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ASYMPTOTIC BEHAVIOR OF CRITICAL INDECOMPOSABLE MULTI-TYPE
BRANCHING PROCESSES WITH IMMIGRATION *

TIVADAR DANKA! AND GYULA Pap!

Abstract. In this paper the asymptotic behavior of a critical multi-type branching process with
immigration is described when the offspring mean matrix is irreducible, in other words, when the
process is indecomposable. It is proved that sequences of appropriately scaled random step functions
formed from periodic subsequences of a critical indecomposable multi-type branching process with
immigration converge weakly towards a process supported by a ray determined by the Perron vector
of the offspring mean matrix. The types can be partitioned into nonempty mutually disjoint subsets
(according to communication of types) such that the coordinate processes belonging to the same subset
are multiples of the same squared Bessel process, and the coordinate processes belonging to different
subsets are independent.
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1. INTRODUCTION
Let (Xk)rez, be a single-type Galton-Watson branching process with immigration given by

X1
Xk: ng,j+€ka kENa

j=1

and with initial value Xy = 0, where X denotes the number of individuals in the k' generation, kg
denotes the number of offsprings produced by the ;' individual belonging to the (k — 1)*" generation, ey
denotes the number of immigrants in the k*" generation, {&,j, €k : k,j € N} are supposed to be independent,
{&k,; : k,j € N} and {e : k € N} are supposed to consist of identically distributed random variables, and Z.
and N denote the set of non-negative integers and positive integers, respectively. Suppose that E(fil) < 00,
E(e?) < oo, and mg := E(&11) = 1, i.e., the process is critical. Wei and Winnicki [19] proved a functional
limit theorem

xm 2oy as n— oo, (1.1)
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with Xt(n) = n‘lXLmJ for t € Ry, n €N, where R, denotes the set of non-negative real numbers, |z|
denotes the integer part of = € R, and (&})icr, is the pathwise unique strong solution of the stochastic
differential equation (SDE)

dX; = me dt + 1/ Ve X, dW, teRy,

with initial value Xy =0, where m. :=E(e1), Ve := Var(&,1), Wi)ier, is a standard Wiener process, and
xT denotes the positive part of = € R.

We will investigate a p-type branching process (Xj)rez, with immigration. For simplicity, we suppose
that the initial value is Xo = 0. For each k€ Z, and i€ {1,...,p}, the number of individuals of type i
in the k' generation is denoted by X} ;. The non-negative integer-valued random variable &k,j,i,0 denotes
the number of type ¢ offsprings produced by the j*' individual who is of type i belonging to the (k— 1)
generation. The number of type i immigrants in the k" generation will be denoted by e ;. Consider the
random vectors

X1 Ek.j,id €k,1
Xe=1 0| &= 0| &=
Xk,p Ek,jip €k,p
Then we have
p Xk—1,i
i=1 j=1

Here {fk’j’i, er:k,jeNie{l,... ,p}} are supposed to be independent. Moreover, {Sk’j’i tk,j € N} for
each i € {1,...,p}, and {e; : k € N} are supposed to consist of identically distributed vectors. Suppose
E([[€,14]1?) <oo forall ie{l,...,p} and E(|le1]]*) < oo. Introduce the notations

me, =E(& ;) € RE, mg = [mg, - mg | € R, me :=E(e1) e R,
Ve, = Var(§, ; ;) € RP*?, V. := Var(e;) € RP*P,

Note that many authors define the offspring mean matrix as mg For k€ Zy, let Fr:=0(Xo,X1,...,Xk).
By (1.2),

P
E(Xk|]:k_1) :ZXk—lﬂmii + m. :mng_1 + me. (1.3)
i=1
Consequently, E(X}j) =mgE(X,_1)+ m., which implies

E(Xy) =Y mim.,  keN. (1.4)

Hence the offspring mean matrix mg plays a crucial role in the asymptotic behavior of the sequence (Xj)rez, -

A multi-type branching process (Xj)rez, is referred to respectively as subcritical, critical or supercritical if
o(mg) <1, o(mg) =1 or p(mg) > 1, where p(mg) denotes the spectral radius of the offspring mean matrix
mg (see, e.g., Athreya and Ney [1] or Quine [17]). The process (Xj)rez, is called indecomposable if the
matrix mg is irreducible. Note that the matrix mg is irreducible if and only if for all ¢, € {1,...,p} there
exists n;; € N such that the matrix entry (mg‘J )i,; is positive. In other words, a process is indecomposable if
and only if each type of individual may have progeny of any other type. An indecomposable process (Xi)rez,
is called positively regular if the matrix mg is primitive. Note that the matrix mg is primitive if and only if
there exists n € N such that the matrix entry (mZ)” is positive. Note that a critical single-type branching
process is positively regular.
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Joffe and Métivier [11, Theorem 4.3.1] studied positively regular critical multi-type branching processes. They
determined the limiting behavior of the martingale part M("), n € N, given by M,E”’ i=n"1! Zgg My,
t € Ry, with My := X —E(X)|Fr-1), k€N (which is a special case of Theorem 3.4).

The result (1.1) has been generalized by Ispany and Pap [9] for positively regular critical p-type branching
processes with immigration. They proved that

x™ 2y yy as n — oo,

where XE”) = n_lXLntJ for t €e Ry, n €N, the process (X})ier, is the unique strong solution of the SDE

4, = vTm.dt +\JoT(wo Veuki W, teRy,

with initial value Xy = 0, where w and v denotes the right and left Perron vectors of mg, and
uOVe:=3" uVe,, where w= (u;)ic(1,.. p}-

The aim of the present paper is to obtain a generalization of this result for indecomposable critical multi-type
branching processes with immigration. Then the types {1,...,p} can be partitioned according to communica-
tion of types, namely, into r nonempty mutually disjoint subsets Dq,..., D, such that an individual of type
j may not have offspring of type ¢ unless there exists £ € {1,...,r} with ¢ € Dy_y and j € Dy, where
subscripts are considered modulo r. This partitioning is unique up to cyclic permutation of the subsets. The
number 7 is called the index of cyclicity (in other words, the index of imprimivity) of the matrix mg. Note
that r =1 if and only if the matrix mg is primitive, i.e., the process is positively regular. We succeeded
to determine the joint asymptotic behavior of sequences ((”r)_lxrtntJH*l)teRJr’ neN, ie{l,...,r}, of
random step functions as n — oo, see Theorem 3.1. It turns out that the limiting diffusion process has the
form (mg—i+1yt)teR+, i€{1,...,r}, where the distribution of the process (mgyt)tE]M is the same for all
7 € N. Moreover, the process (yt)teﬂh is 1-dimensional in the sense that for all ¢t € Ry, the distribution of
Y is concentrated on the ray R, -u, where u is the Perron eigenvector of the offspring mean matrix me.

