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The acceleration of protons, triggered by solitary waves in expanded solid targets is investigated

using particle-in-cell simulations. The near-critical density plasma is irradiated by ultrashort high

power laser pulses, which generate the solitary wave. The transformation of this soliton into a

shock wave during propagation in plasma with exponentially decreasing density profile is described

analytically, which allows to obtain a scaling law for the proton energy. The high quality proton

bunch with small energy spread is produced by reflection from the shock-front. According to the

2D simulations, the mechanism is stable only if the laser pulse duration is shorter than the charac-

teristic development time of the parasitic Weibel instability.VC 2015 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4913438]

I. INTRODUCTION

Ion acceleration using ultrashort laser pulses with rela-

tivistic intensities has been investigated theoretically and

experimentally during the last decade with the possible

applications of high quality ion beams being the main driv-

ing force of this research. The high current, short duration,

and ultra-low transversal emittance1 make the resultant ion

beams unique in accelerator physics and open up new meth-

odology and applications in experimental diagnostics.2,3 The

very small transversal beam size combined with tight focus-

ing abilities enables their employment in medical treatments4

including cancer therapy.5

Several acceleration regimes have been identified and

some have also been experimentally realized.6 These regimes

depend on the laser and target parameters. The most under-

stood and well established mechanism is the target normal

sheath acceleration (TNSA),7,8 which is the consequence of

strong charge separation induced by the laser-generated ener-

getic electrons in solid targets. Due to the large charge to

mass ratio, mostly protons are accelerated from the target sur-

face. The thickness of an ever-present hydrogen-rich contam-

ination layer affects the resultant proton beam spectral shape

and thus potential applications. For very thin layers

(nanometers), the protons are quasi-monoenergetic with

low energy conversion efficiency and peak energy up to sev-

eral MeV.9,10 An exponential energy spectrum11,12 is

observed with higher energy conversion (up to 10%) and cut-

off energy up to 50–70MeV when a thick layer is present.

Increasing the intensity of the laser pulse results in the

radiation pressure acceleration (RPA)13,14 becoming a more

dominant process occurring on the front side of the target.

This mechanism provides higher energy conversion and a

smaller energy spread at the same time than TNSA. These

effects are particularly predominate for circularly polarized

laser pulses, which ensures non-oscillating ponderomotive

force.15 The most efficient acceleration can be achieved in

the laser-piston regime,16 which requires ultra-thin solid

targets; high peak intensity and very high contrast ratio of

the main pulse. A more accessible regime is the shock wave

acceleration (SWA),17,18 which appears to be more efficient

in near-critical density plasma. A significant number of pro-

tons have been observed within a narrow energy range in

both simulations19,20 and experiments.21,22 In preceding

experiments, gas targets and long-wavelength lasers were

predominately used in order to ensure near-critical density

laser-plasma interactions.

For high power lasers, the typical wavelength is much

shorter, thus the critical density is higher, but still below the

solid density. The SWA with solid foil targets can be realized

by using a longer and much lower intensity preparatory pulse.

The main pulse then interacts with an expanded, low density

plasma.23 In simulations, such targets can be modeled with a

triangular density profile,19,24 which is a reasonable approxi-

mation for long density scale lengths. However, the exact

shape is not trivial and can be realistically reproduced by

using hydro codes.23,25 In this paper, the linear and exponen-

tial profiles are considered and the crucial differences between

the two cases are discussed. Due to the short density scale-

lengths and better beam quality observed after acceleration,

this work focuses on the exponential density profile at the rear

side of the plasma, which was also considered in Ref. 20. This

density distribution naturally follows from the isothermal

plasma expansion model,11,26 which is probably the main pro-

cess responsible for the plasma formation.

