than the number
of points colored by 2.

First suppose that at least ¢ points is colored by 2. Then the next point
which arrives will finish a line which contains ¢ points of color 1, and a line
which contains ¢ points of color 2. Since A cannot construct a monochromatic
line it has to use a new color for this point and the statement of the theorem
follows.

Now suppose that there are at most ¢ — 1 points of color 2. Then each of
the ¢ + 1 uncolored points has a line through it with ¢ points of color 1. So
now on we cannot use color 1. Since the uncolored points are on one line, it
is impossible to use only color 2. This completes the proof. O

4 Open questions

The first open question is to find further special classes of hypergraphs, where
some online algorithm can perform well. One of the interesting classes is the
class of hypertrees (cycle free, connected hypergraphs). In the case of online
trees it is proved (see [6] [8]) that F'F' has the best possible competitive
ratio: logn for graphs on n vertices. The generalization of that algorithm
also works well on hypertrees it uses log, n colors for k-uniform hypertrees
on n vertices, but it is not clear that there is no better online algorithm. We
conjecture so that this is the best possible algorithm.

Another interesting question is to define in a different way the online
hypergraph coloring problem. We could give more information to the algo-
rithm. In one modified model the algorithm receives all the partial edges
which contain the presented vertex at the arrival of each vertex. In this case
our counterexample does not work, it is possible that in this modified model
there exists a sublinear competitive algorithm. Further interesting model is
to investigate the case of online coloring known hypergraphs extending the
model defined in [7]. In this case our lower bounds are not true (except the



bound on projective planes).
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