In fact, partitioning the coordinates of the limit process Y: = (¥i1,..., V) and of the Perron eigenvector
u = (u1,...,u,) according to communication of types, we have Y,; = Z,,u;, t € Ry, i € {1,...,r}, where
(Z¢i)ter,, @€ {1,...,7}, are independent squared Bessel processes. It is interesting to note that Kesten and

Stigum [14] considered a supercritical indecomposable multi-type branching processes without immigration, and
they proved that there exists a random variable w such that o(mg)~ "~V X,, ;1 — wu,; almost surely
as n — oo foreach ie{l,...,r}

The results of the present paper will be very useful for analysing the asymptotic behavior of the conditional
least squares estimators of parameters of a critical multi-type branching process with immigration when the
process is indecomposable but not positively regular. The positively regular case has been studied in Ispany et
al. [7] and in Kérmendi and Pap [15].

2. INDECOMPOSABLE MULTI-TYPE BRANCHING PROCESSES WITH IMMIGRATION

Let R, denote the set of positive real numbers. The d-dimensional unit matrix will be denoted by 1.
Every random variable will be defined on the fixed probability space (€2, .4,P).
In what follows we recall some known facts about irreducible nonnegative matrices. The matrix mg is
reducible if there exist a permutation matrix P € RP*? and ¢ € {1,...,p — 1} such that
B C
-
P mgP = [0 D:| 5

where B € R?7*4, D e RP—9x(p—9)  C ¢ R*®P=9) and 0 € R®-9%7 js a null matrix. The matrix ™mye
is irreducible if it is not reducible; see, e.g., Horn and Johnson [6, Definition 6.2.21, Definition 6.2.22]. If the
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matrix my is irreducible then, by the Frobenius—Perron theorem the following assertions hold (see, e.g., Bapat
and Raghavan [2, Theorem 1.8.3], Berman and Plemmons [2, Theorem 2.20], Brualdi and Cvetkovié [4, Theorem

8.2.4], Minc [16, Theorem 3.1] or Kesten and Stigum [14])

o o(mg) € Ry, o(myg) is an eigenvalue of myg, and the algebraic and geometric multiplicities of (1)

equal 1.

e Corresponding to the eigenvalue o(myg) there exists a unique (right) eigenvector u € R

called the

Perron vector of myg, such that the sum of the coordinates of w is 1, and there exists a unique left

eigenvector v € RY | such that u'v=1.

e If mg has exactly r eigenvalues of maximum modulus g(mg) then the coordinates {1,...
be partitioned into r mnonempty mutually disjoint subsets Dq,...

,p} can

,D, such that m;; = 0 unless

there exists ¢ € {1,...,r} with i€ Dy_; and j € Dy, where subscripts are considered modulo 7.
This partitioning is unique up to cyclic permutation of the subsets. We may assume that the types are

enumerated according to these subsets, and hence

0 my 9 0 0 0
0 0 ma 3 0 0
0 0 0 0 0
me = .
0 0 0 0 my_1,r
m.1 0 0 0 0 |

(2.1)

where the r main diagonal zero blocks are square, M2 € R‘Dl‘X‘Dﬂ, Moz € R‘DﬂX‘DS‘,
m, € RIP- %P1l where |H| denotes the number of elements of a set H, and my 2 # 0, ma3 # 0,
.., My1 # 0. Then for each ke {1,...,r —1}, we have

0 0 ™M1 jt1 0 0
0 0 0 Mo kto 0
mg = 0 0 0 0 Mgy
My k41,741 0 0 0 0
I 0 My ik 0 0 0
with
— D;|x|D
Ty = MM e -y, € RIPIIPI]
for 7,5 € N with ¢ < j, where subscripts on the right hand side are considered modulo r. We will
also use the notational convention m,;; := I e Moreover,
my 41 0 0
. 0 mo 42 0 . __ __
me = . : =My 41 DM 2D DMy 2
0 0 My o
The matrices My ;41 € RIDP1Ix[D1] Mo ,ri2 € RIDP2x[D2[ Mo € RIP-XIDrl - are primitive (that

Lz

is, irreducible and there exists n; € N such that m;,.,; € RlﬁilxlD"l) with o(m; i) = [o(me)]",
ie{l,...,m}. (See, e.g., Minc [16, Theorem 4.3].)
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o If
uy V1
u = , v =
U, v,
denotes the partitioning of 4 and v with respect to the partitioning Di,..., D, of the coordinates
{1,...,p} then, for each i€ {1,...,r}, we have w,v; =r~!, the vectors u; :=ru; and v; :=v;

are right and left eigenvectors of m; ,1; with 17,;51- =1, and

lo(Mrys)] "M — wv, =ruw; =11, € RL_DLMD” as n — oo.
Consequently,
[o(mg)] ™" mg" - T eRY?  as n — oo,
where
m o0 --- 0
0 I, --- 0
O=Iele -all=| . . = (2.2)
0o 0 ... TII,

The vectors w and v are right and left eigenvectors of II corresponding to the eigenvalue [o(mm¢)]".
e Moreover, there exist ¢,k € Ry; with & <1 such that

[lo(me)] ™" myg" — II|| < ck™ for all n €N, (2.3)

where ||A| denotes the operator norm of a matrix A € RP*? defined by || A| := sup| =, [|Az].
If mg¢ has the form (2.1), then the offsprings have the property &11,;; =0 almost surely unless there exists

te{l,...,r} with i € Dy—; and j € Dy, where Dy := D,. Consequently, the offspring variance matrices
Ve, j€ {1,...,p}, have the form

0@0@"'@0@‘/17]‘ iijDl7
Vo, ®0® - ®0®0 if je Dy,
Ve =4

J

(2.4)
000®---0V,;®0 if jeD,,

where V,; € RIPe-11xIDe-1l denotes the variance matrix of the random vector (&1,1,5,i)iep, , for (€
{1,...,r}, j € Dy. For a vector oy = (ay;)jep, € RLD“ with ¢ € {1,...,r}, we will use notation
ay OV, = ZjeDﬁ ap iV € RIPe-11x[De—1l  wwhich is a positive semi-definite matrix, a mixture of the
variance matrices Vyj, j € Dy For a vector a = (ai)igf1,..p} € R%, we will also use the notation
a®OVe:=3Y"r, a; Ve, € RPXP which is a positive semi-definite matrix, a mixture of the variance matrices
Ve, .., Ve

L
3. CONVERGENCE RESULTS

A function f : Ry — R? is called cadlag if it is right continuous with left limits. Let D(R,,R%)
and C(R,,R?%) denote the space of all R%-valued cadlag and continuous functions on R, respectively. Let
Doo (R4, R?) denote the Borel o-algebra in D(R,,R?) for the metric defined in Jacod and Shiryaev [10, Chapter
VI, (1.26)] (with this metric D(R;,R?) is a complete and separable metric space). For R%valued stochastic

processes (Y¢)ier, and (yE”))tenh, n € N, with cadlag paths we write y 2, Y if the distribution
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of Y™ on the space (D(R4,R%), Do (Ry,RY)) converges weakly to the distribution of Y on the space
(D(Ry,RY), Do (Ry,RY)) as n — oo.

