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On normality of orthogonal polynomials’

Vilmos Totik

Abstract

We extend some recent results of Martinez-Finkelshtein and Simon about measures p on the
unit circle for which the corresponding orthonormal polynomials ¢,, have the so called normal
behavior: |¢,]|/n — 1.
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Let u be a Borel-measure on the unit circle T (with support that contains infinitely many points)

and let ¢, (2) = Kp2" + - be the orthonormal polynomials associated with p. Thus,

/@n%dﬂ =0 if n # m, and / ‘(pn|2du =1.

It is a simple fact due to the orthogonality, that here

=1
2
Kn

and if we apply this to P,(z) = z¢!,(2)/nk.,, then we can conclude that

/ 0 (2)Pdu > .
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A. Martinez-Finkelshtein and B. Simon [4] raised the problem: when do we have equality in (2) in
asymptotic sense, i.e. when is it true that

fi Menllzzgn _
n—oo n

When this is the case, they call it normal behavior. The paper [4] contains motivations, different
formulations and several criteria for normal/non-normal behavior. The picture is far from complete
at this moment, and it is quite intriguing how different properties of the measure influence normal
behavior.

It was pointed out in [4] that normal behavior is linked to the Bernstein inequality. In this paper
we take this connection further, and with it we get some extensions of some results in [4].

As is usual, we identify the unit circle T with R/(mod2).

We call a measure p doubling if there is an L such that for all intervals I C [—m, 7] we have

u(2I) < Lu(T),

where 27 is the interval obtained from I by enlarging it twice from its center. When this is the case
and dp(t) = w(t)dt is absolutely continuous, then we shall also use the terminology that w is doubling.
In what follows we shall use the decomposition p = pig+pts, due(t) = w(t)dt, of p into its absolutely
continuous and singular part, and the letters u, pq, s, w will always be related this way.
One of the general normality criteria of [4] is the following: if w is bounded and it is in the Szegd

class, i.e. if
/logw > —00,

then for u(t) = w(t)dt there is normal behavior (see [4, Theorem 5.1]). Our result is

Theorem 1. Let w be a doubling weight in the Szegd class such that w is locally bounded outside
a set of measure 0, and assume also that g is doubling. Then du(t) = w(t)dt + dus(t) has normal
behavior.

As an example, let {a,} C [—7, 7] be a sequence the cluster points of which are the points of the
Cantor-set. Then

=1 1
w(z) = Z on |z — a,|1/?
n=1

is in the Szegd class and it is locally bounded outside a set of measure zero (outside the union of {a,, }
and the set of its cluster points), even though it is unbounded around every point of the Cantor-set.
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Furthermore, the weights |z — a|~'/? are uniformly doubling (the doubling constant is independent
of a), and it is easy to see that sums and limits of uniformly doubling weights is doubling, so w
is doubling. We can also add a nonzero singular doubling measure ps. In fact, the existence of
singular doubling measures follows from a paper of Beurling and Ahlfors [1] who, in connection with
quasiconformal mappings, showed that there is a strictly increasing continuous p : R — R for which

1 _pla+t) = pla)
M= @) —ple—t)

is true for all x and ¢, and for which p’ = 0 almost everywhere. Clearly, this p generates a dp which is
a singular doubling measure. For completeness, we shall give a direct construction at the end of the
paper.

Let us remark that, by a result of Feffermann and Muckenhoupt [3], a doubling weight may vanish
on a set of positive measure, so it need not be in the Szeg6 class. Even then, a doubling measure
cannot be too small on intervals, namely there is an s and a ¢ > 0 such that for all I C [—m, 7] we
have (see [5, Lemma 2.1])

u(l) > eI

(this property for measurable sets I rather than intervals would be more than sufficient for the Szeg6
property).

Corollary 2. All generalized Jacobi weigths du(t) = w(t)dt of the form

wty=h(t) [[ It—tul

1<k<N
where oy > —1 and h is a positive continuous function, have normal behavior.

For Lipschitz continuous A this is [4, Theorem 10.1].
We say that a measure p on the unit circle T has the Bernstein property, if there is a constant Cj
such that

[ 1Pidn < con [ 1P P 3)
for all polynomials P, of degree at most n = 1,2,.... It is easy to see that this is the same that for
all trigonometric polynomials .S,, of degree at most n =1,2,... we have

s

[ isupan < con® [ 150 Paucy

—T
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(with a possibly different Cp). The L2-version of a classical theorem of Bernstein says that the
Lebesgue-measure has the Bernstein property, and (3) just requires the same for weighted L? spaces.
It is a remarkable fact that the doubling property alone implies the Bernstein property, see [5] (there
absolutely continuous measures were considered, but the theorems and proofs are valid without any
change for doubling measures).

The following result shows that a doubling singular part is irrelevant from the point of view of
normality provided the absolutely continuous part is also doubling and in the Szegé class.

Theorem 3. Suppose that p, is a doubling measure in the Szegé class, and u; is also doubling. Then
w is normal if and only if u, is normal.