The choice of laser pulse parameters is inspired by the

future ELI-ALPS facility, which will be the host of many

short-pulse-related experiments. The planned laser beam

energy is 15 J, compressed to about 20 fs duration, in the

first phase of ELI-ALPS. Depending on the focusing,

which will provide a 6–10 lm laser spot diameter, the

dimensionless laser amplitude can be a0 20–40, where

a20 ¼ IL½1018W=cm2k2L½lm2=1:37 and kL, IL are the laser

wavelength and intensity, respectively. The advantage of

short pulse duration is the generation of a single strong

shock wave, whereas with long pulses multiple peaks
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appear in the velocity phase-space,17,19 which results in a

broader energy spread and less controllable acceleration.

Even with a single shock wave in uniform plasma, the

energy spectrum of accelerated protons will broaden after

the interaction on a longer timescale.17 For the realization

of a stable and predictable acceleration mechanism, the

combined effects of shock propagation and reduced rear

side acceleration27 in a decreasing density profile are

exploited. A similar mechanism was presented in Ref. 20,

but on a much longer time scale (ps) and with much lon-

ger plasma scale lengths (>10 lm).

II. 1D PARTICLE-IN-CELL SIMULATIONS

The critical density can be expressed as ncr ¼ 1=k2L
½lm21021 cm3 or nrcr ¼ a0ncr=

ffiffiffi
2

p
with relativistic correc-

tions, for linearly polarized laser light. In a gas target, 10 lm
wavelength is necessary to obtain the SWA conditions for

moderate laser intensity, which is possible with CO2 lasers.

The density of a solid target has to be decreased in order to

realize the same acceleration mechanism with shorter wave-

length lasers. For a0 20 and kL 1 lm, the critical density

is nrcr ¼ 1:4 1022 cm3, which is only several times smaller

than the density of solid hydrogen n0  6 1022 cm3.

A non-uniform plasma, which in the first approximation

can be modeled with linear density profile, can be formed by

firing a long, low-intensity pulse upon the target. In this sim-

ple geometry, the peak density can be written as np¼ n0/f,
where f¼ 2Cscte/d, d and n0 are the original thickness and

density of the foil and Csc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Tc=mp

p
is the ion acoustic

speed, where mp is the proton mass. The scale length (ln) of
the expanded plasma is defined by the electron temperature

(Tc), which depends on the intensity of the first pulse, and by

the expansion time, te, or the delay between the two pulses.

Simulations with different np and ln parameters were

performed also with exponential density distribution on the

rear side, which show significantly different results. A linear

profile with a length lf¼ 3lm was used on the front side.

The shock wave has to form close to the center in order to

pass through the peak density, where the linear approxima-

tion is correct. The presented simulations were performed

with the EPOCH particle-in-cell code and the results are

shown in Table I. The grid size is 6.3 nm and 1000 macropar-

ticles are used in each grid cell. The total length of the simu-

lation box is 100 lm, where the target is placed in the

middle, which ensures a large enough vacuum region for re-

alistic acceleration. Absorbing boundaries are used for the

laser fields and reflecting for the particles. The laser pulse

duration is tL¼ 20 fs in total, which starts with a 6 fs long

rising edge, where the intensity increases linearly and stays

constant at the peak value for the remainder of the pulse.

This temporal profile was chosen to ensure a more precise

comparison of simulation results with theoretical modeling,

where constant intensity is considered. The effects of more

realistic profiles need to be addressed in future studies. The

normalized electric field amplitude is a0¼ 20.

For efficient heating of all electrons, the target has to be

semitransparent, which requires a peak density of np/ncr
 a0/2.5 and the sum of the density scale lengths on the rear

and front sides should be around lnþ lf ctL¼ 6 lm. These

factors were chosen by considering an equivalent uniform

plasma with density np/2 and length lfþ ln. In a Dt time inter-

val, the laser pulse can penetrate into the plasma cDt and it

heats all of the incident electrons as the plasma density is rel-

ativistically under-critical. During the penetration, only

20%–30% of laser light is reflected and approximately the

same amount is transmitted. The strong density perturbations

eventually capture a part of the laser pulse, which results in

bubble formation in higher dimensions.28 In order to achieve

nearly 100% hot electron concentration, the plasma length

has to be equal to the spatial length of the laser pulse.

