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Note on the variance of generalized random polygons

FERENC FODOR AND BALAZS GRUNFELDER

Abstract. We consider a probability model in which the hull of a sample of i.i.d. uniform
random points from a convex disc K is formed by the intersection of all translates of another
suitable fixed convex disc L that contain the sample. Such an object is called a random L-
polygon in K. We assume that both K and L have Ci smooth boundaries, and we prove
upper bounds on the variance of the number of vertices and missed area of random L-
polygons assuming different curvature conditions. We also transfer some of our result to a
circumscribed variant of this model.
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1. Introduction and results

Approximation of convex bodies by random polytopes that arise as the convex
hull of i.i.d. random points is an actively investigated topic in contemporary
geometry. Since the ground-breaking papers of Rényi and Sulanke [17-19] one
of the major directions is the study of asymptotic properties of random poly-
topes as the number of generating points tends to infinity. We refer to the
surveys by Bérany [2], Reitzner [16], and Schneider [21], and Weil, Wieacker
[22] for further information on the extensive literature of this rich field. In this
paper, rather than adhering to the classical notion of convexity, we use a mod-
ified definition, the so-called L-convex hull. This alternative approach allows
for a more nuanced perspective on the approximation properties of convex
bodies depending on the curvature of the boundary.

The classical convex hull of a closed set is the intersection of all closed
half-spaces containing the set. When reconstructing a convex domain from a
random sample of points, the most natural estimator is the convex hull of
the sample. However, if the boundary of the set is curved, then it may be
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more advantageous to replace the half-spaces by, for example, translates of
a suitable convex domain, with possibly non-constant curvature. This idea
naturally leads to the notion of L-convexity.

The geometric properties of L-convexity are treated in detail in the articles,
for example, by Balashov and Polovinkin [1], Polovinkin [14], Langi, Naszdi
and Talata [11], and in a more general setting, by Kabluchko, Marynych and
Molchanov [10], and Marynych and Molchanov [12]. Here we only summarize
the most important information on L-convex sets that is directly used in our
arguments.

Let K and L be two convex discs (compact convex sets with nonempty
interior) in the Euclidean plane. We say that K is L-convex if it is equal
to the intersection of all translates of L that contain K. Let X C R? be a
compact set that is contained in a translate of L. We call the intersection of
all translates of L containing X the L-convez hull of X, and denote it by [X].
It is known that K is L-convex if and only if L is a Minkowski summand of
K, that is, there exists a convex set M such that L = K 4+ M, see Schneider
[20] Section 3.2.

The classical notion of convexity is usually defined using segments. In anal-
ogy to this, we define the L-segment or L-spindle of the points x and y as the
L-convex hull of {z,y}. We say, see [11, Def. (1.2)], that a convex disc K is
L-spindle convez if it is contained in a translate of L and for any z,y € K
it holds that [z,y];, C K. These two definitions are equivalent in the plane,
but both can be naturally extended to higher dimensions, where the set of
L-spindle convex bodies is a proper subset of L-convex ones, cf. [11], [1] or
[14]. The L-spindle convex hull of finitely many points is called an L-polygon.
If the boundary 0L of L is smooth, an L-polygon P is said to have a vertex at
x € OP if x is not smooth. We note that in the special case when L = rB?2, the
radius r circular disc in R2, the term r-spindle convexity is used. Properties
of the random r-spindle convex model have been investigated recently in, for
example, [7,9].

We consider the following probability model. Let K and L be two con-
vex discs with C’i smooth boundaries, and assume that K is L-convex. Let
T1,...,T, be iid. random points in K chosen according to the uniform prob-
ability distribution (normalized Lebesgue measure). Let KX = [z1,...,2,]L
be the L-convex hull of z1,...,z,, a random L-polygon in K. We are inter-
ested in the distribution of the following two random variables: the missed area
A(K\KL) and the number of vertices fo(/KL). Our main results are asymptotic
upper bounds for the variance of A(K \ K1) and fo(KL) as n — oo.

