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In this work, we present a theoretical model that describes induced temperature and refractive index profiles gen-
erated by the Laguerre–Gaussian (LG) excitation beam. A comparison between LG and conventional fundamental
mode TEM00 is drawn. It indicates that there is a decrease or increase around the optical axis (z, r = 0) in the refrac-
tive index by LG0

1 and LG5
0, thus enabling an enhancement of the refractive index gradient along the radius r. The

temperature and refractive index profiles produced by the higher-order LG modes are compared with those of a
conventional fundamental TEM00 Gaussian beam. The results indicate that there is an increase along the radius in
the refractive index gradient generated by LG0

1 and LG5
0, which could enhance the sensitivity in photothermal lens

detection. ©2020Optical Society of America

https://doi.org/10.1364/JOSAB.397809

1. INTRODUCTION

The photothermal effect is a well-known phenomenon com-
monly used in photothermal spectroscopy. The general
principle of operation of all photothermal methods relies on
the generation of heat by periodical excitation of the sample.
Sensing of the refractive index, pressure, or temperature changes
produced after non-radiative de-excitation of absorbed light
is the main detection mechanism in photothermal spectros-
copy. In the case of thermal lens spectroscopy (TLS), the energy
absorbed by the sample is converted into heat, generating a tem-
perature gradient in the sample and consequently a refractive
index gradient that causes defocusing of the probe laser beam
passing through a liquid pre-excited medium [1–3]. Because of
defocusing, the intensity profile of the probe laser beam changes
periodically, thus producing a thermal lens (TL) signal, which
depends linearly on the absorbance of the sample [4–6]. The
TL effect was discovered by Gordon et al. [7] while they were
measuring the Raman emission spectrum of a liquid inserted
inside the laser cavity of a He–Ne laser. In 1973, a theory was
developed [8] to describe the TL signal and its dependence on
the temperature and refractive index gradients as well as the
relationship with the photothermal parameters of the sample.
In this work, they observed TL signals in weak-absorbing mate-
rials when the liquid sample was placed outside the laser cavity.
The main advantages of using the TLS is that the sensitivity
is orders of magnitude greater than the conventional UV–Vis
spectrometry. Second, TLS is a scattering-free method, enabling
more accurate low absorbance measurement. Solomini et al.

[9] measured absorption coefficients of more than 27 organic
liquids using a single beam TL setup. Later on, Grabiner et al.
[10] studied the vibrational relaxation phenomena in CH3F,
CH3CI, and C2H4 using time-resolved TL measurements.
However, the previously mentioned works used a single beam
configuration in which the laser acts as both excitation and
probe beams. Further improvement has been done using a
double beam configuration, thus enabling a wavelength scan for
spectra measurements [11,12]. This fact allows the use of a fixed
probe beam wavelength in the visible part of the spectrum where
most detectors are more sensitive and with less interference
noise.

Previously, any existing TL theoretical model used the fun-
damental TEM00 beam as an excitation source. Moreover, there
is no theoretical model describing a cw-laser-induced temper-
ature and refractive index profiles produced by higher-order
Gaussian modes. During the last few years, physicists have paid
considerable attention to particular features and applications
of specific intensity profiles of laser beams, i.e., higher-order
Laguerre–Gaussian (LG) modes [13,14]. They are used widely
as spatial bases and are eigen-functions of the Fourier transform,
solutions to the paraxial wave equation, and eigen-modes of
quantum harmonic oscillators. For these reasons, LG modes
play an important role in many scientific disciplines as well as
in theoretical models in physics. LG modes are used in high-
precision interferometry for gravitation waves detection [15],
spiral phase imaging microscopy [16], to trap ultracold atoms
[17], and in microscopy for imaging when spatial filtering is
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Fig. 1. Schematic of beam propagation.

needed [18]. LG beams present very particular features that
seem to be advantageous for TLS. For example, they have inten-
sity profiles with narrower FWHM and higher intensity on the
axis that could generate strong refractive index gradients as well
as TLS signals. Additionally, the technology associated with the
generation and detection of LG modes has a tendency to grow.
The Hermite–Gaussian basis can in turn easily be transformed
to LG through two cylindrical lenses, and the Gaussian basis can
be transformed into LG by means of a spatial light modulator.
Thus, the first step that must be considered to obtain a descrip-
tion of the TL signal, generated by LG beams, is to measure the
temperature and refractive index changes.