By knowing the constraint for the plasma length, a scaling

law for the hot electron temperature (Th) can be deduced.20

Starting from the energy balance equation: geL  aTh
npðln þ lf Þ=2, one can obtain

Th eV½  ¼ ga204:3 1022 W½ 
aenpc

; (1)

where g is the conversion efficiency, eL ¼ 1:37 1022½W
a20tL=k

2
L½lm is the energy density of the laser pulse, and

a¼ 3 for ultra-relativistic electrons. Throughout the paper,

kL¼ 0.8 lm is used for the laser wavelength.

In Table I, the properties of the energetic protons, which

form a peak in the proton energy spectrum, are shown.

Spectral peaks are not observable when the plasma is too

dilute for the laser pulse. In the simulation corresponding to

the second row, the plasma length at the front to lf¼ 4 lm
was increased in order to avoid full transparency. In plasmas

with lower density (relativistically partially transparent in

this case), the population of hot electrons is higher, thus the

effective sound speed of ions is close to the one in one-

temperature plasma:29 Cs0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Th=mp

p
. In this case, the peak

velocity in the shock (vs) does not always fulfill the condition
vs> 1.6Cs0 (Refs. 30 and 17) and reflection happens rarely.

The values in Table I measured in this scenario were put in

TABLE I. Parameters of simulations and proton beams. WL is the laser

energy, Wp and Np are the energy in the peak observed in the spectrum wave
and the number of protons in the peak, respectively. The total energy in the
peak isWp,tot. The values in parentheses correspond to non-reflected protons,
they are in the shock wave.

t¼ 250 fs

np/ncr ln (lm) Wp (MeV)
DW
Wp

(%) Np (10
21)

Wp;tot

WL
(%)

8 2, lin. … … … …

2, exp.

(lf¼ 4)

43 7 0.45 2.1

5, lin. (46) (6.5) (0.35) (1.76)

5, exp. 30 16.6 0.65 2

10 2, lin. … … … …

2, exp. 39 12.5 0.3 1.21

5, lin. (18) (22) (3.3) (6.18)

5, exp. 20 40 0.77 1.68

12 2, lin. (35) (9.7) (0.8) (3)

2, exp. (8) (50) (9.2) (8.3)

5, lin. (9), 15 (33), 26 (7.8), 1.45 (6.7), 2.2

5, exp. 13 38 0.86 1.23
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parentheses, because those values are not reliable. They are

changing in time, due to plasma expansion and soliton

propagation.

The shock wave can remain non-reflective not only

because of low peak density but also due to the linear density

profile and in this case, the expansion velocity profile of the

background plasma is steeper. This behavior can be seen in

Fig. 1(b), which shows that the TNSA is still strong for linear

density profile resulting in a linearly increasing velocity in

space, similar to the standard case with sharp boundary.11

The consequence is that the peak velocity of the solitary

wave in the moving frame (in the expanding plasma) is very

small. The corresponding peak in the energy spectrum is

shifted towards higher energies and becomes wider, while in

Fig. 1(a) the peak remains more stable. With exponential

density profile, the TNSA field is much weaker27 and the rel-

ative peak velocity of the shock wave is higher, thus the pro-

ton reflection becomes possible, which produces a well

separated peak in the energy spectrum. Since the reflected

protons show a much better and reliable energy distribution,

this paper will only consider the exponential fall of the rear

side plasma density. Using a power-law density profile, sug-

gested in Ref. 19, with spatial dependence ð1þ x=lnÞd
also

leads to similar results, because for any d> 0, a suitable ln to

approximate the density with an exponential function can be

found.

It is possible to distinguish between peaks originated

from shock waves and from protons reflected by the shock

wave, which usually have lower number but higher energy.