Two special cases of this probability model were studied in [8] which overlap
with the cases discussed for circles in [7]. In the first case, the curvatures of
boundaries of K and L are strictly separated, that is, we assume that

1 i 1
max kp(z) <1< nin ki (Y), (1)
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where k1 () is the curvature at « € L, and kg (y) is the curvature at y € K.
In this case, it is known (cf. [20, Sec. 3.2]) that at every point x € K there
exists a translate L + p such that K C L+ p and « € 0L + p. We say that
L + p supports K in .

Fodor, Papvari and Vigh [8] proved that if K and L are two C? convex
discs that satisfy (1), then

lim E(fO(Kﬁ)) -nié _ C'A(K)71/3 Al (ke (u) — HL(U))% du, @)

1
lim E(A(K\ KL) -0 =c- AK)*/? / Uereu) — mL(W)3 4
n—oo S1 REK (U)
where ¢ = (2/3)'/3T(5/3), S* is the unit circle and T is Euler’s gamma func-
tion. Integration on S! is with respect to arc-length. The special case when L
is a circular disc of radius r > 1 was proved in [7, Theorem 1.1].

The second setup we study is when K = L with Ci boundary. It was
observed in [7] (see Theorem 1.2 (1.7)) that in the special case when L = B2,
the expected number of the vertices approaches a constant as n — oo. It
was proved by Fodor, Papvéri and Vigh [8] that a similar phenomenon occurs
for general L. This result was extended by Marynich and Molchanov for d-
dimensions in [12] with no smoothness condition on L, and they also corrected
the constant in [8].

Fodor and Vigh [9] proved upper bounds for the variance of the area and
vertex number in the case when K = B?. Fodor, Griinfelder and Vigh [6]
proved matching lower bounds when the curvature of 0K is larger than 1 at
all boundary points.

We use the following common notation for asymptotic inequalities. Let f
and g be two real sequences. We write f < g if there is a positive constant g
such that |f(n)| < yog(n) for every n € N. If both f <« g and g < f hold we
write f &~ g.

Our main results are the following.

Theorem 1. If the convex discs K and L satisfy (1), then
Var(fo(KE)) < n?, (3)
Var(A(KL)) < n™3, (4)

where the implied constants depend only on K and L.

Theorem 2. Let L be a convex disc with Ci smooth boundary. Then
Var(fo(Ly)) < 1, (5)
Var(A(LE))) < n™2, (6)

where the implied constants depend only on L.
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The upper bound on the variance yields the strong law of large numbers
for the missed area.

Theorem 3. Let K and L be convex discs that satisfy (1). Then it holds with
probability 1 that

In proving the upper bounds in Theorems 1 and 2, we follow the methods of
[15] and [9], but the transition from circles to the L-convex case is non-trivial.
Besides borrowing methods from [8] new ideas are also needed in several places.

Theorem 3 can be proved by standard methods, see, for instance, [3], [9]
and [15].

2. Geometric preparations

In this section we recall some definitions and statements from [8]. Let K and
L be convex discs such that K is L-convex. A subset D of K is called an L-cap
if there exists a p € R? such that D = cl (K \ (L +p)), where cl (-) denotes the
closure of a set. As a simplification, we may also use the term cap instead of
L-cap if there is no risk of misunderstanding.

Let M be a smooth convex disc, meaning that it has a unique outer unit
normal u(M, x) at each boundary point « € OM. If M is strictly convex, then
for any unit vector wu, there exists a unique boundary point z(M,u) of M
with the property that v = u(M,z(u)). Based on this, we use the notation
kar(w) = kar(x(M,u)) for the curvature if OM is CF.

We recall [8, Lemma 2.1] (see also [7, Lemma 4.1]) that for each L-cap
D = cl(K \ (L + p)), there exists a unique point g € D N K and a number
t > 0 such that yo = xo—tu(K, xo) € DN(O L+p) and u(L+p, yo) = u(K, o).
We call zy the vertex and ¢ the height of D. We denote the unique L-cap
determined by u € S* and t > 0 by D(u,t). Let A(u,t) = A(D(u,t)), and let
I(u,t) be the arc length of D N (JL + p).

By Lemma 2.2 in [8], for a fixed u € S*

. _1 . s 4
Jim lu, 8)67F = 29(u), lm A(u,t)e7F = g9(u), (7)
where y(u) = \/2/(kx (u) — K1 (u)).