Theorem 3.1. Let (Xj)rez, be aindecomposable critical p-type branching process with immigration. Suppose
Xo=0, E([[£,14]?) <oo forall ie{l,...,p} and E(|le1[|*) < oo. Suppose that the index of cyclicity of
mg s r € N. ' Suppose that the offspring mean matrizc mg has the form (2.1). For each n € N, consider
the rp-dimensional random step process

XT' [nt]

1 Xr nt|—1
i L] Ko

. teR,.
™

Xr [nt]—r+1

Then
xm 2, x as mn — oo, (3.1)

where
Xt = s 5 t e R+, (32)

with

yt,r

where, for i € {1,...,r}, the |D;|-dimensional process (Yi,i)ier, 1is given by
Vi = Ziiu, teRy,

where (Z4;)ier, is the unique strong solution of the SDE

dZtﬂ‘ e ’U;rm&,;-’i dt + Q/U;FV§,5,1‘U,‘Z£; thﬂ‘, te Ry, (33)

with initial value Zo; =0, where (Wt’i)teR+, i€ {l,...,r}, are independent standard Wiener processes and
1 i+r—1 1 i+r—1
—~ —~ — T
Mgei = Y mimes,  Veeii= - > i (M) © Vi my,
=i L=

where
me 1
me 2

me =

me r

denotes the partitioning of me with respect to the partitioning D1, ..., D, of the types {1,...,p}. Here the
second subscript of me ¢ in the definition of me; and the subscript of Vi1 in the definition of Ve are
considered modulo r. Moreover, the p-dimensional coordinate blocks of the rp-dimensional process (X¢)ier,
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have the same distribution, i.e., (mgyt)t€R+ 2 (Vi)ter, forall i€ {l,...,r =1}, and they are periodic,
i.e., (MgYi)ier, = (Vi)ier, almost surely.

Remark 3.2. The SDE (3.3) has a unique strong solution (Zt(zo))te]g . for all initial values ZéiO) =z) €R.

Indeed, the coefficient functions satisfy conditions of part (ii) of Theorem 3.5 in Chapter IX in Revuz and Yor [18]
or the conditions of Proposition 5.2.13 in Karatzas and Shreve [13]. Further, by the comparison theorem (see,
e.g., Revuz and Yor [18, Theorem 3.7, Chapter IX]), if the initial value Z(gi-“) = 29 is nonnegative, then Zt(j“)
is nonnegative for all ¢ € R, with probability one. Hence Z;r , ay be replaced by Z;; under the square

root in (3.3). m|

Remark 3.3. Note that Theorem 3.1 implies the convergence result of Ispany and Pap [9] for a positively regular
critical p-type branching process (Xj)rez, with immigration. Indeed, in this case the index of cyclicity is
r=1 and Mmgc1 = me1, Vee1 = u©® Ve In fact, the result of Ispdny and Pap [9] has been proven
under the higher moment assumptions E(|[€; ;;]|*) < oo forall i€ {1,...,p} and E(|le1]|*) < oo. Moreover,
Theorem 3.1 also implies the convergence result of Barczy et al. [3, Theorem 3.1] for a primitive INAR(p)
process. Eventually, Theorem 3.1 yields a convergence result for an arbitrary INAR(p) process as well. a

In order to prove (3.1), introduce the rp-dimensional random vectors

My, Xp —E(X i | Fri—1) Xop —meXop1 —me
My o Xoko1 —E(Xyp—1 | Fri—2) Xrp—1 —me X p—2 —me

M, = . = . = . (3.4)
Mk,r er—r+l - E(er—r+1 |~7:rk—r) er—r+1 - mEer—r — Mg

for k€ N, forming a sequence of martingale differences with respect to the filtration (Fx)rez,. Consider
the rp-dimensional random step processes

MM = : =— Y My, teR,, eN.
M =
The following convergence result is an important step in the proof of Theorem 3.1.

Theorem 3.4. Under the assumptions of Theorem 3.1, we have

M 2y M as n — 0o,

where
M,y
M, = t e R+7
M,
1s the unique strong solution of the SDE
- +
1 r—i i—1 .
AMy; = — | |mg MY ml (rMyj+tme)| ©@VedWri,  ie{l,...r}, (3.5)
j=1
with initial value Mo = 0, where (Wyi)ier,, ¢ € {1,...,7}, are independent p-dimensional standard

Wiener processes, and for a positive semi-definite matriz A € RP*P_ /A denotes its unique symmetric
positive semi-definite square root.
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In order to handle the SDE (3.5), consider the p-dimensional process
Ni=Mp+meMig+--+mg "My,  teR,. (3.6)

Theorem 3.5. Under the assumptions of Theorem 3.1, the process (Nt)t€R+ is the unique strong solution of
the SDE

1 r - o r +
= Zmé ! [m6 JH(TNt —&—thé_lms)} OVedW, , teRy, (3.7)
j=1 =1

with initial value Ny =0, and

I : . +
My = —/ [mglrI(rNs +82m§1m5>} OVedW.,, ie{l,...,r} (3.8)
"Jo =1
If
Nia Wi 1
N = S W, ;= : , jed{l,...,r} teRy,
Nt7T Wt,j,’r
denote the partitioning of Ny and W ;, j € {1,...,r}, with respect to the partitioning D1, ..., D, of the

coordinates {1,...,p}, then the process (Ny)ier, is the unique strong solution of the SDE

z+r 1 + i4+r—1
dNt,i = |: (Nt i+ = Z mz Mg E>:| Z mz z\/ m4+1 Z’U,Z) [O) Vz+1 th A4i—1,041, (39)

=i

ie{l,...,r}, where the second subscript of mey, and the second and third subscripts of Wy eyi—1,641 are
considered modulo .

From (3.4) we obtain the recursion X,x_;41 = meX,x—; + My, +m, for k€N and i€ {l,...,r}, and
hence

'r i+1 — Zm Mlé"'me)

for i€ {1,...,r}, and

i—1
Xrk—it1r =mgXpprip1 + Zm (Mpo+me)+ > mg (Mg 10+ me),
l=i =1
for ke N with k>2 and i€ {1,...,r}. This recursion implies
k i—1
k— z k—j)r —i+7r
Xok—it1 = Zm( 9T Zm jg—i—me)—&—Zmé 9 Zmé (M1 4+ me) (3.10)
j=2 =1
for k€N and i€ {l,...,r}. Applying Lemma 7.4, which is a version of the continuous mapping theorem,

together with (3.10), (3.6) and Theorem 3.4, we show the following convergence result.

Theorem 3.6. Under the assumptions of Theorem 3.1, we have

xm 2 x as n — oo,
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where X = (Xy)ier, is given by (3.2) with
t
V: ::H(Nt—i-rz:mé_lms), t€R+,
=1

for which we have (mgyt)t€R+ = (Vi)ier, almost surely.