This is shown in Fig. 1(a), where a deep valley separates the

two parts of the spectrum, the low energy part corresponds to

the background plasma (including the shock wave) and a

high energy part consists of reflected protons. The high cut-

off energy is a consequence of the TNSA field, which acts

much stronger on the first reflected protons. Although a large

energy spread is observable the energy flux of the protons in

the peak is much higher than in higher energy regions of the

spectrum.

According to Table I, the relativistically slightly under-

dense plasma is better for SWA, because of higher energy in

the peak with less energy spread. If the plasma density is

higher, due to the lower ion acoustic speed, proton reflection

starts immediately after the formation of the shock wave.

During reflection, the wave loses its energy and its peak ve-

locity decreases, which means that the velocity of reflected

protons also decreases as the shock wave propagates. This

energy depletion, as well the TNSA field, causes the

observed broadening of the energy spectrum, which was

FIG. 1. Energy spectrum and corresponding velocity phase space of protons for different scale lengths and density profiles. np ¼ 10ncr . The lower pictures cor-
respond to t¼ 250 fs.
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noted in uniform plasma.17 If the peak plasma density is low

enough, the shock propagates in the form of a solitary wave

and its peak velocity increases because of decreasing back-

ground plasma density.24 After some time the shock wave

reaches the point, where its velocity is high enough

(vs > 1:6Cs0, where vs is the relative velocity, in the moving

frame) and protons from the low density plasma get

reflected. At this point, the number of protons in the back-

ground plasma is low, thus the energy depletion is slow. As

the plasma expansion process has also reached its final stage,

the background plasma velocity (v0) also increases slowly

and in the laboratory frame a nearly constant peak velocity

of the shock wave is achieved. Consequently, the velocity

spread of the reflected protons will be smaller, which is evi-

dent in Fig. 2. The protons with very similar velocities are

reflected between 200–250 fs and 240–320 fs in the case of

ln¼ 2lm and ln¼ 5 lm, respectively. The corresponding

peaks in the energy spectrum are shown in Fig. 3. For the

shorter scale-length, the original peak is shifted to higher

energy after the protons leave the plasma stream (shown at

t¼ 410 fs), because of the TNSA field acting on the plasma

front. For longer scale-length, the energy is lower, which is

explained below.

The number of protons in the shock wave (N0) suddenly

drops in Fig. 2(a), because it splits in two parts. The second

solitary wave has slightly lower peak velocity, but it will

also reflect protons later, shown in Fig. 4(a). The initial areal

energy density in the shock structure is about 3.9  109 J/m2

and 4.4  109 J/m2 for the shorter and longer scale length

(with lf¼ 3 lm), respectively. The simulation was repeated

with lf¼ 1 lm, where the condition for efficient heating is

fulfilled. In this case, the second solitary wave is not present

(see Fig. 4(b)) and the energy peak is located near the same

value as in the case of shorter scale-length (Fig. 3(a)).

The decay of an initial perturbation into several sepa-

rated solitons in a plasma is a well known phenomenon,

which was first observed after applying a square voltages to

generate the initial compression.31,32 The compression in

FIG. 2. Time evolution of different parameters for: ln¼ 5 lm, lf¼ 3 lm (a) and ln¼ 2 lm, lf¼ 4 lm (b). The peak density is the same np¼ 8ncr. vs is the peak
velocity in the solitary wave, which later transforms into a shock wave (reflects protons).