If (1) holds, then for any pair of points z,y € K there exist exactly two
translates of L which contain z and y on its boundary. Each one of these
two translates determines an L-cap, we denote these caps by D_(x,y) and
D, (z,y) such that A(D_(z,y)) < A(D+(z,y)). Let A_(x,y) = A(D_(x,y))
and Ay (z,y) = A(Dy(x,y)). There exists a constant § > 0 depending only
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on K and L, such that A, (z,y) > ¢ holds for any z,y € int K, cf. [8, Lemma
2.3].

Let 0 < ex < mingesx k(z). By a similar argument as in [9], one can show
that the Hausdorff distance dy (K, KL) > e of K and KL is at most e with
high probability. In order to see this, assume that dg (K, KL) > ex. Then
there exists a point 2 on the boundary of K such that ex B? +x C K. Thus,
there is a translate of L which supports K in z and defines an L-cap D of
height at least €. Since the minimum of the areas of L-caps of K with height
at least ek is positive, there exists a constant ¢y, depending on K, L, and €,
such that the probability that a random point falls into D is at least ¢g. Thus

(dH(K KL) > €K) (1 — Co) . (8)

3. Proof of Theorem 1

The first part of the proof is based on an argument of Reitzner [15] and had
already been used in [9] in the spindle convex setting (the case when L = B?),
therefore we only highlight the most important steps which use the L-convex
property.

Let x € K be arbitrary, and let z;x; be an edge of KE. We say that an edge
x;x; is visible from x if 2 is not contained in the translate of L that determines
z;x;. For z € K, we denote the set of edges of K visible from x by F,,(z), and
the cardinality of F,(z) by F,, = F,,(z). Let 2,11 be a uniform random point
from K, independent of x1,...,7,. If z,41 &€ K%, then the same argument as

n [9] and the Efron-Stein jackknife inequality [5] yield that

Var fo(Ky) < (n+ DE(fo(Kys1) — fo(Ky))? < nE(F: (2n41))-

Let I = (i1,i2) be an ordered pair of indices from {1,...,n} with iy # is.
Denote by F the shorter boundary arc of the unique translate L 4+ p with
Zi,, Ti, € 0 L+ p on which z;, and z;, follow each other in positive order. Let
1(-) denote the indicator function of an event.

We know from (8), that assuming that dy (K, KL) < e introduces an
error O((1 — ¢k )™). Therefore, we obtain, similarly as in [9], that

) 1
E(Fn(mn+1)) < gyt Z Z /K /K

1(F; € Fr(xne1)1(Fy € Fr(znyr))

N\

X Udp (K, K)) <eg)dry ... degde, g+ O((1 - CK)n)i )
9

where summation is over all ordered pairs I and J from {1,...,n}.
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We can choose £x so small that A(K\KZL) < 6, so only the arc defined by
z; and z; can be an edge of K-

Let D be an L-cap with vertex . For a line e perpendicular to u(K,z),
denote by e, the closed half-plane containing x. Then there exists a maximal
(classical) cap C_(D) = K N ey, which is contained in D, and a minimal cap
C4(D) =€/, N K, which contains D.

Let 0 < k < 2 be an integer. We denote the shorter arc defined by z;
and xo by Fj, and the shorter arc defined by z3_; and x4, by F5, and
Dy = D_(x1,29) and Dy = D_(x3_, Z4—), respectively. Let diam(-) denote
the diameter of a set. Thus, using the same argument (this part does not use
L-convexity) as on pages 1148-1149 of [9], we obtain that

(9)<<§n4—’€/[(.../}<<1—

x 1(diam C, (Dy) > diam Cy (D)) 1(dy (K, KX) < exc)day ... day_y.
(10)

n—4+k
A(lf){l) ) A(D1)1(D1 N Dy # 0)

Lemma 1. If DiNDy # 0, dy (K, KE) < ex and diam C (D) > diam Cy (D),
then there exists a constant ¢ depending only on K and L such that

Dy C Cl(Dl —LCDI) +xp,.