Proof. Since 4 is in the Szegd class, Szeg6’s theorem (see e.g. [7, (12.3.9)] or [6, (1.1.8) and (1.5.22)])
gives that the leading coefficients k, (1) and k,(1,) have the same positive limit, so if n > 0 is given,
then for large n we have

fn () < Kn(pa) < (14 n)kn(p)
for all large n no matter how 1 > n > 0 is given. Let ®,, be the orthonormal polynomial for u,. Then

(see also (1))
dpeg +/

= / on (10 + 5 [ 100/ () Pt

(14n)?
= zmm * mma) = hnlpa)?

Qan/ﬂn(,u) + (I)7L/Hn(ﬂa) 2
2

/ ‘ Pl (1) = P (10) ”

Since the second term on the left is at least 1/k, (1q)? (see (1)), it follows that

2
On/kn(p) — Pn/ln(ta 3n
[ CE AR A T
2 Hn(ﬂa)
i.e.
2 5 | Kin(Ha) ?
lon — Pn|"dpa <240+ 2 [ |4 m — 1| dpe < 26n. (5)

Using that u, is doubling, therefore it has the Bernstein property, it follows that

/ “p;z - (I);L|2dﬂa < 00”2 / |90n - (I)n|2dﬂa < 260071277.
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This gives

197, /7l 2 (uy < N0/l L2(ua) + V/26C0on < |y, /1l L2¢0) + /26C0n,

so the normality of p implies that of p,.
In a similar vein,

len/nllz2ua) < 125/nl L2 () + V/26C0n-
Since ps is also doubling, it has the Bernstein property, therefore

l#n/nll L2y < Collenllza(u,y — 0

by [6, Theorem 2.2.14,(iv)], so it is less than any given ¢ if n is large. Hence, for all large n we have

len/nllz2) < 19, /nllL2(u,) + /26Con + ¢

so the normality of p, implies that of p.

To prove Theorem 1 we need

Proposition 4. If u is in the Szegd class and p has the Bernstein property (in particular, if p is
doubling), then for sets E C T consisting of finitely many arcs

1
limsup—z/ ol [2dp < 2Cy|E|.
n* Je

n—oo

Here |E| is the linear (arc) measure of E.

Proof. For an € > 0 choose a polynomial S, say of degree m, such that 1 < [S(2)] < 2 on E,
|S(2)] < € on T\ 2E (2F is obtained by enlarging each subarc of E twice from its center) and
|S(2)| < 2 otherwise. One can get easily such a polynomial from a similar trigonometric polynomial

[m/2]

Shay2(t) = Z cpe'™

k=—[m/2]
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by setting
[m/2]
S(z) = M/ Z ezt
k=—[m/2]
Then

/ oL 2 < / o S|2dp < 2 / (onS' 2y + 2 / (pnS)' P
E E E E

The first term on the right is at most a constant times the integral of |¢, |?du on E, so it is bounded,
and hence the quantity obtained by dividing it by n? tends to 0 as n tends to co. Using the Bernstein
property we obtain for the second term

/ (puS)Pdp < Coln+m)? / onS|2dp
E

< Coln+m)%e / \oul2dps + 4Co(n + m)? / onl?d.
T\2E 2F

To estimate the last factor in the second term of the right-hand side we use that |¢,, (e®)|?du(t) tends
weakly to dt/2m (see [6, Theorem 2.2.14,(v)]), and so

2|F
limsup/ lon|2dp = M
2B

n—00 2T

Plugging this into the preceding estimate, dividing by n?, letting n — oo and then ¢ — 0, we
obtain what we want.

Proof of Theorem 1. In view of Theorem 3 we may assume p = p, i.e. that p is absolutely
continuous: du(x) = w(x)dz.

We start with a similar argument as in Theorem 3. Let wy; = min(w, M), and set dup(t) =
wys (t)dt. Then, by the assumption that w is locally finite outside a set of measure 0, this wy; agrees
with w outside a set Ej; which can be chosen as a finite union of intervals with |Eps| — 0 as M — oo.
From Szegd’s theorem (see e.g. [7, (12.3.9)] or [6, (1.1.8) and (1.5.22)]) we get that the corresponding
leading coefficients k., (@) and k, (uar) differ by as small quantity as we wish if M is large and then n
is large, i.e. we can have

Fon () < Fn(par) < (1+n)kn () (6)
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for all large M and then large n, no matter how 1 > n > 0 is given.
Let @, be the orthonormal polynomial for pps. Now repeat the argument (4)—(5) with with p,
replaced by pas (that argument was based on p, < p and for ups we also have ppr < p) to conclude

/|(pn - q>n|2dﬂM < 2677- (7)

Let € > 0 and fix an My such that |Ep,| < e. Let J be a subarc of T \ 2E),, and J’ the subarc
of T\ Ejy, that contains J. By the local Bernstein inequality for doubling weights [2] we have

L/mf@wwS@w#/W%f¢ww
J J’

(in [2] it is assumed that J’ is of length at most 1, which is enough for us, for we can apply that result
to smaller parts of J' if this is not the case). Taking sum for all subarcs of T \ 2Ej;, we can see that