FIG. 3. Energy spectra of protons corresponding to the simulations presented in Fig. 2. The spectrum is plotted for a much later time instance in the case of

ln¼ 5 lm, because the proton reflection starts later.
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this case is done by the ponderomotive force of the laser

pulse. According to the inverse scattering method, it is possi-

ble to find long-time solutions of the KdV equation, where

the number of solitons is obtained by calculating the bound

states of the associated Schroedinger equation.31 In Ref. 32,

the following expression is given: ðj 1Þp ¼ ðds=kDeÞ
ðdn0=n0Þ1=2, where j is the number of solitons, ds is the width
of the compressed region of the plasma (weak shock wave),

and dn0/n0 is the relative density growth in the shock. For

the simulation presented in Fig. 4(a), ðj 1Þp  3:1, which
explains the second soliton appearing in the velocity phase-

space (j¼ 2). In the simulation corresponding to Figs. 4(b)

and 4(c), ds is smaller, because of shorter over-dense region

of the plasma. With longer plasma length, more protons

can be accelerated by the laser pulse, but they cannot propa-

gate in the form of a single soliton. A multi-peak structure of

the shock appears also with long pulses,17 which makes the

acceleration very unpredictable and the energy peak

becomes broader at such high intensities.20

III. ANALYTICAL MODEL

In order to estimate the energy value associated with the

peak in the spectrum, the initial velocity of the shock wave

has to be known. This velocity gain of the protons, initially

located in the vicinity of the peak density, is a consequence

of the acting ponderomotive pressure of the laser pulse. The

electric field produced in the target has two components:

ambipolar and ponderomotive. In Ref. 33, the proton acceler-

ation from ultra-thin and overdense foils was studied, where

the relativistic transparency of the heated plasma was also

included. During the laser-plasma interaction, the pondero-

motive pressure is more dominant, especially in this case,

where the interaction at the front side ends before the hot

electrons recirculate. For the accelerating field, the following

formula can be used:33

eEpd

mecxpe
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Th=mec2

p a0=
ffiffiffi
2

p
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 R2  g

p h i
; (2)

where xpe ¼ ðnpe2=me0Þ1=2 is the electron plasma fre-

quency, R is the reflection, and g is the laser energy absorp-

tion coefficient. Here, a0  1 was used. If a constant light

pressure is assumed and the following measured values from

the simulation are used, Th 6MeV, R 0.3, g 0.55, the

initial soliton velocity is: vs0¼ eEpdtL=mi¼ 0.078c, which is

close to the value in Fig. 2(b). The lower energy observed

in Fig. 3(a) is a consequence of the longer plasma (lfþ ln
¼ 8 lm), which results in less efficient heating and thus

lower Cs0.

Later on, as the soliton moves forward, the mass of the

solitary wave will change according to the background

plasma density, which will also change due to the plasma

expansion. Starting from the law of energy conservation in

the moving frame of the soliton, one can write

v2s0 ¼ exp½vst=ðln þ v0tÞv2s : (3)

The lower limit of ln is on the order of the initial width

of the solitary wave structure, which can be up to 1 lm
wide, larger than the hot electron Debye-length,

kDe ¼ ðTh0=npe2Þ1=2. The early stage of the propagation

can be considered isothermal and the density scale length

will increase with the expansion velocity, v0. This velocity
is also time-dependent and it has to be obtained from the

equation of motion: dv0=dt ¼ C2
s0=ðln þ v0tÞ, where the

electric field E ¼ Th=elnðtÞ is uniform in the quasi-neutral

region of the expanded plasma (between the peak density

and the tail of the exponential profile).27 The numerical so-

lution can be fitted to a logarithmic function of the follow-

ing form: v0ðtÞ ¼ 112Cs0lnðCs0t=ln þ 1Þ. After evaluating vs
numerically from Eq. (3), the evolution of peak velocity,

Fig. 5(a), can be obtained. The velocity starts to decrease

after 1.5 time unit, which is a consequence of the isother-

mal assumption. The expansion of the background plasma

overtakes the soliton velocity and the density at the posi-

tion of the soliton starts to increase again. However, in the

simulation this does not occur as the proton reflection starts

earlier and the electrons cool down, thus v0 will not

increase logarithmically but reaches its maximum value

asymptotically.

