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Quasiparticles in an interacting system of charge and monochromatic field
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The spectrum of an exactly solvable nonrelativistic system of a charged particle interacting with a quantized
electromagnetic mode is studied with various polarizations. Quasiparticle dispersion relations can be derived
from the diagonalized Hamiltonian which, in the case of a linearly polarized field, indicates a bulk plasmon
excitation, whereas in the elliptically and circularly polarized cases the dispersions exhibit a global minimum and
show a singular behavior as the wave number tends to zero. These types of dispersion relations lead to modified
plasma frequencies and reflectivities, as well as to negative group velocities. It is shown that the zero-point energy
of the system implies a repulsive force between two parallel plates, which vanishes when the charge is set to zero.
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I. INTRODUCTION

Achieving exact solutions of a problem related to an
interacting physical system is rather rare (e.g., [1-7]). These
systems are usually simplifications of more complicated situa-
tions and are analyzed in order to capture the entire physics and
mathematics of the problem under consideration. The physical
relevance of the simplified models are limited; however,
sometimes it is highly valuable to trade the range of answerable
questions for a nonapproximated insight on specific properties
of the given problem. In this paper, a nonrelativistic system
consisting of a charged particle and a quantized mode of radia-
tion field is studied. Considering this interaction with only one
mode could seem to be an oversimplification; however, there
are physical situations where indeed an approximation of the
radiation field with one monochromatic component is well jus-
tified, e.g., in lasers. In fact, the same approximations are used
in the two fundamental models of quantum optics: the Jaynes-
Cummings and the Dicke models [6,7]. In the work of Bergou
and Varré [1], the corresponding Hamiltonian is exactly
diagonalized, which provides the nonperturbative description
of its spectrum: It describes a free charged particle and
a quasiexcitation. The relativistic treatment of the same
problem can be found in Ref. [2]. Varré also studied the
entangled photon-electron states of this system in Refs. [3,4].

In the present work it is shown that the dispersion relation of
the quasiexcitations qualitatively depends on the polarization
of the field. For linear polarization (LP) it is described by
a bulk plasmon dispersion, whereas for circular polarization
(CP) and elliptic polarization (EP) the dispersion relation has
a global minimum but is singular for vanishing wave number.
The analysis of the dispersion relations shows that the plasma
frequency can be different for various polarizations and the
group velocities for non-LP cases can acquire negative values.
Associated to the minimum of the dispersion relations, the
zero-point energy of the system can be found, which implies
a repulsive force between two parallel plates.

II. THE MODEL

The Hamiltonian of the simple interacting system of the
charged particle with the quantized mode has the following
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form:

2
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2m c 2
where p, m, and e are the momentum, the mass, and the
charge of the particle; w is the angular frequency of the
electromagnetic (EM) mode; ¢ is the speed of light; and A
is the vector potential. Likewise in Ref. [1], the polarization
of the electromagnetic field is treated as a parameter of the
Hamiltonian and thus two essentially different cases can be
distinguished:

A. = alea + e*ah), A, = ae(a +ab), )

where A, and A; correspond to the CP and LP cases, re-
spectively. The parameter « = c+/27h/V w, with quantization
volume V and Planck constant 7. In the case of CP, the
polarization vectors are complex valued with the criteria
ee = ¢e*e* =0 and ee* = 1, whereas € is a real-valued unit
vector for the LP field.

In addition to these two, a third case can be introduced
corresponding to the EP field:

A, =aEa+ Eab), 3)

where £ must be parametrized so that in certain limits it gives
the polarization vectors of the CP and LP cases, i.e., E(E—1)=
e and £(& — 0) = € with some parameter & € [0,1]. In par-
ticular, the parametrization £ = /1/(1 + £2)(Reu + i& Imu)
with uw = (1,i) gives the right limits and its norm £EE* = 1,
independently of £. In the following, indices like those in (2)
and (3) are suppressed for the sake of clarity, and the EP
case is understood unless stated otherwise. Even though in
the definition of the vector potential in (2) and (3) a dipole
approximation is used, all the results about the dispersion
relations can be generalized to plane waves for specific
circumstances, as shown in Appendix B. However, it is only
important when the properties that are related to the wave
propagation are considered.