L/ |%*%W}§Cmﬁ/ o — Bl
T\2E T\Eu,

= CMonQ/ |<pn - q>n|2wM < CM02677’/L2,
T\EMO

where, in the last but one step we used that for M > My we have w = wypr on T \ E)py, (clearly, we
may assume the sets Fjs decreasing, so Epy C Ejy, ), and in the last step we used (7).
On the other hand, by [4, Theorem 5.1] (note that wy; is a bounded Szeg6 weight which agrees

with w on T \ Ejg)

1 1
ne JT\2Ey, n= JT\2Ex,
for large n. A combination of these give for large n

1

n2
n= JT\2Ex,

052w < (v/Cary26m + V1 +€)?

The integral over 2E), is handled by Proposition 4, namely

1

n2

o), |2dp < 3C02| Epyy| < 6Coe (9)

2B,
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for large n.
All these show that for large n

/
”‘p"”% < \/Ca1, 260 + /1 + 26 + /6Coe,
and since here € > 0 is arbitrarily small, and independently of this and M, the number n > 0 can be
arbitrarily small, the proof is complete.

For more clarification, this is the order of selection of the parameters: given € > 0 select My so
that |Epy,| < e. With this choice of Ej;, we get the constant Cyy,, and select 1 so that Ch,26n < €.
Then select the M > My and N so large that with this M the inequality (6) is true for n > N.
Finally, there are two more thresholds on n, namely that (8) be true and that (9) be satisfied.

We finish the paper by a construction of a singular doubling measure on the unit circle.

We shall construct a 1-periodic singular doubling measure p on the real line, then its dilation by
27 will be appropriate on the unit circle.

Let h be the a 1-periodic function that is 2 on the interval [1/3,2/3) and equals 1/2 on [0,1/3) U
[2/3,1). Then the integral of h over [0,1) is 1. Let, for n =1,2,...,

gulx) = [ h(3*a).
k=1

and dpy, (z) = gn(z)dz. The function g, is constant on each triadic interval I; , = [j/3", (+1)/3™) C
[0,1), the constant being 4%:» /2" where [;,, is the number of those digits {ex}, 1 < k < n, in the
triadic expansion of the center

%:0.6182...6n6n+1"‘, e, =0,1,2
which equal 1:
Lin=#{k|1<k<n, g =1} (10)
Thus, l
(i) = o

6n
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and from the choice of h (namely from the fact that its integral over [0,1) is 1) we also get
b (L) = (L) for all m > n.
Therefore, if 1 is a weak*-limit of {,, }5°_, then we have

4lim

Li,)=—.
( 17) 6n

We fix such a weak* limit p, and next we show that p is doubling. If I is a subinterval of [0, 1] with
37" < |I| < 3"1 n > 2, then there is an interval I; ,,+1 C I, and 21 is contained in Iy, ,—1 U Ij41 -1
for some k. Let d be the density of p,—1 on Iy ,—1. Then its density on Ijy1 ,—1 is either 4d or d/4,
so the density of i, on any subinterval I, ,, of Iy ,—1 U It y1,n—1 lies in between d/4? and 4%d, and
the density of p,,+1 on any subinterval I; ;41 of Iy ,,—1 U Ip41,,—1 lies in between d/4% and 43d. In
particular, this is true for I; ;. Thus,

p2l) < p(Ikpm—1YUlpr1n-1) = pn—1Tepn—1 U lry1n—1)
< 4d|Ik,n—1 U Ik+1,n_1| = 8d37(n71)7
while
d d —(n+1)
}L(I) 2 ,U‘(Ij,n—&-l) - ,Ltn+1(Ij7n+1) Z 473|Ij,n+1| _ 473d3 7
SO

p(2l) <8-4%-9- u(I).

Finally, we prove that p is singular. Let € > 0 be given, and for an n consider the set E. ,, of those
points € [0, 1) for which g,(z) > e. If [ is an integer with 4!/2" > ¢, then the number of intervals
I, on which the density is precisely 4!/2" is (see (10))

n
2n—l
(1)
n\ 2!
1) 37’

()%= % o

41>eg2m

and these have total length

SO

|Ea,n =
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Since, for large n, we have

12
Crit1 < ﬁCn,l for I > Tn/18,

and 4! > £2" implies | > n/2 4 loge > 8n/18, we get with ¢ = (12/14)'/'8 that

19\ L-7n/18
|Een| <Cy Y (14) < Clg™. (11)

4l>e2n

On the complement of E. ,, (which is a union of intervals I; ) the density of u, is < ¢, so

/U'([Oa 1) \Ee,n) = ,un([ov 1) \ Ee,n) <e.

This gives for
E. = hmsupEa,n =Ny Un>nN Ee,n
n—oo
that 44([0,1)\ E.) < ¢, and, by (11), E. is of measure 0. Thus, if £ = UpS_; E /., then E is of measure
0 and p([0,1) \ E) = 0, which shows the singularity of p.
|
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