The time of the velocity increment, ti ¼ siln=vs0, where
si is dimensionless is the most important information from

Eq. (3). At this time, the shock wave reaches the maximum

possible velocity: vsmax 1.6Cs0, which is the condition for

proton reflection. Fig. 5(b), plotted using a numerically com-

puted si from Eq. (3), shows that the time of velocity incre-

ment does not solely depend upon the scale-length but also

on the ratio of initial ion acoustic speed and shock velocity.

According to this observation, the calculated time of

FIG. 4. Proton velocity phase space for ln¼ 5 lm, lf¼ 3 lm (a), lf¼ 1 lm (b) and ln¼ 2 lm, lf¼ 4 lm (c).
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propagation without reflection is 70 fs in the case of

ln¼ 2lm and 170 fs for ln¼ 5 lm, which is in good agree-

ment with the simulations presented in Fig. 2.

It can be shown that for typical parameters Cs0=vs0
varies between 0.8 and 1.2, but in the simulations it is

slightly less than one. The value of si, according to Fig. 5(b),

varies between 0.6 and 1.4. The velocity of expanding

plasma at the beginning of reflection defines the energy of

the proton bunch and it can be written as v0ðsiÞ
 112Cs0lnð260:4Þ. The velocity of reflected protons in the

laboratory frame can be stated as

vrp ¼
v0 sið Þ þ 3:2Cs0

1þ 3:2v0 sið ÞCs0=c2
: (4)

When compared to the uniform semi-infinite plasma,

protons are more energetic and the spectrum of protons

shows a significant peak, which is a consequence of slow

plasma expansion and slow shock depletion. In Ref. 20, v0
has a larger contribution to the velocity of first reflected pro-

tons, whereas in this case, those protons gain more energy

via reflection from the shock front. When the shock wave

reaches the end of the plasma, v0 is the dominant part in both

cases. It is important to note that the acceleration mechanism

in the long and short pulse regimes is nearly the same, only

the density scale length has a larger impact on the final

energy in the long pulse regime, which leads to a stronger

scaling with laser intensity. In this study, we found that vrp
does not depend on ln, a more important parameter is the ra-

tio Cs0/vs0, which defines the time needed for the shock wave

to reach the condition for reflection.

Further simulations with higher laser intensities were

also performed and compared to the analytical model derived

here. For the hot electron temperature, Eq. (1) can be used,

which for np¼ ncra0/2.5 yields: Th 0.24a0 MeV. This

agrees well with the simulations, as shown in Fig. 6(a). At

lower intensities, a¼ 3/2 should be used, which means that

the resulting electron temperature is twice as high as

given by Eq. (1). Using this expression for Th and substitut-

ing in the velocities defined earlier one yields: v0ðsiÞ
¼ 1:12Cs0lnðsiCs0=vs0 þ 1Þ, where vs0 ¼ eEpdtL can be cal-

culated using Eq. (2).

In Fig. 6(b), the calculated energy ðW ¼ ðc 1Þmpc
2;

c ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 v2rp=c

2
q

Þ is compared to the simulation results,

where the peak density is always np/ncr¼ a0/2.5. The energy
predicted by the model is higher than the observed values in

simulations, which is due to Eq. (4) giving the velocity of

the first reflected protons. The protons responsible for the

peak in the energy spectrum are reflected later and they have

lower velocity (see Fig. 2), because of decreasing Cs0. The

peak in the spectrum at higher intensities is not as narrow as

expected; however, the energy spread remains below 20%.

The energy conversion from laser to the protons in the peak

is higher than expected: 3.3% and 4.2% for a0¼ 30 and

a0¼ 40, respectively.

This analysis allows a simple expression to be derived

for the energy scaling (for our laser pulse duration) by know-

ing that v0  ð0:860:2ÞCs0, yielding: Wp  ð4Cs0Þ2=2  2a0
MeV, which is confirmed by Fig. 6(b).