The goal of this paper is to solve analytically the temper-
ature and refractive index gradients generated when the TL
effect is produced by high-order Gaussian modes such as LG.
The described temperature and refractive index profiles are
compared with those generated by the TEM00 Gaussian mode.

2. THEORETICAL MODEL

The model is based on a LG excitation beam propagating in z
direction, passing through an absorbing medium of length l , in
which the heat flow occurs in radial direction (x , y ) and convec-
tion effects are negligible. The beam is focused by a converging
lens so that it is focused onto the sample with a Rayleigh param-
eter larger than the length of the sample. The location of the
sample is at the waist of the excitation beam and is taken as the
origin along the z axis, as shown in Fig. 1. The beam is turned
on at time t = 0, and the temperature gradient is developed
along the radius r . Keeping in mind the cylindrical nature of our
problem, we use LG mode beams to excite the sample.

3. TEMPERATURE GRADIENT BY LGl
p MODES

In general, the LG beam LGl
p has a transverse intensity profile.

The superscript l describes the angular degree of freedom, while
the subscript p is related to the radial profile of the beam (radial
nodes). It contains a phase front of spiral shape with a phase
shift 2π l around the circumference of the beam with l negative
or positive. For the sake of simplicity, we ignored the negative
sign in our calculations. LGl

0 can be generated by transforming
the fundamental Gaussian mode by using the proper optical
element with different techniques. One of these techniques is
called the binary phase diffractive optical element (BPDOE)
[19]. Its calculations are based on Fresnel–Kirchhoff integrals.

The transverse intensity of a LG beam is represented as
follows [20]:

I l
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2p!
(1+ p)π
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w2

(
2r 2

w2

)|l |
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(
−2r 2

w2

)(
L
|l |
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(
−2r 2

w2

))2

,

(1)
wherew(z) is the beam radius, P0 is the power of the laser beam,
and (r , z) are cylindrical coordinates.

The heat generated per unit length per unit time between r
and r + dr is

Q(r )= 2πα I l
pr dr , (2)

whereα is the absorption coefficient. Dennemeyer et al. [21] cal-
culated a non-steady heat transfer equation, as described by

cρ
∂

∂t
[1T(r , t)] − k∇2

[1T(r , t)] − Q(r )= 0, (3)

where c is the specific heat, ρ is the density, and1T is the tem-
perature rise produced by the source term Q(r ). The boundary
conditions to solve this nonlinear equation are:

• far from the beam center in radial distance, temperature
change vanishes, i.e., at r →∞,1T = 0;

• initially, there is no temperature change, i.e., at t = 0,
1T = 0.

We can define a Green function for a temperature problem at
radius r and time t for the above-mentioned linear heat source at
r1 and t = 0:

G(r , r1, t)=
1

4πtk
exp

(
−

r 2
1 + r 2

4Dt

)
· I0

(
2r r1

2Dt

)
, (4)

where I0 is the special Bessel function of zeroth order, D is ther-
mal diffusivity, and k is the thermal conductivity of the medium
in which the beam is propagating.

The general solution for the heat transfer equation for an infi-
nite sample is [22]

1T =

t∫
0

∞∫
0

(Q(r1)G(r , r1, t))dt ′. (5)

For the intensity of Gaussian mode TEM00, substituting
l = 0 and p = 0 into Eq. (1), we get

I 0
0 =

2P0

πw2
exp

(
−2r 2

w2

)
. (6)

Now we need to identify equations for the intensity of various
lower LG modes. Substituting l = 1 and p = 0 into Eq. (1) gives
the intensity profile of LG1

0:

I 1
0 =

4P0

π

r 2

w4
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(
−2r 2

w2

)
. (6a)

Considering l = 0 and p = 1 in Eq. (1), we can write the
intensity of LG0

1 as

I 0
1 =

P0
(
1− 2r 2/w2

)
πw2

exp

(
−2r 2

w2

)
. (6b)

Similarly, the intensities of LG2
0, LG3

0, LG4
0, and LG5

0 modes
can be derived from Eq. (1) by substituting corresponding values
of l and p :
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Fig. 2. Radial intensity distribution for various lowest Gaussian and
LG modes. The radii are normalized to beam radius of TEM00.