Proof. We first show that there exists a constant ¢, which depends only on K
and L, such that if D is an L-cap of sufficiently small height, then the following
holds:

¢(C_(D)—2) > Cy(D) — .
For this, let us denote the heights of C_ (D) and C'4 (D) by h_ and h4. Due to
convexity, it is sufficient to find a constant ¢ > 0 such that hy /h_ < ¢ holds
for every L-cap of sufficiently small height in K.

Let Ry € (1/s%" 1), and consider the closed circular disc B = Ry B% 4z —
RluK( ), of radius Ry, which is the support circle at point = of the disc K.
Then B > K and so D = cl (K\(L+p)) C cl (B\(L+p)) D. For the heights
h_ and h, of the classical caps C_(D) and Cy (D), h_ = h_ and hy > hy
hold.

Now consider the closed circular disc B = B? + x — (h_ + 1)ug(z) of
radius 1, supported by L at the point z — h_ug(z). Then B C L+ p and
D = cl(B\(L+p)) Ccl (E\B) D. Furthermore, for the heights h_ and
h. of the caps C_(D) and C (D), h— = h_ = h_ and hy > hy > hy hold.
From elementary geometry it is clear that there exists a constant ¢ such that
hy/h_ < ¢ and so

hy hy
hi<];,7_<c

holds as well.
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Reitzner proved (see [15, pp. 2149-2150]) that if DyN Dy # 0, dy (K, KL) <
ek and diam C4 (D;) > diam C (D3), then there exists a constant ¢ depending
only on K, for which Cy (D3) C é¢(Cy(D1)—xp,)+xp,, where zp, is the vertex
of the cap D;. The two claims together prove the lemma. O

Thus A(D3) < ¢2A(D1), and therefore

/ / 1(Ds A Dy # 0)1(diam O (Dy) > diam 'y (Dy))
K K

Xl(dH(K, Kf;) < {-jK) drs ... deyp < A(D1)2ik,

and

1o <<1;n4_k /K /K (1 a Ijl((DKl)))n_“k A(D1)* *U(du (K, Ky < ex) dardas.
(11)

The pair of points (x1,z2) is parameterized in the same way as [8]:
(‘rlv .’EQ) = q)(ua tv Uy, u2)7
where u € S! and t < to such that D(u,t) = D_(z1,x3). Let L(u,t) denote
the arc D(u,t)N (0 L+x(K,u) —x(L,u) —tu), then 1, x5 € L(u,t). The outer
unit normals associated to L + x(K,u) — x(L,u) — tu on the arc L(u,t) define
a connected arc of S*. Denote this arc by L*(u,t). At points 1 and z2, denote
the outer normal vectors of L + (K, u) — z(L,u) — tu by u; and us, i.e.,
z; = x(K,u) —x(L,u) —tu+z(L,u;), i=1,2,

where uy,ug € L*(u,t).

Since every L-cap has a unique vertex and height, & is well defined, and
according to [8], it is bijective and differentiable on a domain (u, t, uy, us), with
the possible exception of a set of measure zero. The Jacobian of ® is

@] = Xl ( L1 t) = el ),
kr(ui)krr(uz) \kp(u)  Kr(u) kr(u1)kr (uz)
where |u; X usg| is the vector product of u; and us. From a simple compactness
argument, we obtain that k(u,t) < 1. Here, the notation < is used in the sense
of t — 0, which is implied by n — oo.

Let L(u,t) = 9D NintK and A(u,t) = A(D1), then we get the following

for the integral with a suitable ¢*(u) depending only on K and L:

2 t* (u) u t) n—4-+k
n4—k: o u 3—k x* u U
(11)<<k§:0j / / < K)> A, )31 (u, 1) dtd
(12)

with

(u —/ / ‘ul X ) duidus,
Le(uy ey Fo(ua)kp(uz)
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where L*(u) C St is a half circle with midpoint v € S*. Using the conditions
on the curvature,

I*(u,t) < 0 (u, t) — sin €*(u, t) < t3/2,

where £*(u, t) is the length of the arc L*(u,t) C S*. The last inequality follows
from the Taylor expansion of sin x around 0, the limit lim, o+ ¢*(u,t)/0(u,t) =
kr(u) and (7). Thus,

2 t*(u) A(u t) n—4+k )
4—k . > 3—ky3
(12) <« kgzon /Sl/o <1 AR ) A(u, t)°" "t dtdu.