A displacement and a Bogoliubov transformation of the
creation and annihilation operators are used for the diagonal-
ization of the Hamiltonian in (1) in order to eliminate the linear
and the quadratic terms in  and a [1,2]. In the following, only
the final result, i.e., the diagonalized Hamiltonian, is presented.
The details of the computation can be found in Appendix A.
The EP case is the most general and is the focus of all the results
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presented but both the CP and the LP results can be obtained
by taking the appropriate limits in £. The Hamiltonian after
the transformation reads
2
p ; 1 4
H=—+hQd'b+-—0'0|, 4)
2m 2
where 2 plays the key role in the differences between the
spectra for the differently polarized modes:

9= |ore(1s 5% 5)
p @:24_1)26{) ’

where a)?, =4me’/mV was introduced as “plasma fre-
quency” [1,8]. The plasma oscillation usually is considered
a collective phenomenon, where a number of N charged parti-
cles define the given plasma frequency with a)%) =4me’n,/m,
where n, = N/V is the electron density [9]. However, in the
present case N = 1. The operators, b and bf, are obtained
through a Bogoliubov transformation (Cy = exp{36(a‘a’ +
aa)}), which is necessary in order to eliminate the quadratic
terms in @ and a':

b = C,'bCy = coshba + sinhba,
b' = C;'b'Cy = cosh@a' + sinhfa. (6)

The argument of the hyperbolic functions is defined through
the relation

e’a’ 1 1—¢&?

tanh 20 = .
me? o + €4 1+ &2

)

The transformation in (6) for the special case of the CP (§ — 1)
coincides with the identity transformation. The transformation
Cy is the squeeze operator that generates a squeezed state
from the vacuum (in the original Fock space) [10] which
will be the vacuum state in the transformed Fock space.
There is an additional shift to the Bogoliubov-transformed
number operator (b'h = #p) in (4), which consists of the
displacement transformation parameter (D;'bV D, = b +
o M) that performs a shift on the raising and lowering operators:

h26
o= N7 %P [, fReu—efiEImul. (8)

 ho+ 2% me /(1 +82)

The operator D, = exp(cb! — o7b) generates a coherent state
from the vacuum |0),, [1,11]. Acting with both of the operators
on the vacuum of the original Fock space will define a coherent
squeezed state.

In the following, the stationary Schrodinger equation is
considered because the spectrum is the focus of the present
study. It reads

HWpn = EpnWpn, ©)
with the energy levels
Epn=p—2+m e+ —lol), (10)
' 2m 2

and the eigenstates having the form of
Ypn = |P) ® Do |n)p, (1)

which is the direct product of the momentum eigenstate of the
free charge and the shifted and Bogoliubov-transformed Fock
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state of the photons [1]. Any state vector of the transformed
Fock space can be described by a superposition of state
vectors from the original Fock space and thus the two spaces
can be considered to be equivalent. The solution of the
time-dependent Schrodinger equation can be found in Ref. [1].

III. QUASIPARTICLE EXCITATIONS

Quasiparticles are collective excitations of a given inter-
acting system [12]. Inside plasmas or metals, oscillation of
the electron density can produce plasma oscillations. The
quanta of such oscillations are called plasmons [9] and it
was shown that for a system of free electron gas, interacting
with a coherent LP electromagnetic field can produce such a
quasimode [13]. However, in the current case, only a single
charged particle is present; therefore, the charge density is
set as n, = 1/V. On the other hand, (1) can be modified so
that it describes an interaction of N point charges with the
electromagnetic field:

1 & e \2 1
H=— (p,- - —A) +ha)<— —I—aTa). (12)
2m P c 2

Such a Hamiltonian describes a plasma where the electron-
electron interactions were neglected due to the Debye screen-
ing, and, further assuming low velocities for the electrons, the
effects of the electron-ion and electron-atom collisions are also
absent [13]. By using the same method as above, the Hamil-
tonian can be diagonalized with the following modifications
in(4): p® — Y. p'¥ and e? — Ne?. Apart from these differ-
ences, the shape of the Hamiltonian remains the same as in the
single-electron case and the eigenstates are the direct product
of N free-electron momentum eigenstates and the displaced
photon number state with the appropriate modifications in the
shift parameter, i.e., a(p,ez) — U(Zi pi,Nez). In this way,
w, can be truly considered the plasma frequency with charge
density of n, = N/ V. The remaining part of the Hamiltonian
describes a quantum oscillator with the quasimode €2.