Fig. 3. Temperature profile at various times by the fundamental
Gaussian mode TEM00.
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)
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The relative intensities of Gaussian and various LG modes
that we use as excitation sources are plotted in Fig. 2. All the

Fig. 4. Temperature profile at various times by LG1
0.

Fig. 5. Temperature profile at various times for LG0
1.

beam radii are normalized over the radius of TEM00. Note that
the intensity profile of the LG0

1 mode presents the narrowest
radius that can generate a higher refractive index gradient than
any other intensity profile.

Gordon et al. [7] calculated the associated temperature profile
generated by the intensity profile of TEM00:

1T =
αP0

4kπ

[
Ei(−2r 2/w2)− Ei

(
−

2r 2/w2

2t/tc + 1

)]
. (7)

The radial temperature profile generated by the Gaussian
mode is depicted in Fig. 3. It can be seen that temperature drops
rapidly outside the beam, irrespective of time [7].
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For the excitation mode of LG1
0, the temperature rise is calculated using Eq. (6a) by substituting the value of intensity in the source

term given in Eq. (5), and we get
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To solve Eq. (5) for r1, we use the following integration result:

∞∫
0

r 3
· exp(−p2r 2) · I0(br )dr = exp

(
b2

4p2

)
·

b2
+ 4p2

8p6
. (9)

Absorbing all constants in c and performing the integration on t ′ gives the following result:

1T = c ·
D
k
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16D
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 . (10)

Now we introduce a new parameter, tc = w2

4D , the buildup time for TL, called characteristic thermal time constant, and the result
becomes

1T =
αP0

4 · k · π

−e−2r 2/w2
+

e−
2r 2/w2
2t/tc+1

2t/tc + 1
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(
2r 2/w2

2t/tc + 1

) , (11)

where Ei is defined as an exponential integral [23].
Figure 4 illustrates the relative temperature field profile for LG1

0 excitation mode during heating of the sample; the x axis is normal-
ized over the radius of the beam. At lower values of t/tc , it resembles the profile of the excitation beam. At later times, there is a broad-
ening of the temperature profile due to thermal diffusion length, and the central part reaches a plateau with flat, constant intensity. The
shape of the profile continues to grows, but it remains the same, and the temperature gradient vanishes as we move away from the central
part.

Using a full width at half maxima (FWMH) technique, we calculated the numerical ratio of radius of TEM00 to LG0
1, which is equal

toω=ω0/1.8, andω0 is the radius of TEM00. The calculations of temperature gradient for the LG0
1 excitation beam is given as
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) . (12)

In Fig. 5, the temperature profile produced by the LG0
1 excitation mode is presented. If we compare Figs. 3 and 5, it can be seen that

the temperature profile generated by LG0
1 is narrower than the profile generated by the TEM00 mode. However, the intensity is higher in

the central part near the axis, enabling a higher temperature gradient along the radius.
The temperature gradient produced in the sample for LG2

0 is calculated with the use of Eq. (6b) in Eq. (5):
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Similarly, we can derive the temperature rise for excitation mode LG3
0 as follows:
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The analytic calculations for temperature rise due to modes LG4
0 and LG5

0, respectively, are derived as
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Fig. 6. Temperature profiles at various times for (a) LG2
0, (b) LG3

0, (c) LG4
0, and (d) LG5

0.
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(16)

The temperature profiles for the higher-order Gaussian modes LG2
0, LG3

0, LG4
0, LG5

0 are plotted in Fig. 6.
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Note that the temperature rise along the optical axis increases
with the order of the high Gaussian mode. Interestingly, the
central part is converted into flat intensity when t increases. The
central intensity at r /w= 0 reaches its maximum value only in
a steady state situation (t� tc ), and this value is related to the
thermal diffusivity of the sample used as the absorbing medium.
As we can see, generated temperature profiles of the TEM00

and LG0
1 (Fig. 3, Fig. 5) match pretty well with their intensity

profiles.

n(r , t)= 1.36−
αP0

8 · k · π
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4. REFRACTIVE INDEX DISTRIBUTION
PRODUCED BY LG MODES

In this section, we discuss refractive index profiles associated
with the temperature gradients of LGl

p modes discussed in
Section 3. The refractive index distribution [7] can be written as

n(r , t)= n0 +

(
∂n
∂T

)
1T(r , t)+

(
∂2n
∂T2

)
1T(r , t)2 + · · · ,

(17)

where n0 is the refractive index at the initial temperature T0. We
restrict our analysis to liquids, and only the first order in Eq. (17)
is considered. For these systems, the refractive index decreases
with increasing temperature [see Eq. (18)], thus producing a
diverging lens effect since the refractive index is lower on the
beam axis than on the edges:

n(r , t)= n0 −

(
dn
dT

)
1T(r , t). (18)