Proof of Theorem 3.1. Theorem 3.1 is an easy consequence of Theorems 3.5 and 3.6. Indeed, II =II; @ --HIL,
and TI; = ru;v), rvju; =1 forall i€ {1,...,7}, hence we conclude from Theorems 3.5 and 3.6 that for
each i€ {1,...,r}, the process Z;;:=v] Vi, t€ Ry, satisfies

tH—r 1 itr—1
th_'v H(Ntz—F Zmzpmsp)_v <Ntz+ Zngmsg> t€R+,

hence
1+r—1 it+r—1
thuz—uzv (Ntz+ Zmzémé:f): (Ntz+ Zmz€m€€>:yt,i~

By It6’s formula, we obtain that (Z;;)cr, is a strong solution of the SDE

1+r—1 i+r—1

dz,, =r -1 T Z m; eme ¢ dt + v, \/ _1Zt+l Z m; e\/ (Myg1,iu) © Vi1 AWy i1 (3.11)
with initial value Zy; = 0. This equation can be written in the form (3.3), where Wy ;)ier,, @ € {1,...,7},

are independent standard Wiener processes. Indeed, we have

T —~T
TV, V§ e,V = U; Z m€+1 zuz) ®© V€+1] m; Ui
=
1

+

.
(’Uqu 6\/(m£+1,iui) ® Ve+1> <'U;rmi,£\/(mé+l,iui) ® Ve+1>

2

™

7
-1

s.
+ ~
z

T/—\_/ o~
v; mi,é\/(m€+1,iui) OV

~

Hence, if vz—ﬁi’g\/(?n/Z+1,iui) ©®Vyy1 =0 foreach £€ {i,...,i+r—1}, then (3.3) trivially follows, and if
there exists £ € {i,...,i+r—1} with v] ™ \/(Mei1,u;) © Vipr # 0, then (3.3) holds with

7,+r 1~
o] ST e/ (Mg iwi) © Vit Weerio1 e

Wt,i = — ——
ZZH Y (Mg i) © Vi my gv;

, te Ry, 1e{l,...,r},

which are independent standard Wiener processes, since {((+i—1,0+1): € € {i,...,i+r—1}}, i € {1,...,r},
are disjoint sets. Consequently, we conclude (3.1). O

Remark 3.7. An alternative way of proving Theorem 3.1 is first checking that
er
er7 1
Yk = . 5 k S Z_;,_,

er—r+1
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is a positively regular critical rp-type branching process with immigration (it can be done, for instance, by
the help of generating functions), then determining the immigration mean vector and the offspring variation
matrices of (Y'i)rez,, and then applying the convergence result of Ispany and Pap [9]. This would have been
also a cumbersome calculation. m|

4. PROOF OF THEOREM 3.5

If (My)ier, is a strong solution of the SDE (3.5), then the process (N)icr, is a strong solution of the
SDE (3.7) with initial value Np =0, and (3.8) trivially holds.

Using the block matrix form of mg, II and Vg, ..., V¢ (see (2.1), (2.2) and (2.4)), we obtain
1 r 1+r—1 +
AN, = - Z; M 451 |:mi—r+j,iHi <7“Nt,i +1 éz: mi,éme,é>:| OVirij AWy it (4.1)
Jj= =i
for each i € {1,...,7}. Indeed, the covariance matrices Ve, J€ {1,...,p}, have block-diagonal form, see
(2.4), hence

r +
{mg_]l'[<r./\/'t thng_lms)] OVe
=1

2r—j+1 i1 +
- B {mi—r-l—j,ini <7"Nt,i +t Y mi,fme,6>:| O Viors,
i=r—j+2 f=i

where we also used that for an arbitrary matrix A € RP*P with partitioning

A, o Ay
A = E .. :
Ar,l e Ar,r
with respect to the partitioning D, ..., D, of the coordinates {1,...,p}, we have
my g1 Agt1,1 o0 M g1 Apgr,r
kA _ .
meA = : :
mr}k+TAk+’l",1 o mr7k+rAk+r,r

for all k€ {1,...r — 1}, where the first subscript of A;; is considered modulo r. Substituting this into
(3.7) and using again the above block form of mgA for A € RP*? and k€ {1,...r — 1}, we obtain (4.1).

Using IT; = ru;v; for all i€ {1,...,r}, equation (4.1) can be written in the form (3.9). O

5. PROOF OF THEOREM 3.4

In order to prove M™ 2, M, we want to apply Theorem 7.3 for U = M, U = n 1M, and
y k
.7:,5”) =F for n €N and k € Z,, and with coefficient function v : R4 x (RP)" — (RP*P)"*" of the SDE
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(3.5) given by

Ty

1 = < . +
y(t,x) = - @ [mg_ZHZmé Yra; +tme)| © Ve, x=|:!|e@R).
i=1 j=1 @,

The aim of the following discussion is to show that the SDE (3.5) has a unique strong solution (ME”O))%M

with initial value M(mo = xy for all zy € (RP)". Clearly, it is sufficient to prove that the SDE (3.7)
has a unique strong solution (N§y°))teR+ with initial value ./\féy‘)) =1y, forall y, € (R?)". Indeed, if

(M(wO)) is a strong solution of the SDE (3.5) with initial value Méwo) = o with some

teR L

To,1
Trog = S (RP)T,
wO,r
then Ny = Y0 1m£ 1M§€° is a strong solution of the SDE (3.7) with initial value ._, mé_lmoﬂ-.

Conversely, if (N EyO))
Yo € R? then with

tep, 1S astrong solution of the SDE (3.7) with initial value ./\f(()yO) = vy, with some

xo,1 Yo
0,2 0

Lo = . = )
o r 0

we have y, = Y.1_ mg '@o; € RP, and

1 t T +
M=z, + — / {mg ’H(rNgyO) + s Zmélms>] OVedW,,, ie{l,...,r}
"Jo (=1

is a strong solution of the SDE (3.5) with initial value .

Hence it is enough to show that the SDE (3.7) has a unique strong solution (N Ey‘))

N(()yO) =y, for all y, € RP. First observe that if (NE%O))

) teR, with initial value

_— is a strong solution of the SDE (3.9) with

initial value ./\fé?i-o’i) =Yg, € RIP:1 then, by It6’s formula, the process (Py;, Qii)ter,, defined by
( z+7" 1 ( )
Pri=v; (Ntzp” Z m; eme z) Q= Ntzo’z — Priu;

is a strong solution of the SDE

dPy 1v] f: 'm m; gme ¢ dt
1~ —
+ —173Jr T ZH—’“ M 07/ (Mepg1,i0wi) © Vipr AW oioi 041, 51)
5.1
dQy; = —1IL Y,y emedt

+y/r P (Ip, — L) T o/ (M) © Vi AW v 1041
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with initial value (Poi, Qo) = (v yo.:» (|, — i)y ;). Indeed, the first SDE of (5.1) is an easy consequence
of the SDE (3.9). The second one can be checked as follows. By It6’s formula,

1+r 1
th,i = dNEzOZ) —Uu; d'Ptﬂ' = dNizOL) — uiviT (dNizOL) Z TI’L7 AMe ¢ dt)

i+r—1
1 . .
= —-1II, Z m; Mg ¢ dtJr(I‘DH 7H¢) dNEzOJ)
r =i

with Qo = N(ylh = Poiwi = Yo — (v?yo,i)w = Yo, — uiv;ryo,z‘ = (I\p,| — i)yo,;- COHV@I"SGI}G if

(,Pt(j:t),i,qo,i) (po,i,90.;)

, Qi " ter, s a strong solution of the SDE (5.1) with initial value (Popo #90.4) , Q(po o ) =