We split the domain of integration in ¢ into two parts in a standard way.
Let h(n) = (czlogn/n)?/? with some sufficiently large constant c; > 0. By
(7), for a suitable 71, A(u,t) > ~t%/2 holds for all u € S*. Furthermore,
A(u,t) < A(K), and t can also be bounded from above by a constant, hence

2 £ (u) Alu,t) n—4+k s
n4*’“/ / (1 - ’ ) A(u, t)>7*t2 dtdu
2 e A (t)

k=0

- 4—k i nts o
< n=" / / 1-— dtdu
kzzo St Jh(n) A(K)

< 22: ik (1 nlcalogm) )" <n”
P nA(K) ’

wln

where the last inequality requires y;¢2/A(K) to be large enough.

Now only the part of (12) where 0 < ¢ < h(n) remains to be estimated. We
will use the following statement from [3, Formula (11)]: For any 8 > 0, w > 0
and a > 0, it holds that

g(n) 1 1
/ (1 -wt)"dt ~ —55 T <5+ ) n e, (13)
0 aw o «

as n — 00, assuming

((ﬁ+a+1)logn
awn

Q=

)é<mm<w—7

for sufficiently large n.
For 0 < k < 2, using (7) yields

h(n) A n—4+k
n4_k/ / 1-— (u, ) A(u, t)> %2 dtdu
s1Jo A(K)

n — n-3,
0 A(K)
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where the last inequality is the consequence of (13) with a = 3/2, § =
(12 — 3k)/2, w = 71 /A(K), and the inequality on h(n) holds if ¢o > (17 —
3k)A(K)/3v:1. Since k was arbitrary, this finishes the proof of (3).

The proof of (4) is very similar, for the necessary adjustments see, for
example, [9, p. 1151].

4. Proof of Theorem 2

We only prove (5), the upper bound on the variance of the number of vertices.
The statement concerning the area (6) is very similar.

We use the following facts from [8, Lemma 4.1, p. 509]. If L has C% bound-
ary, then

lim ¢*(u,t) = d lim A(u,t)-t7! = 14
Jim £%(u,t) =7, and lim A(u,t) w(u), (14)

where w(u) is the width of the disc L in the direction perpendicular to the
vector u € S'.
The Efron—Stein inequality for the number of vertices of L,, yields that

Var(fo(Ln)) < nIE(Fn(a:n+1))2

With the same notation as in the proof of Theorem 1 in Sect. 3, and using
essentially the same argument as on pages 1152-1153 of [9], we get that

0 Tn 2 nk . —
B(Fn (@) < 3 [~L0-53) G
X].(A(Dl) > A(DQ)) d.’l?]_ ...d$4,k, (15)

Lemma 2. For sufficiently small A(Dy), if A(D1) > A(Ds), then the set of
possible locations of the points xs, . ..x4_j has area at most y2A(D1), for some
constant yo > 0 depending only on L.

Proof. Let ry, = mingepr,(1/k(x)). Then a circular disc of radius 7, rolls freely
in L, i.e., for each = € JL, there exists a p € R? such that = € r,, B> +p C L.
For t < r,,, let the inner parallel body of depth t of L be the set

L,:={zel:z+tB*CL},
which is also convex and a Minkowski summand of L. Let the area of A(Dy)
be sufficiently small that (by (14)) there is a tp; < 7, /2 such that all caps of
area at most A(D;) are completely contained in the set L\ Ly,,. By (1.3) of [4],
similar to Steiner’s formula, one obtains that there exists a positive constant
cr,, depending only on L, such that A(L \ ZtM) = cpty + O(t3,). Using the
fact that tj; is bounded above by a constant multiple of the height of the cap
D1, we obtain the claim of the lemma. O
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Thus, using Lemma 2 and integrating with respect to x3,...x4_k, we get

i« 3ot [ f (140 ot

We may assume that there exists a constant ¢z > 0 such that A(D;)/A(L) <
cslogn/n. If, on the contrary, A(D1)/A(L) > c3logn/n, then