A. Dispersion relations

By taking the limit p — 0 the system is governed only by
the quantum oscillator with frequency 2. In fact, this limit
can be thought of as a uniformly distributed charge in a cube
of volume V, due to the uncertainty principle in quantum
mechanics. In the case of N charges, all p; can be taken to
zero, which smears the net charge of Ne in the volume V.
Hence, in this limit the Hamiltonian represents the behavior
of EM waves in a plasma where the negative net charge is
uniformly distributed. The corresponding dispersion relation
can be obtained by using w = ck, where k = |k| is the wave
number, i.e., the free photon case. The dispersion relation thus
reads

Q= [c*? + a? 1+—52 . 13)
=.c wy, Erirek) (

This expression takes the form for CP and LP, respectively,

2

1] o
Q. ZCk(1+§C2_/§2> and :,/c2k2+a)12,. (14)
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FIG. 1. Dispersion relations of the quasimode €2 for various
polarizations (13). The frequency and the wave number are rescaled
by w, and k,, respectively. The black dots represent the minimum of
the functions. The dispersion of the free photon is shown for reference.

It is clear that €2; describes a bulk plasmon (or bulk plasmon
polariton) [9,13], with the plasma frequency lim;_,¢ 2; = w,,.
More precisely, €2; is the dispersion of a transverse electro-
magnetic wave in a plasma, in contrast to the longitudinal
wave which has a constant dispersion w,. However, for €2 in
general, i.e., for 0 < & < 1, the dispersion relation becomes
more structured, since besides the constant w,, it contains a
singular term o 1/(ck), too. It is not hard to see that €2 restores
the free photon dispersion at the V' — oo limit, as w, vanishes.
All the functions defined in (13) exhibit a global minimum at
k* = k,/E/(1+&2), where k, = w,/c.

The dispersion relations are shown in Fig. 1. The only
function from the dispersion relations that has the minimum
at k* =0 is for LP and €;(0) = w,. In general, Q(k*) =
Q* =w,(1+&)/y/1 + &2 at the minimum. w,, is the quantity
that determines the frequency below which light waves are
fully reflected in the case of plasmas or metals [9]. Indeed,
considering €2; and expressing k, the condition of the solutions
for k > 0 is €; > w,. Otherwise the wave number takes
imaginary values which cannot be associated to any traveling
wave. A similar analysis can also be performed for the other
polarizations. In general, expressing the wave number from
the dispersion relation reads

kiL

V2c
Except for the LP, where this relation reduces to k=1/c,/Q?-w?,
two distinct branches define the wave number, denoted by k™
and k~. Strictly speaking, (15) with an overall negative sign
also gives the right dispersion in (13); however, it would define
negative wave numbers, which is physically meaningless. In
order to discuss properties that are related to wave propagation
the dipole approximation of the vector potential might not
be satisfactory. However, as mentioned earlier, the same
dispersion relation can be derived for the plane-wave vector
potential in the p — 0 limit (see Appendix B), in a similar
manner as was done in Ref. [2]. Thus, by considering a plane
wave, the positivity of the real part of the wave number

48204
Q- o2 £ \/(92 —w2)’ — @ 1”)2. (15)
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indicates a propagating wave in the medium. However, as
soon as the imaginary part develops a nonzero value, a
damping of the oscillatory wave occurs, corresponding to a
finite penetration depth. The real and the imaginary parts
of the wave number for various polarizations are shown in
Figs. 2(a) and 2(b), respectively. It is clear from the figures
that the above statement about the total reflection is only
true for the LP case (dashed red line): For Q < Q* = w,
the real part of the wave number vanishes and the imaginary
part becomes finite. For all the other cases the real part
remains finite even for values Q2 < Q*, and it only disappears
at a distinguished value Q= wp (1 — &)//E2+ 1, where,
from (15), k() = k,/—&/(&%2 + 1). Thus, for frequencies
Q < Q the wave number becomes imaginary just like for
the LP, and hence a complete reflection of EM waves is
present. Therefore, € can be considered a modified plasma
frequency for polarizations different from LP. In other words,
the propagation of EM waves in a plasma highly depends on
its polarization. The following statement can be formulated:
An EM wave in a plasma is (i) a traveling wave for frequencies
Q > QF, (ii) a decaying traveling wave for Q< Q< QF
and (iii) a decaying standing wave for Q < Q (evanescent
wave).