(Po,i>qo,:) € R x RIP:l then, again by Itd’s formula,

Nti — ,Pt(gﬂ,ivqol u; + Q(p(lw qu , te R+,

)

is a strong solution of the SDE (3.9) with initial value No,; = pou; + qp,;- The correspondence y,; <>
(Po,i90.5) = (v Yoi» (Ip;) — Ii)yp,;) s a bijection between RIP:l and R x {g € RIP! : v q =0}, since
Yo,i = Po,i%;i + g ;; and

(I1p,| — IL;)(po,iwi + qg ;) = poii + qo; — Tipoiwi + IL;qq ; = po,iw; +qo; — pO,i'Ufi'U;'r'U«i + Uz"U;rqo,i =4,

The right hand side of the SDE (5.1) contains only the process (P ;)icr,, hence it is enough to show that

the first equation of (5.1) has a unique strong solution (Pt(io’i’qo’i))temr with initial value P(po #90:) _ Po.i

for all pg,; € R. The first equation of (5.1) is the same as (3.11), which can be written in the form (3.3), see
the end of Section 3. Hence, by Remark 3.2, the first equation of the SDE (5.1) has a unique strong solution
(Pt(go"i))teRJr with initial value ’Péﬁ-o’i) = po,; forall py; € R. Consequently, the SDE (5.1), and hence the
SDE (3.5) admit a unique strong solution with arbitrary initial value.

Now we show that conditions (i) and (ii) of Theorem 7.3 hold. We have to check that for each T > 0,

[nt] t
1 T P
5 —— Y E[MiM} | Frrr] - Rt 0 5.2
teb[%pT] (rn)? k=1 [ e ‘]:k ] /0 (R ds| =0, 52
LnT) .
)2 § (IM&|*1gy ey >noy | Fri—r) — 0, for all >0, (5.3)

as m — 00, where the process (Rgn))seR+ is defined by

n 1 A T—1 ’I’L
Rg»:ﬂ@{[ nzmgl M) 4 e>]@v£}
=1
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for se Ry, neN. By (3.4),

Hst M(" “tsm,)

[ns]

_Hng <rn
lns] »

= (rn)”'IT Z Z(méle

k=1 j=1

= (rn)~'TI LZ:J (X

k=1

= (rn)”

k=1

rk—j+1

= (rn) " 'IX ) + (5 N Lnrjj)

where we used

ng = ( lim mg

n— oo

Consequently,

ny _ 1 i _ Lns]

nr+r—i\ __
¢ =

since
T I = mg 1(hm mg

n—oo

)=

and (5.4) implies

lim m
n— o0

mg_iHst —HmT 1Zm€ = (
j=1
Thus (RI™)* =R, and
t s
-
! D\ [(nr
L Lt +

s
r j—1
rk— mngk,r — E me me

=1

ns]
Z(HXT,C —TIX 4 HZmE me

j=1

T
_ i1
r 1I'IE m]£ me,

j=1

st HT g Z my

[nt]—1

r 1H Z X, +
(nt

Using (7.3), we obtain

nr)? P

2(

[nt] r
( ! ZE(MkMEI‘FTk—T):@{LZtJV +

[nt]

[

k=1

1
n2

J Jj—1
— mngk_j —

(n+1)r
") me = lim m¢

= LntJ) H;

lim mg
n— oo

Jj=i+1

— [nt]
nr)?

me) +

Z(er—j-&-l —meX,p—j —me) + rlsms)

r
r 15H§ mé me
Jj=1

-
+ r_lsHZméflme

j=1

+r- sHng Me

Jj=1

=1II

my mgme| o Ve .

=1

r— r—1
) m‘E ng

—1- 1) _ Him]{l-
j=1

mgiiHXr [nt]

mélme] ® Vg}.

1
mg_ink_,. + Z mé_lme} ® Vg}.

j=1
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Hence, taking into account that Xy =0, in order to show (5.2), it suffices to prove

L
1 P 1 P
— sup nt|||[(I, — II) X, || — O, — sup || X, 1|l —0 5.5
= te[O’T]kz::l Ty = T X | w2 S [ X7 [ | (5:5)
as n — oo. Using (3.10) and (5.4), we obtain
k r k r
k—j)r i— k T i—
(I, - X = (I Z e Ty m (M me) = (m T T Y my (M o+ me),
=1 i=1 j=1 i=1
Hence by (2.3),
Lnt) L k T .
DT —IDXull < edont] Yo w7 mg | [ M s + me|
k=1 k=1  j=1 i=1

‘s
RS zmew ; (zmj,m +rnmen) <
j=1

i=1

\_nt] ™
(Z DMl +rlnt] IImeH)

Jj=11:=1

where K := max;cqq,.. ) ||m Y. Moreover, by (3.10),
[nt] i) [nt] r
[ X e[| < Zngn ) ZHm M i+ me|| < (C+||H||)<7“Lnﬂ||ms||+ZZ||MJ'¢||>,

j=1i=1

since ||métn”7j)r|| < |lm Lmj =T —II|| + | II|| < ¢+ ||TI|| by (2.3). Consequently, in order to prove (5.5), it
suffices to show

nT]

1

= > IMjl =50  as n—oo forall ie{l,...,r}.
j=1

In fact, Lemma 7.2 yields n~?2 ZJLT:L:’;J E(||M;;|) =0, i€ {1,...,r}, thus we obtain (5.2).
To prove (5.3), consider the decomposition My = N + (6 —E(d%)), where, by (7.5),

N Erk
Ny P Xrkes Erk—1
Ny, = : ) Nio:= Z (grkféJrl,j,i - E(&rkfbrl,j,i))v ) = :
: i=1 j=1 :
Nk,r Erk7r+1

Clearly,

[ My)* < 2(]INKIIP + (162 — E(6%)]17), oM l>n0y < L{INgli>n0/2) + 116, —E(52)>n6/2} >
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hence (5.3) will be proved once we show

[nT]
5 ST ENPL N, 00y | Frier) =0 forall 6> 0,

P
; Z E(”Nk||21{H5k—E(5k)H>n9} |]:rk—r) —0 for all 6 > 0,
k=1

|nT ]
1 P
= 2 E(I8k —E@0)* | Frrmr) = 0.
k=1

First we prove (5.6). Using that the random variables {&,;_,1;,:7 €N, € {l,....r},i e {1,...

independent of the o-algebra F,r_, for all k€N, we get
E(||Nel*Lgngsnoy | Fri—r) = (X1, s Xohor),

where Fj : (Z1)" — R is given by

Fk(zl, ey Zr) = E(Sk(zl, ey ZT)21{Sk(21’~~,zr)>719})7 Z1,...,2r € Z{)H
with
r P 2 2 1/2
Sk(z1,.--,27) = Z Z Z(&rk%ﬂ,j,i - E(frk%ﬂ,j,i)) )
¢=1]li=1 j=1
where z; = (2¢1,...,20,). Consider the decomposition
Fi(z1,...,2.) = Ak(z1, ..., 2r) + Be(21,.. ., 2p),
where

T P Zei

A1, 20) 1= ZZZMH&MJHM - E(&rkfbrl,j,i)||21{Sk(21,---,zr)>n9})7

(=1 i=1 j=1

15

where the sum ' is taken for i,i’ € {1,...,p}, j € {l,...,20:}, 7 €{l,..., 200} with (i,5) # (i,7").