(1 _ ‘1((121)))“% CA(DY)PF < exp (fi”(” 1 k) log”) AL < e,

So for a sufficiently large cs, the contribution of the part A(D;)/A(L) >
czlogn/n is O(n~1). Thus,

2 A(Dy) n—4a+k )
" _— ok B Bk
CEESY [/ (1 A(L)) A(Dy)

c3logn

x1 (A(Dl) < ) dzidze +O(n™1).  (16)

n
We use the parametrization as above, which in this case has the Jacobian

|U1 X UQ|

7@l = kr(up)kr(ug)

By (14), there exists a constant ¢* such that for allt > ¢*logn/n, A(u,t)/A(L) >
cslogn/n. Thus, after the integral transformation, we get

& e Au, )\
(16) < > n®* [5/0 I* (u,t) (1— ’ > A(u, t)> *t dtdu
k=0

*

A(L)
+0(n™). (17)

Now we use that the quantity I*(u,t) is bounded, and by (14), A(u,t) ~ t,
so there exists a constant w > 0 for which

2 «logn

(17) < Zn5_k/‘ Cl—wt)" R g L omTY),  (18)
k=0 0

to which we can again apply (13) with « =1, 3 =4 — k. Thus

2
(18) <> > Fn~ M Lo <« 1.
k=0

This gives the upper bound (5) on the number of vertices.
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5. Circumscribed L-polygons

In this section, we consider a circumscribed model of random L-polygons. Let
K and L be two convex discs with C’_Q‘_ smooth boundaries. Assume that K is
L-convex and L contains the origin in its interior. Let the set

K*:=L+K=[)(L-y),
yeK
be called the L-conver dual of K, where L + K denotes the Minkowski-
difference of L and K, cf. [20, Chapter 3|. By definition, K* is L-convex since
it is the intersection of translates of L. Equivalently, the set K* can also be
written as
K*={zeR*|KCL-uz}. (19)
The L-convex dual may also be defined by (19). We note that, for instance,
in [13], the spindle convex dual is (—K)*. Here, we use the notion of duality the
same — somewhat more natural — way as in [12], where K* is the Minkowski-
difference of L and K.
We recall parts of Lemma 4.1 from [13]:

Lemma 3. For any L-convexr disc K and u € S', the following hold:

(Z) hK(u) + hp= (u) = hL(u),

(1) rrc(u) + rr«(u) = r(u),
(iii) A(K*) = A(K) —2A(K, L)+ A(L),
where A(K, L) is the mized area of K and L.

We consider the following probability model. Let K and L be two con-
vex discs with Cf_ smooth boundaries, and assume that K is L-convex. Let

T1,...,T, be n 1i.d. random points in K™* chosen according to the uniform
probability distribution, and observe
Kl =[r,...,x) =  [] ([L-a).

ze{z,..., T}
By definition, K7, ) contains K and K(,, = ([z1,...,2n]1)". Thus, fo(K(,)) =
Jo((lzy, -y anln)”) = fo([z1,. - 2alL).

Theorem 4. Let K and L be two convex discs with CJQr smooth boundary and
suppose that (1) holds. Then, with the notation above,

. * “5—3 2 é
Jim E(fo(K(y)))-n"3 = \/3(A(K) —2A(K,L) + A(K) : (3>

L)
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We note that for L = rB? with r > max,cox ki (), Theorem 4 gives
back the result of [9, Theorem 6].

Proof. Since K* is L-convex and has C3 boundary by Lemma 3 and fo (K (*n)) =

rK ()
R () g
rp (u)

fo([z1, ..., 2n]L), we can apply (2). Lemma 3 yields rx-(u) = for any

u € ST, Thus,

ki (u) 3

1 " (u —KJL(U))

/ (k- (w) = wp(w)s | / (»ff((u))—l du
St KK+ (u) st Kfﬁff‘il

rp, (w)

[ et L
51 '

ki (u) - kr(u)

Wl

O

We note that in the spindle convex case similar statements were proved
about the excess area and the difference of the perimeters in [9, Theorem 6.
By Theorem 1 and the definition of K(*n), using Lemma 3, we get the
following asymptotic upper bound on the variance of the number of vertices

of K(*n).

Theorem 5. With the same assumptions as in Theorem 4,

Var(fo(K,,)) < nb.
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