Figure 2(a) shows that for Imk besides the two branches
that develop for Q2 < Q*, the k= branch has a jump disconti-
nuity at Q@ = Q from Imk~ = —k,/&/(1 +&2) to Imk~ =
kp/&/(1 +&2), whereas the k' branch has a cusp. The
two branches then bifurcate again at this point and they
terminate at @ = 0, where k*(0) = k,&/y/1 + £Zand k= (0) =
kp/+/1+ &2. The CP case behaves somewhat differently. The
frequency where the imaginary part develops a finite value is at
Q= ﬁa)p, and that where the real part vanishes is at Q. =0.
This means that for CP there is never a total reflection of the
EM waves; however, a damping still occurs as the imaginary
part of the wave number is nonzero for frequencies below
«/Ea)p. For the CP case there is only one bifurcation of the
imaginary part of the wave number: The two branches depart
from Q = \/ia)p and continue all the way to 2 = 0, where
limg_¢ Imk* = +k,/v/2.

In order to give a more detailed insight in the reflectivity
property of such a system, the dielectric function (or relative
permittivity) must be given:

1 2 Q2 4¢2
(F=c|1£2L 1- = —szl
2 Q2 3 (E2+1)2

(16)

The “+£” sign corresponds to the two branches in Eq. (15).
By taking & — 0 (LP) the well-known result for the plasma
dielectric function is obtained: ¢+ =1 — wf, / Q% for Q > w,
and ¢~ =1 —a)i/Q2 for @ < w), hence §;=¢T UL =
1 — /9% [9]. The refractive index is 7 = /Z, which can
be used to compute the normal incidence reflectivity:

2

= ’n_—l . (17)

n+1
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FIG. 2. The (a) real and (b) imaginary parts of the wave number k for various polarizations. In both panels the k™ and k= branches are
shown from Eq. (15). The black dots indicate the value where the wave number develops an imaginary part (at 2 = Q*). The black triangles
show where the real part of the wave number vanishes and hence k becomes purely imaginary (at Q = ).

This function is shown in Fig. 3 for various polarizations. The
LP case (dashed red line) shows the reflectivity associated to
the well-known plasma relative permittivity: For frequencies
Q2 < w, the EM waves are reflected completely, i.e., R = 1.
This is in accordance with what Eq. (15) predicts for the
LP case. On the other hand, for all the other polarizations
(0 < & < 1) the reflectivity function behaves differently: As it
could be extracted from Eq. (15), transmission of the EM
wave still occurs below w, and only at Q does it reflect
completely. Another interesting behavior can be identified
at Q*: For frequencies 2 > Q* the reflectivity function
bifurcates similarly to Fig. 2(a). In fact, this clearly occurs
as a consequence of the degeneracy of the frequency 2 in the
wave number. It is apparent that the waves corresponding to
the k~ branch have a higher reflectivity, and as 2 — oo they
reflect completely, whereas the reflectivity of the k™ waves
falls off rapidly and tends to zero as 2 — oo.
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FIG. 3. Reflectivity of EM waves in plasma. The well-known
curve is obtained for the LP case. For all the other polarizations the
complete reflection is at $ and the curves bifurcate at *, likewise
in Fig. 2(a).

B. Phase and group velocities

Itis instructive to study the phase and group velocities of the
corresponding quasimode. The former is obtained by dividing
the dispersion by the wave number:

Q K., & K
UphZEZC 1+k_2+(%'2T1)2F (18)

It is apparent that the phase velocity is always greater than
the speed of light since ¢ has a factor which is greater than
1 independently of k£ and &. In particular, at the minimum,
v6,,(k*) = 2¢ (for CP) and v!,, (k*) = oo (for LP). The latter
is characteristic of the longitudinal plasma oscillation. The

group velocity is defined as the wave-number derivative of the
dispersion relation:

1 &2 k;‘,

092 - (E2+1)2k_4

T S T (19
\/1 tetEme

At the minimum of the dispersion relation the group
velocity clearly vanishes, i.e., v (k*) =0, describing a lo-
calized oscillation for all polarizations. A more interesting
observation can be made for non-LP cases below their k* =
kpy/&/(1 +&2) minimum: As the dispersion relation is a
decreasing function of the wave number in this region, the
group velocity exhibits negative values. Moreover, its value
even can exceed the speed of light in absolute value. Note that
in this situation both the group and the phase velocities are
larger than the light speed, but their orientation is opposite. In
particular for the CP, this threshold is k = &, /2, and for EP it
is k =k, £23/—€23 + £43 + 1/(% + 1). Even though this
seems to violate causality, in fact, the group velocity cannot
be identified with the propagation speed of the information
when the dispersion is anomalous [14,15]. Experimental
observations of “fast” and backward-propagating light pulses
are reported in Ref. [16]. For the LP no negative group velocity
is observed, since the numerator in (19) cannot be negative for
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FIG. 4. The phase and group velocities above and below light
speed (solid black line), respectively. The EP cases are in the shaded
area, and likewise for the gray line for which & = 0.2, bounded by
the CP and LP velocities.