Consider the inequalities
Sk(z1,...,2,) < ||€rk72+1,j,i - E(Erk76+1,j,i)” + Sij{,lz(zla ceey Zr)

for £e€{1,...,r}, ie{l,...,p} and je{l,...,2p s}, where

~. . 1
Si’fz(zlv ey Zp) = Z ||£rkf€’+1,j’,i’ - E(Srk76’+17j’,i’>”?

where the sum Y is taken for ¢ € {1,...,r}, ' € {1,...,p}, and j' € {1,...,2p o} with (¢,5',4') # (¢, ],1).

Using that

1{Sk(z1,...,z,‘)>n9} < 1{H£rk72/+1,j’,i’_]E(grkfé/Jrl,j’,i/)”>n0/2} + 1{5%’}(@ czp)>n0/2}
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we have
Ak‘,(zlv te ZT) < A,Sgl)(zla AR zT‘) + AI(CQ)(ZM cee 727')5
where

T P Rei

1
Agc )(217 LR ZT) = Z Z Z E(HETIC—E-‘FL]'J - E(é'r‘k‘—é“rliji)||21{”57%—1{-%—1,_7}7’,_]E(ﬁrk—/,-f—l,j‘i)H>n9/2})7
=1
/=1

=1i=1j=1

T

A.Sf)(zlv"';zf‘) = Z

20,4

p
Z Z E(H"Erk—zﬂ,j,i - E(ErkJJrl,j,i)||21{§Jk};(zl,...,z,.)>n9/2})'
i=1 '

=1 j=1

In order to prove (5.6), it is enough to show that

[nT] [nT]
1
E Z Akl (er 1, er r) i> 07 ﬁ Z A;f (X'rk 1 X'r‘k r) i>07
k=1 k=1
1 [nT] »
ﬁ Z Bk(erf'r'» er r) — 0 (5 9)
k=1

as n — oo. We have

1
A (21, 2 Zz ([[SAIRRTES (SPTERT] i V(PSR- VSN STV

for all k€ N, where

E(1€k—r1,1, = EE ket 1) P11 ki1 i BEEngir s 0)l>n0/2y) = 0 as n— 00

forall £e€{1,...,r} and i€ {1,...,p} by the dominated convergence theorem. Thus, by Corollary 7.2, we
get with some constant K € Ry,

[nT]
1
) Z E(A](Cl) (erfly ey erfr))

n
k=1
[nT] » p 20

=32 Z D DD Bkt ) E(I€1,1: — €1 )P Lgie, , ~5ie, 1 )15n0/2))

k=1 ¢=1i=1 j=1

InT] r
< n2 > ZZK (rk = OB(l€1,1,5 — (&1, P 1qe, o —Bee, 0 1>n0/2})
k=1 (=1 =1
rInT|(r|nT| —1) &
=K 52 D E(€r1: — EE 1017 e, 1 —5ie, . l5n0/2)) = O
=1

which yields n=2 Y AW (X 1, X k) — 0.
Independence of &,_y11 ;; — E(§4_¢11,,:) and Sy(21,...,2,) implies

T P Rei

AP (21,2 = S S S Bl i1 i — B g1 )P P(ST (21, ., 20) > 10)2).

=1 i=1 j=1
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Here E(HSrku«Fl,j,i - ]E(srk7€+l,j,i)||2) = tr(V51)7 (S {17 s 7p}7 and7 by Markov’s inequality,

i 4 i 4 i
P(Sy (21, -+, 2,) > nb/2) < W E(Syu(z1, .-, z,)?) = 202 Var(Si W(z1,...,20))
= n292 Z tr(Ve,) 292 ZZ%“ Ve,)-
=1 i=1

Thus we get

r p r p
Agf)(zla ey Zr) < 7”[,2492 Z Z Z Z 20,20 i tI‘(VEi) tr(VEQ).

(=1 i=1=1i=1
Hence, by Cauchy-Schwarz’s inequality and Corollary 7.2, we get with some constant K € R,

|nT] InT] r
% Z E(A}?)(er—l;“-aer r < 492 Z ZZZ ZE rk— Zz rk—£', ")tr(VE )tl"(V& )
k=1 k=1 ¢=1i=1¢=14v=1
[nT] +» r P 2
<= ZZZ (rk—0)(rk — 1) (Zu(vg) — 0,
n 0 k=1 {=1/¢'=1 i=1

which implies n =2 ZMTJ A 2)( Xik-1yeoo, Xok—r) 0. By Cauchy-Schwarz’s inequality,

Bi(z1, o2 < VBL (21, 20) E(Lsyeneyons)):

where

T , 2
B/(cl)(zh . O ]E<<Z Z (Srk—z—i-l,j,i - E(Erk—€+1,j,i))T(érk—€+1,j’,i’ - E(frk—eﬂ,j',i/))) >
=1

Using the independence of 5rk_e+1,j,i - E(ﬁrk—u—l,j,i) and €rk—z+1,j',¢/ - E(frk—ul,j',i/) for (i,7) # (i, '),
we get

B,(Cl)(zl, e

2) = Zz/tr(V&) (V)
_ZZZZ1 Z[lf tI‘ VE +ZZZglzglltI‘ Vﬁ)tf(V&) < ZZ@J)
4

(=1 i=1 0=1 i#i’

with some constant K; € Ry . Further, by Markov’s inequality,

3

P
E(1{sy(21,...,2,)>n0}) n292 ZZZJ itr(Ve,) n29 Z

(=1 i=1 /=1

with some constant Ks € Ry. Hence

r p 3/2 r p
Bi(z1, ... Ka 32
R A PO LS 9 9E

(=1 i=1
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with some constants K3, Ky € Ry. Thus, in order to show (5.9), it suffices to prove

LTLTJ T

S SN,

k=1 (=1 i=1

In fact, n’3ZL"TJ Yoo P E(X 3,{3“) — 0, since Corollary 7.2 implies E(X%iz,i) < (Il:‘,(Xf,c_g)i))s/4 <
K(rk — £)3/? with some constant K € R,. Thus we finished the proof of (5.6).

Now we turn to prove (5.7). Using that for all k € N, the random variables {£Tk7£+1)j_’,i,€rk7[+1 1 le
{1,...,r},jeN i e{1,... ,p}} are independent of the o-algebra F,_,., we get

E(||Nil*1g16,—5(50)[5n0} | Fri—r) = Ge(Xpk—1, ., Xru—r),
where Gy, : (Z5)" — R is given by
Gr(21,- - 2r) = E(Sk(21, -, 20) 2165 —E(60) |10} ) Z1,...,2r € L5

Using again the independence of {ﬁrkiz+1’j’i,€’rk75+1 le{l,...,r}, jeNie{l,...,p}},

T P e

Gr(z1,. o, 20) = P16k —E@1)| > 18) Y > > E(l€m—rer15i — EErn—rir)lI),

£=1i=1 j=1

where by Markov’s inequality, P(||8; — E(dx)|| > nf) < n=2072E(||6x — E(8x)|?) = n=20"%rtr(V,), and
E(1€ ko415 — B g_ey1,5.0))17) = tr(Ve,). Hence, in order to show (5.7), it suffices to prove

|nT] »