IV. 2D SIMULATIONS

Transversal plasma instability is the strongest effect

which can diminish the proton beam quality. In laser-driven

proton acceleration, the Rayleigh-Taylor type of instability

is the most relevant, especially in strongly over-dense

plasma.34,35 However, this type of instability is purely elec-

trostatic, but in this case, a primarily magnetic effect, known

as the Weibel instability, is present. It is always present in

plasmas with anisotropic electron momentum distribution

and grows exponentially in time, but its growth rate saturates

for small instability wavelengths up to the value given as:

cmax ¼ xpe=
ffiffiffiffi
ce

p
in relativistic case.36 For these plasma pa-

rameters, the shortest wavelength, which develops on the

shortest time scale ðc1
max  4 fsÞ, is on the order of the hot

electron Debye-length, kDe 0.2 lm. Instabilities on larger

FIG. 5. Peak velocity of the soliton propagating in an exponential density profile (a), where the curves represent Eq. (3). The time needed for the soliton to

reach the peak velocity equal to 1.6Cs0 (b).
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scales develop slower, thus they require longer pulse dura-

tion. The saturation occurs, when the growth rate becomes

equal to the cyclotron frequency, which results in a magnetic

field amplitude on the order of 105 T.

2D simulations with transversally uniform laser (planar

wave) and plasma parameters have been performed to show

the spatial and temporal characteristics of the Weibel insta-

bility. The width of the simulation box is 12 lm and the grid

size is 12 nm in both directions. The total number of macro-

particles in the simulation is 2  107. The plasma has the

same longitudinal density profile as in the 1D simulation pre-

sented in Fig. 3(b). Transversally periodic boundaries are

used. In Fig. 7(a), the proton density distribution is shown at

30 fs after the pulse reached the plasma. The short wave-

length of the periodic magnetic field connected to the insta-

bility is shown in Fig. 8(a). The instability development was

also tested for a 40 fs pulse where the peak density and den-

sity scale length were increased, np¼ 10, ln¼ 6 lm, in order

to compensate for the relativistic transparency.

The filaments in the density have nearly the same ampli-

tude for the longer pulse in Fig. 7(b), but their spatial separa-

tion is much larger, which is a consequence of the strong

periodic magnetic field structure with longer wavelength,

shown in Fig. 8(b). In the case of the 20 fs laser pulse, the

weak filaments are smeared out by the hot electrons before

reflection occurs and a uniform shock-front is formed. A sta-

ble acceleration develops with good spectral characteristics

of the protons, as it is shown in Figs. 9(a) and 9(b). The

regeneration of the shock front probably happens on a longer

time scale in the case of 40 fs pulse, since in Fig. 9(c) the

shock-wave is not well-developed and the reflection is

strongly perturbed; therefore, it cannot provide narrow

FIG. 7. Proton density distribution at 30 fs after the 20 fs long laser pulse reaches the plasma (a) and at 60 fs after the pulse with the same intensity, but with

40 fs duration, reaches the plasma (b). In the second case, the plasma density is increased to np¼ 10ncr and rear density scale length to 6 lm, otherwise the sim-

ulation parameters are the same as in Fig. 3(b).

FIG. 6. Hot electron temperature compared to the analytical scaling, Eq. (1), where only fast electrons with ce> 1.5 are included (a). Energy of the peak in the

proton spectrum (b) compared to the energy calculated from Eq. (4). In these simulations, np/ncr¼ a0/2.5 and ln¼ 2 lm, lf¼ 4 lm.
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energy peak. The very long density scale length used in

Ref. 20 could be the reason for successful shock wave

acceleration in the long pulse regime. Sentoku et al.37 have

shown that the maximum wavelength of instability is on the

order of the laser skin depth. For higher peak density, the

spatial separation of filaments is smaller. For longer pulses

(>100 fs), the development of this magnetic instability

depends on the laser polarization:37 for S polarized light, the

amplitude is smaller and the filaments have different

structure.