& = 0. The phase and group velocities as a function of the
wave number for various polarizations are shown in Fig. 4.

IV. ENERGY SPECTRA AND REPULSIVE FORCE

In the following, only the energy spectrum of the CP and
LP cases are analyzed in full detail. Evaluating (10) for these
two separate cases,

2p26l)2+p261)2 61)2 1
E=—— L tho|l+ 5 <—+na>,
2m (2w2 +a)‘%) 202 |\ 2

2 2 2
P, @eos@\ (1
El_Zm(l a)z—i—a)f, +h,/w + w;, 2+nb , (20)

where ¢ in E; is the angle between the momentum p and
the polarization vector €. Like the dispersion relation €2., the
energy spectrum E. also diverges as w — 0—a characteristic
for all non-LP cases. For every fixed p and n, value a minimum
of the energy can be found with respect to @ which for
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p — 0 with n, = 0 gives E* = iQ*/2 = liw,/+/2. This can
be considered the lowest value of the zero-point energy of
the system. In general E* = liw,(1 + &)/2,/1 + &2, which of
course reduces to Ej = liw,/2 in the case of the LP light.
Looking at E; in (20), an interesting case can be observed
when p is parallel with the polarization vector €. Considering
this situation with @ — 0 the first term of E; yields zero. This
means that independently of the momentum p, the energy of
the system is E/ = hw,/2. The energy spectrum as a function
of the momentum p = |p| and w for the CP and LP cases
are shown in Fig. 5. In both panels the excitation number
nqp = 0; however, the character of the plot would have the
same features for finite 7, values, too. For the non-LP cases,
besides the singular nature, the degeneracy is also transferred
to the energy spectrum from the dispersion relation, meaning
that two distinct frequencies w*(= ck®) are associated to a
particular energy level above the corresponding minimum.
The presence of the zero-point energy is the most significant
difference between the quantized system presented above
and its classical equivalent—where the operators become
c-numbers and hence the Hamiltonian becomes classical.
The zero-point energy minimum can be rewritten as E* =
khe//mV, with k = (1 4+ &)/4/1 + £2. From this form it
is clear that the finite E* is a consequence of the finite
quantization volume; i.e., it vanishes in the V — oo limit,
and the zero-point energy becomes the usual expression
of the free quantum harmonic oscillator, ie., £ = hw/2.
There is another well-known finite-volume phenomenon, the
Casimir effect, that deals with the zero-point energy [17-
19]. In contradistinction to the current monochromatic case,
however, in order to obtain the Casimir effect, all the modes
of the EM field must be summed, resulting in a divergent
series Ecys = . fiwy /2, which can be evaluated by using
appropriate regularization schemes (see, e.g., Ref. [19]). In this
case the zero-point energy implies an attractive force between
two parallel perfectly conductive plates with a surface area A.
The result was derived first by Casimir [17]; he obtained the
force per unit area Fcps = Feas/ A = —hen? /240 d*, where d
is the distance between the plates. The same lines of thought
can be applied to the present model, where the finite-volume
dependence is carried by the plasma frequency w,(V), and

(b)

FIG. 5. The energy spectrum of (a) the CP and (b) the LP case in a (p,w) plot, with the oscillator excitation number set to n,p), = 0. The
momentum is chosen so that in Eq. (20) (a) p, = Oin E. and (b) p is parallel to € and hence ¢ = 0 in E,;. The most apparent difference between
the two plot is in the @ — 0 limit: (a) exhibiting a singular behavior and (b) having a finite value E; = /iw,/2. The axes have been rescaled