=D 3D ) AN

k=1 (=1 i=1

In fact, by Corollary 7.2, n™* ZMTJ S > E(Xrk—g,) — 0.
Finally we turn to prove (5.8). By 1ndependence of ér and Frx_,,

nT |

1 r|nT|
@Z (165~ B0 | Foir) = Z (165~ G017 = "2 w(ve) o,

thus we obtain (5.8). Hence we get (5.3), and we conclude, by Theorem 7.3, convergence M ™ Ny VI

6. PROOF OF THEOREM 3.6

In order to prove Theorem 3.6, we want to apply Lemma 7.4 using Theorem 3.4. By (3.10), xm =
T (M™), where the mapping

v

¥ = | 1 | DRy, (R?)) - D(R,, (R?)")
()
12
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is given by
(il i [ i1\, 1
B0 = om0 S m (L) < g () ¢ L]
ot p n n nr
Oty 2 j—1 j—2\ 1
nt|—j)r L—itr — _ — -
—i—Zm ;mg [fe( - ) fz( - )—&-nr’me]
for

f1

~
[

: | € D(RL, (RP)"), teRy, n €N, 1e{l,...,r}.
fr

Further, X = ¥(M), where the mapping ¥ : D(RL, (RP)") — D(R4, (RP)") is given by

TS, me 7 (fo(t) — £(0) + r—ttmy)

m +r—2 _ 7“_1 me
B(F)() = >, (f@(t) fe(0) +r~1tme) ’ f € DR, (RP)), teR,.

TS, mé(fot) — £(0) + " tme)

Measurability of the mappings (", n € N, and ¥ can be checked as in Barczy et al. [3, page 603], see
Lemma 7.5.

The aim of the following discussion is to show that the set C := C(R4, (RP)") satisfies C € Do (R4, (RP)"),
C C Cy (g, and PM e C) =1.

First note that C(R4, (RP)") € Do (R4, (RP)"), see, e.g., Ethier and Kurtz [5, Problem 3.11.25] and Lemma
7.6.

Next, we fix a function f € C' and a sequence (f™),cy in D(R,,(RP)") with f(”) — f. By the
definition of ¥, we have ¥(f) € C(R4,(RP)"). Further, we can write

(n) f(”) HZm [ (UZJ) fzn() LZiJmE}

+H§méi+r 0 (M) - o P

nr

Lnt)

_iyy " — j j—1 1
+ Z:(métmJ D _ II) Zmé [ n) (i) — (]n > + ms}
j=1 =i
(et S j—1 j—2\ 1
+ 3 (mdm ) S m {f,}") () - £ ( ) + nme} 7
=2

n
=1
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hence we have
90 w0 < K1 T = ([l (57) - 0] #1570 — 0+ e
+K||H||;( (=) -
S S ol (176
(o

70|+ 1570 = 1Ol + 2 el

Q- ()
(2 () )

7j=1 =
|nt] i—

+K2ng"”*j)r ‘
j=2

,_. <.

=1

Here for all T'>0 and ¢ € [0,T],

e (5) o] <[ (55) = (5) | (57) - 0]

Swr(fin)+ sup ||F7(0) = F@),

te[0,7]

where wr(f,-) is the modulus of continuity of f on [0,7], and we have wr(f,n"!) — 0 since f is
continuous (see, e.g., Jacod and Shiryaev [10, VI.1.6]). In a similar way,

()5

for all je{1,...,n}. By (2.3),

)H J+2 sup £ @) — £

te[0,T]

[nT]

[nt]
_j nt|—i c
;Hmé\_nﬂ J)r 7H|| < ; crlntl=i < m

lu

Using that f(™
CCCu,(wm),en:
By the definition of a strong solution (see, e.g., Jacod and Shiryaev [10, Definition 2.24, Chapter III]), M
has almost sure continuous sample paths, so we have P(M € C) = 1. Consequently, by Lemma 7.4, we obtain
XM = g (AM™) 2, T (M) ZX as n— .
Clearly, mgIl = my lim mg” = lim ménﬂ)r =1II, hence (msyt)teﬂh (Ve)ter, - O

n—oo n—oo

— f as n — oo, we have WM (f(M) u, ¥(f) as n — oco. Thus we conclude

7. APPENDIX

In the proof of Theorem 3.1 we use some facts about the first and second order moments of the sequences
(Xk)kez, and (Mp)ken-
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Lemma 7.1. Let (Xp)rez, be a p-type branching process with immigration. Suppose that X, = 0,

E([[€,14]1?) <oo forall ie{l,...,p} and E(|le1||*) < oo. Then
k=1
E(Xy) =) mime, (7.1)
=0
k=1 k=2 k—j=2
Var(X},) = ZméVe(mg)J + ) my Z [(mgme) © V] (m{ ). (7.2)
j=0 j=0 £=0

If, in addition, (Xy)kez, s a critical indecomposable p-type branching process with immigration and the
offspring mean matriz mg has the form (2.1), then, for all k € N, we have E(My, | Frp—r) =0, E(M}) =0,
and

T r—~4

E(M M, | Fry) = @{ [mg_erk_r +y mélms} O Ve + vs}, (7.3)
=1 j=1
r r—~{ )
E(M,M])) = @{ [mgf E(Xrh-r) + Y mglme] O Ve+ VE}. (7.4)
=1 j=1

Proof. We have already proved (7.1), see (1.4). The equality My, = X, p—r41 — E(Xrh—p41 | Fri—e) clearly
implies E(My, ¢ | Fri—e) =0, thus E(My | Fre—r) = E[E(M ¢ | Fri—e¢) | Fri—r] = 0, and hence E(M}) = 0.
The proof of (7.2) can be found in Ispdny and Pap [9]. By (1.2) and (3.4),

M= Xrh—t41 — E(Xrh—rq1 | Fri—e) = Xok—t41 —me X g — me
KXrk—e,i (7.5)
= Z Z (Erk—tt1,5i — E&rk—tt1,54)) + (Erk—tr1 — E(€rk—r+41))-
=1 j=1

For each k€N and ¢€{1,...,p}, the random vectors

{Erk—e+1,j,i - ]E(STk—Z—&-l,j,i)a Erk—t+1 — E(€rk—r41) 1 J ENy i €{L,... ,p}}
are independent of each others, independent of F,;_,, and have zero mean, hence
P
E(Mk,ZMze | Fri—e) = Z Xok—t,iVe, + Ve =Xt O Ve + Ve
i=1
By the tower rule and by (1.3),
r—~0 )
E(M M, | Frier) = [E(Xrhet | Frar) @ Ve + Ve = [mgéxr,” +Y° mg‘lme] OVe+ Ve
j=1
If j¢e{l,...,p} with j </ then, again by the tower rule,

E(Mk,jM/I,z | Frier) = E(My j E(M i | Fri—e) " | Frier) =0

since E(My | Frr—¢) = 0, and similarly, if 5, € {1,...,p} with j > ¢ then E(Mkij;—_ﬂ]-'Tk,r) =0,
thus we conclude (7.3), and hence, (7.4). O
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Lemma 7.2. Let (X)rez, be a critical indecomposable p-type branching process with immigration. Suppose
that Xo =0, E(|[€,1,]|") <oo forall ie{l,...,p} and E(||e1]|*) < oo. Then