Now we briefly discuss some orders of LG propagating in
a solvent such as ethanol for which the values of the refractive
index n0 and refractive index gradient dn

dT (at 300 K) are 1.36
and 4× 10−4 K−1, respectively [24]. The refractive index distri-
bution for the Gaussian mode can be solved by using Eq. (6) and
Eq. (18) and is written as

n(r , t)= 1.36−
αP0

4 · k · π

(
4× 10−4

)
×

[
Ei(−2r 2/w2)− Ei

(
−

2r 2/w2

2t/tc + 1

)]
. (19)

The refractive index distribution produced by the Gaussian
mode is plotted using Eq. (19), as shown in Fig. 7. For mode
LG0

1, the refractive index distribution according to intensity
given in Eq. (6b) and using Eq. (18) is given by

Likewise, the gradient of the refractive index for LG5
0 can be

written by employing Eq. (16) in Eq. (18):

Figures 8 and 9 show the refractive index distribution by
higher modes LG0

1 and LG5
0, respectively. The refractive index

gradient in a steady state situation t� tc , along the radius of the
fundamental Gaussian mode, is lower than the refractive index
gradient produced by the higher-order Gaussian mode LG5

0.

Fig. 7. Refractive index profile by Gaussian mode excitation beam
profile for ethanol with absorption coefficient α = 5.9× 10−4 cm−1,
power 12 mW, and thermal conductivity 1.67× 10−3 W · cm−1

·K−1

[3].
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Fig. 8. Refractive index profile for LG0
1, for ethanol with absorption

coefficient α = 5.9× 10−4 cm−1, power 12 mW, and thermal conduc-
tivity 1.67× 10−3 W · cm−1

·K−1.

An increase in the refractive index gradient enables to produce
a high TL signal and sensitivity under the same experimental
conditions but working only at very low chopping frequencies
to reach the steady state condition (t� tc ). Another additional
interesting characteristic of the refractive index profile produced
by the higher-order Gaussian beam LG5

0 is that the flat region
around the optical axis is extended. This fact enables that the
area of maximal TL signal is also extended; thus, the dimensions
of the pinhole are not so critical as in the case of Gaussian beam
excitation. Collectively, these results suggest a higher sensitivity
for measurement. Moreover, the refractive index gradient of

Fig. 9. Refractive index profile for LG5
0, for ethanol with absorption

coefficient α = 5.9× 10−4 cm−1, power 12 mW, and thermal conduc-
tivity 1.67× 10−3 W · cm−1

·K−1.

LG0
1 along the radius is higher than the refractive index gradient

of TEM00 even at lower illumination times. Collectively, these
results suggest higher sensitivity using lower excitation power.

5. CONCLUSION

In this paper, we have investigated the temperature and refrac-
tive index profiles when the TL effect is generated by LG modes
of excitation laser beams such as LG0

1, LG1
0, LG2

0, LG3
0, LG4

0,
and LG5

0. The analysis has been performed based on the radial
dependence of the temperature and refractive index profiles
generated by LG beams after different times. The tempera-
ture and refractive index profiles spread following the thermal
diffusion length, which depends on the thermal diffusivity
of the medium. Moreover, the shape of each profile resem-
bles the shape of the specific LG mode used as the excitation
beam. An increase in the angular modes of the excitation laser
(l = 1, 2, 3 . . .) produces an upward shift of the temperature
profile under a steady state condition. A comparison with the
fundamental Gaussian beam TEM00 indicates that the tem-
perature gradient in the vicinity of the axis can be increased
substantially when using higher-order Gaussian modes but
only if the steady state condition is reached. However, for LG0

1,
the refractive index gradient is higher than for TEM00 even at
lower illumination times. This fact can contribute to generate
a high TL signal as well as high sensitivity in measurement. In
perspective, this result can be used for further development
of a TL model based on non-Gaussian excitation beams such
as LG, which can be easily generated using different optical
elements. This work is in progress along with the correspondent
experimental procedure.
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