appropriately for clarity.
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the volume of the box (in which a total number of e charge
is smeared uniformly) is defined with the parameters of the
two-plate layout (V = Ad), likewise in the Casimir effect
experiment. The force between the two plates is defined as the
derivative of the negative energy with respect to their distance,
ie., F = —0FE/dd. Unlike in the case of the Casimir effect,
the current force is frequency dependent due to the lack of
mode summation. However, the minimum of the zero-point
energy can be considered as a distinguished point and hence
the force for this special case is presented here. The general
case with frequency dependence, as well its derivation, can be
found in Appendix C. The force implied by the minimum of
the zero-point energy reads

proX TRy & . kJARy &
2V A 2 A

where Rg = li*/me?* was introduced as the Bohr radius and
k€ [1,4/2]. F* represents a repulsive force, scaling with
the distance as o< d~3/2. Moreover, the force per unit area
F*, unlike Fcys, is not independent of the surface area: The
repulsion of the plates increases as the surfaces decrease.
Tuning the characteristic length scale of the system to the order
of the Bohr radius, i.e., d ~ VA~ Rp, the force behaves as
F* o ?/R3.

Alternatively, it is possible to express the force by using the
plasma frequency:

F*:}‘*A:Eﬁwl’(d’A)% hwp

K
l 2
4 d 4 d (22)

However, when using this representation, it must be borne in
mind that the plasma frequency itself depends on the distance
and the surface area, which is indicated in the argument
w,(d,A). The simplified scaling of F* ocd~! is valid only
when the Ad change in the distance makes a negligible
correction to the plasma frequency, ie., w,(d + Ad) ~ w,.
It is apparent that the implied force depends on the charge,
too. In fact, no such repulsive force would be present if the
charge vanished, since E* — 0 as e — 0. On the other hand,
the Casimir force seemingly does not depend on the charge
at all. However, Jaffe showed the contrary in Ref. [20]: In
his argument the Casimir force originates from the interaction
between the EM modes and the conducting plates; thus, it can
be shown that it also vanishes as ¢ — 0. In that sense, this
property agrees with the findings about the present repulsive
force. By replacing the vacuum with appropriate dielectric
materials, Lifshitz e al. [21] showed that a repulsive type of
Casimir force can be achieved. This effect was experimentally
verified by Munday er al. [22].

The above results equally hold the for Ne charges and n
(quasi)photons (i.e., nonvacuum states) that could enhance the
magnitude of the force:

o [TRp Ne? (1 ”
=k 1 D7 §+l’l . (23)

It could be of interest to measure such a force in an appropriate
experimental setup.

PHYSICAL REVIEW A 95, 053852 (2017)

V. CONCLUSION

In summary, a nonrelativistic quantum-mechanical model
has been considered consisting of a charged particle interacting
with one electromagnetic radiation mode. The diagonalization
of the Hamiltonian leads to plasmonlike quasiparticle excita-
tions from which modified plasma frequencies (2 < @ p) can
be found for the non-LP cases. The reflectivity function also
shows a strong dependence on the polarization of the EM wave:
total reflection can only be found for frequencies Q < . For
instance, in the case of CP, there is no complete reflection of
the wave at any finite frequency since €2, = 0. The phase and
group velocities are also determined for different polarizations.
It is found that the phase velocity of the quasimodes always
exceeds the light speed, independently of the polarization. The
group velocities vanish at the position of the minimum of the
dispersions which for the LP coincides with zero wave number.
For non-LP cases, the group velocities can take negative values
and even exceed light speed in absolute value. The zero-point
energy of the system is derived which implies a repulsive force
between two parallel plates. The force scales as o< 1/d with
the distance between the plates when the change in the plasma
frequency, due to the volume increase, is negligible. If the
change in the plasma frequency is considerable with respect
to the volume growth, the force, at the minimum of zero-point
energy, scales as oc d /2.
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APPENDIX A: DIAGONALIZATION OF THE
HAMILTONIAN FOR VARIOUS POLARIZATIONS

In the following the details of the diagonalization of the
Hamiltonian

1 e\’ 1
H=—(p—-A ol = +al
s (p=£8) +r0(5 +at0)

are presented for an elliptically polarized field along the lines
applied in Ref. [1] for the circularly polarized and linearly
polarized cases. Here

(AL)

A, =aEa+Eah), (A2)

where € must be parametrized so that in certain limits it gives
the polarization vectors of the CP and LP cases, i.e., E(§—1)=
e and £(& — 0) =€ with some parameter & € [0,1].
In particular, the parametrization £ = \/1/(1 + £2)(Reu +
i& Imu) with u = (1,i) gives the right limits and its norm
EE* = 1, independently of &. The Hamiltonian will have the
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following form after substituting (A2):