E(|X)=0%),  E(IXu*) =0k,  E(|Mg|)=O(K"?).
Proof. By (7.1),

IE(X )| lemgll [mel| = O(k),

since ,
Ce := sup [[myg]| < cc. (7.6)
JEL+
Indeed, write j € Zy in the form j =rk+i with k€ Z, and i€ {0,...,7—1}. Then ||m£H = [lmg" || <
Img[[llméll < (c+ |ITT])) maxieqo,....r—1} [mil = C¢ < oo, since (2.3) lmphes Img®|| < lmg® —TI)| + || TI|| <
¢+ ||II]|.
We have

E(|| X x|?) = E[tr(Xng)} = tr(Var(Xy)) + tr[IE(Xk) E(Xk)T],

where tr[E(X;)E(X ;)] = [|E(X,)|? < [IE(||X;€||)}2 = O(k?). Moreover, tr(Var(X})) = O(k?). Indeed,
by (7.2) and (7.6),

| Var(Xp)[| < [Vl Z lm||* + me| - Vel Z [EAl Z Imel < CZIVellk + Céllme| - Ve,
Jj=0 7=0
where [[Ve|l:=>7_|[Ve,|. hence we obtain E(||X||?) = O(k?).
We have

E(|M]) < VE(MAIP) = \/E[tr(MM])] = trl@{[mg—imxrk_n+2mg—1me}@vgws}],
=1

j=1

hence we obtain E(||My||) = O(k'/?) from E(|| X)) = O(k). O

Next we recall a result about convergence of random step processes towards a diffusion process, see Ispany
and Pap [8, Corollary 2.2].

Theorem 7.3. Let ~: Ry X RP — RPX? bpe a continuous function. Assume that uniqueness in the sense of
probability law holds for the SDE

dUs = v(t,UL) AWy, te Ry, (7.7)
with initial value Uo = ug for all ug € RP, where (Wy)ier, is a q-dimensional standard Wiener process.
Let (Uyi)ier, be a solution of (7.7) with initial value Uy = 0.

For each n € N, let (U,(cn))keN be a sequence of p-dimensional martingale differences with respect to a
filtration (Fi)rez, . Let
[nt]
"= Uy, teRy, neN

Suppose E (HU(n)Hz) < oo forall n,k €N. Suppose that for each T > 0,

Lnt]
(i) sup ZE[ (U ,(Cn))T|]:k_1} fo (5, U™y (s,U ™) Tds|| - 0,

t€[0,T]
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[T
(i) S E (||U,(€")||21{HU§:,>”>9} | Fi1) =0 forall >0,
k=1

where —— denotes convergence in probability. Then U™ 2oy as n— oo

Now we recall a version of the continuous mapping theorem.

For functions f and f,, n € N, in D(R,,RP), we write f, LN f it (fn)nen converges to f
locally uniformly, i.e., if sup,cpo ) [ fn(t) — f(¢)| = 0 as n — oo forall T > 0. For measurable mappings
®:D(R;,RP) — D(R,R?) and &, : D(R4,R?) — D(R4,R?), n €N, we will denote by Cgp (s,),., the set

of all functions f € C(Ry,RP) for which ®,(f,) — ®(f) whenever f, LN f with f, e DR, RP), neN.

Lemma 7.4. Let (U;)ier, and (uﬁ”))teﬂh, n € N, be RP-valued stochastic processes with cadlag paths
such that U™ 25 U. Let & : D(Ry,RP) — D(Ry,R?) and ®, : D(R,,RP) - D(Ry,R?), n €N, be
measurable mappings such that there evists C C Co (o,),cy With C € Do(Ry,RP) and PU € C) = 1.
Then ®,U™) 25 o).

Lemma 7.4 can be considered as a consequence of Theorem 3.27 in Kallenberg [12], and we note that a proof
of this lemma can also be found in Ispdny and Pap [8, Lemma 3.1].

Lemma 7.5. The mappings ¥, neN, and U defined in Section 6 are measurable.

Proof. Continuity of ¥ follows from the characterization of convergence in D(Ry, (RP)"), see, e.g., Ethier
and Kurtz [5, Proposition 3.5.3], thus we obtain measurability of .

In order to prove measurability of W™ first we localize it. For each N € N, consider the stopped mapping
WM D(R,., (RP)) — D(Ry, (RP)") given by WN)(£)(t) = W (f)(tAN) for f € D(Ry, (RV)), t € Ry,
n, N € N. Obviously, UM (f) = &™) (f) in DR, (RP)") as N — oo forall f & D(R,,(RP)"), since for
all T>0 and N >T we have WON)(f)(t) = @™ (f)(t), t €[0,T], and hence SUPyeo,7] TN (F)(t) —
T (F)(#)|| — 0 as N — oo. Consequently, it suffices to show measurability of ¥(™N) for all n, N € N.
We can write @) = g(nN2) o (N1 - where the mappings WD : D(R, (RP)") — ((RP)")"V+1 and
WnN2) - (RP)")*N+1 5 DRy, (RP)") are defined by

w0 () = (101 (1) £ (2) o s).

[nt] r
nt|—j)r —1i 1
P (mN.2) (o, ®1,..., &N (L) := g méL t=9) E mé ¢ (mM —Tj_10+ m“ms)
j=1 =i

[nt] i—1

Z (Int)—) Z —it 1
—+ . 2m€n j?”e 1m£ @ T<$j—1v£wj_2’£+nrm€>
iz -

for f € DRy, (RP)"), t € Ry, = = (zo,21,...,Tun) € (RP))™NVHL n N € N.  Measurability of
TN follows from Ethier and Kurtz [5, Proposition 3.7.1]. Next we show continuity of \I/;”’N’Q) by checking
supco ) WD (@®)(t) — WV (2)(t)] - 0 as k — oo forall T > 0 whenever z®) — x in
((RP)")»N+1 This convergence follows from the estimate

[n(TAN)] »r

n n k k
2 [N (@) () — WV @) )| <02 Y S (1Y) — @il + 12— aal)
€10, j=1  t=i

[n(TAN)] i—1
k k
+02 Y S (e -l + 2, — @ial).

j=2 =1
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We obtain measurability of both W(N:1) and W(-N.2) " hence we conclude measurability of (™), O

Lemma 7.6. The subset C(Ry,(RP)") C D(R4,(RP)") is closed, thus measurable, i.e., C(Ry,(RP)") €
Doo (R, (RP)").

Proof. The complement D(R4, (RP)") \ C(Ry, (RP)") is open. Indeed, each function f € D(Ry, (RP)")\
C(R4, (RP)™) is discontinuous at some point ¢y € Ry, and, by the definition of the metric of D(R., (RP)"),
there exists ry > 0 such that all g € D(R,, (RP)") is discontinuous at the point ty € R, whenever the
distance of g from f isless than r;. Consequently, the set D(Ry, (RP)")\ C(R4, (RP)") is the union of
open balls with center f € D(Ry, (RP)") \ C(R4, (RP)") and radius ry. O
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