FIG. 8. The z component of the magnetic field from the simulation with 20 fs laser pulse duration at t¼ 15 fs (a) and with the longer pulse at t¼ 30 fs (b).

FIG. 9. Proton velocity phase-space (a) at t¼ 330 fs and corresponding energy distribution (b). The perturbed velocity phase space (c) is also shown at the

same time instance for the 40 fs pulse.

FIG. 10. Proton velocity phase-space (a) and the corresponding energy spectrum (b) of the protons between y¼5 lm and y¼ 5 lm. The simulation parame-

ters are the same as in Fig. 9(a), but transversally limited flat-top laser pulse is used.
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In reality, the laser pulse has a finite focal spot size with

Gaussian or flat-top transversal intensity profile. The most

common Gaussian laser beam leads to very high divergence

of the beam and low acceleration efficiency. One way to

compensate for the non-uniformity is the shaped foil tar-

get.34 The possibility of using wide enough laser spot with a

supergauss intensity profile expððx=wÞ8Þ, where w¼ 10

lm, and with 20 fs duration is explored in the next simula-

tion. This flat-top profile is necessary to ensure strong elec-

tron heating and a stable, non-curved shock front. The width

of the plasma (and simulation box) is 48 lm. The obvious

effect of the finite spot size is the larger cold electron popu-

lation, because electrons can enter the interaction zone later-

ally. The consequence is that the proton reflection starts

earlier, thus the final spectrum does not contain a well-

defined peak as in 1D and the peak velocity of the shock

cannot increase as high as in the case of infinite laser spot

size (see Fig. 10). Mass limited targets could be a solution

to ensure strong heating of all electrons in the plasma.

V. CONCLUSIONS

Shock wave acceleration in expanded plasma in the

short pulse regime had been described and discussed. The

relevant effects of using linear or exponential density profiles

had also been pointed out. While the linear density shape

leads to an acceleration similar to the TNSA plasma expan-

sion with a solitary wave moving along the downstream

plasma, the exponential profile provides accelerated proton

beam in a well defined, stable energy range. In order to

obtain the relatively narrow energy peak in the spectrum, rel-

ativistically under-dense plasma is necessary.

The described proton acceleration is a result of the inter-

play between the shock-reflection and TNSA acceleration,

which is weakened by the non-zero density scale-length. The

energy depletion of a shock wave is an important negative

effect, which has to be compensated by the slow acceleration

of the background plasma, via the expansion process, and by

the increasing peak velocity of the shock wave carrying less

and less ions as it propagates against the density gradient.

Two conditions have been found for optimal acceleration:

the plasma length should be equal to the laser pulse length

and the density compression by the ponderomotive pressure

should not exceed
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dn0=n0

p
 pkDe=ds, which ensures that

a single shock wave is produced.

The velocity of the reflected protons is defined by the

sum of the background fluid velocity and twice the shock ve-

locity. The energy of the peak is approximately half of the

cut-off energy, but contains much more particles than the tail

of the spectrum. This mechanism seems to be promising to

achieve high quality proton beams, with energy scaling as

2a0 MeV. The analytical result in Eq. (4) is not exact, but

its upper and lower limits are given. In this regime of the col-

lisionless shock wave acceleration, the proton energy

depends only on the hot electron temperature; the density

scale length has an effect in the long pulse regime, which

was studied in Ref. 20.

Using 2D simulations with planar laser wave results in

very similar findings to the 1D geometry. Transversal

instabilities can ruin the formation of the shock wave, which

seems to be an issue only in the case of longer pulses. The

advantage of the short pulse duration (<30 fs) is not only the

single-shock production, but also the suppression of transver-

sal instabilities. With finite laser spot size, smaller peak in

the spectrum at lower energy is observed due to the transver-

sal degree of freedom of electrons. Size limited targets or

larger laser spot size could be more effective.
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