2 1 ,
o ﬁw(_ + au,) O Ea+ Erah) +
mc

2m 2

P ea
2m

2 1 . 2.2 1— 2
= -~ —pEa + &ty + |:Fta)+ %} (— +a'a> 42 ; [a® + (@')].
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20(2

¢ * )2
2mc2(5a+5 al)

(A3)

2 2mc? 1+ &2

The p-independent part of the Hamiltonian can be rewritten in terms of the operators » and b’ obtained by Bogoliubov

transformation:
b = coshfa + sinhaf, b' = coshba’ + sinhba. (A4)
The Hamiltonian reads
2 202 inh 20 . 1
H=2 _ it eal)+ | ho+ E8 || =202 4 b1)?) + cosh 20b1b + sinh? 6 + =
2m  mc mc? 2 2
ela? 1 —£2 ) i i
T2 T&z[COSh 20(b” + (b")") — sinh 20(2b'b + 1)]. (A5)

In order to eliminate the quadratic terms in b the following
definition for 6 is required:

ea? 1 —¢&? 1

tanh 20 = — 5 —.
me® 1482 ho + £

(AO6)

Concerning the CP and LP the following expressions for 6 can
be found:

e’ 1

tanh20[,_, =0, tanh26|,_, = e et £

(AT)

For the CP case [the first equation in (A7)], it also means
that the Bogoliubov transformation is trivial, i.e., b = q®.
Thus, what remained from the Hamiltonian is the following
expression:
p°  ex
H=—— —pa+ &d)
2m  mc

e’a? t . 12 1
+ hw+—2 cosh20b'b + sinh” 6 + —
mc 2

ea? 1 —&?

W@[_ sinh 20(2b'b + 1)].

(A8)

After some algebra and using the hyperbolic function identi-
ties,
p°  ex

H=-———p(a+&*a)
2m  mc

221 —£2 1 |
e l=g [bTb—lr—}.

A9
mc? 1+ &2 sinh 20 2 (A9)

As the quadratic terms have been eliminated, the focus can be
shifted to the linear terms, which also contain the momentum
dependence.

The second term in the Hamiltonian that consists of
linear terms in the creation and annihilation operators can

(

be rewritten in terms of b and b', giving

ae P . . 1
m—c\/ﬁ[(Reu+z§Imu)a+(Reu iEImu)a']
ae P

=——— [e?b+bHReu+ e’ (b — bhig Imul.

me /(1 +&2)

(A10)
After this transformation the Hamiltonian reads
. p>  «we p
2m mc /(1 + £2)
x [e7%(b + b)Y Reu + ¢’ (b — b)i& Imu]
GG ek LN YV (Al1)
mc? 14 &2 sinh 260 2]

For the elimination of the linear terms the displacement
operator is used:

D, = exp(ab! —o'h), (A12)
with o being arbitrary at this point, but requiring
[0,0 0] = [0,6V] = [0,p] = 0. (A13)
Acting on b and b’ adds a shift to the operator,
DbV D, = bV 46D, (A14)
The transformation must also be unitary:
D;!' = DI, (A15)
hence
D;'b'hbD, =b'b+o'b+blo +o'lo. (A16)
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Applying the transformation to the Hamiltonian yields

PHYSICAL REVIEW A 95, 053852 (2017)

p’ | e’ i;_gz t 1 t o’ % t o’ % t
H=_—+——""—(bb+-+0'0 ————0 ————blo
2m  mc? sinh26 |: * 2 + i| + mc? sinh 26 mc? sinh 26

ae p

me /(1 +€2)

At this point, the parameter o must be defined so that the linear
terms cancel out. Therefore, the following relationship must
hold:

1-&2

ezaz I oe P 6
— o0 =————Je "R — e’ I :
mc? sinh 260 mc (1+§2)[e sum i
(A18)
This sets o to
¢ sinh 26 p -6 6
_ s [e""Reu—e”i& Imu], (A19)
w B JTee
or equivalently
h 260
o Ccos ae P [679 Reu_eeig Im u]. (AZO)

i + €% me /(1 + £2)
The parameter o for the CP and LP cases can be obtained by
taking the limits £ — 1 and & — 0, respectively:

. ae 1

limo = —pe = 0o,

£—>1 mc hQ,

limo = “pee? - — g (A21)
E>0 s IO

Here, the effective frequencies are defined for the two separate

cases:
_ ! 129 _ /.2 2
Q.=wll1+ 22 ) Q=./w + w;, (A22)

and the polarization vectors are € = Reu,& = Reu+iImu,
and @’ = 4me?/mV. The Hamiltonian now approaches its
final form:

2 2 o 182
P e o 1+&2 . 1 t
H=2 0% & | -

2m " me? sinh29|: tate U]

— EL[[O Reu + eeis Imu]o
me /(1 +€2)
ae p

me /(1 +€2)
The third and fourth terms can be rewritten by using the
definition of o in (A19),

[e"?Reu— i Imulo’. (A23)

2
2 2 2 1=%

P e 1+$; t 1 t
g= 0% e N
m T me sinh20|: taytoe

1-¢2
2,2 =5
e 1+£2

— 22— o'o
mc? sinh 26

1-g2
P g e
2m  mc? sinh 26

1
bib + 5 —of } (A24)

0 9. _ K
[e7" Reu+e"i& Imu](b + o)

P

me /(1 +&2)

[e"Reu — ¢’ie Imu](b' + o). (A17)

(

or equivalently, by using the relation in (A6),

PR ks i b+t ot (A25)
= — + — ~—o'o|.
2m cosh 26 2

After some algebra the following expression for the effective
angular frequency can be found:

2 2
£

Q(§)=\/w2+w§(l+mﬁ), (A26)

where wf, = 4e?/mV . Hence the Hamiltonian reads

2
p t 1 ,
H=—+hQ¢&)|bb+-—0'0].
2m 2
(Here 'H is used for the final form of the transformed
Hamiltonian in order to distinguish it from the original H.)
Taking the limits £ — 1 and & — 0, the Hamiltonians for the
CP and LP cases are obtained, with €2, and €2, respectively.

These coincide with the results in [1].

(A27)

APPENDIX B: EXTENSION TO PLANE WAVES

In the following, it is shown that by using an appropriate
unitary transformation, as applied in Ref. [2], the Hamiltonian
with a plane-wave vector potential becomes equivalent to the
one with a dipole approximation up to a term of order O(/i%)
when the limit p — 0 is taken. The vector potential is defined
as

A, = a(€ae'®D 4 g% gl kr=en)y, (B1)

In this case the Hamiltonian in (1) becomes

2

L ﬂp(gaei(kr—wt) 4 E*atemitr—ony
2m  mc

| B + a’ (1 4t
o+ —||=+a'a
mc? |\ 2

a1 — g2
2mc? 1+ &2

H,, =

[azezi(kl‘fwt) + (aT)Zefz i(krfwt)].

(B2)

In order to eliminate the exponential position dependence, the
following unitary transformation is used:

U= ei(kr—wt)(a?ﬁ%)' (B3)

Acting with the transformation U on H results in
2
P

UH, U =U2_ut - ZLypEauteite—en
2m mc

¥yt —i(kror) o’ (1 t
+&*a'U'e Y+ | hiw+—= || =+a'a
mc? [\ 2
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a1 — g2
2mc? 1+ &2
+U@a@hufe?itkr—eny, (B4)

[Ua2 U]Lez i(kr—wt)

The term containing the number operator aa transforms
trivially. All the other terms are considered separately in
the following. In order to compute the action of U the
Baker-Hausdorff-Campbell identity is used, i.e.,

XYe X =Y +[X. Y]+ 3[X[X. Y]]+, (B5)

where X and Y are operators. Applying the lemma first to the
kinetic term gives

, 1
Up’U' =p* + ik(aTa + §>[r,p2]

2

1 2
(afa+§> [r,[r,p’]] +---. (B6)

The commutators give [r,p*] = 2ikp and [r[r,p?]] = (ih)>.
The higher-order terms are identically zeros since the second
commutator results in a c-number. Thus,

2 2 21,2 2

| | - P hkp [ . 1 hk t 1
vyt = | R (i ) 4 25 -

2m |:2m m(aa+2>+2m “ats

1 N
:Ep—hk(aa—i—E) . (B7)

The term proportional to UpEaU' can be rewritten as
UpU t€UaU?; hence, the transformation for p and a can be
considered separately:

UpU' =p+ik(a'a+1)rpl =p—ik(ala+3). BY)
Higher-order terms vanish identically since [r,p] gives already
a c-number. In fact the product with the polarization is

UpU'E = pE, (B9)

since the wave-number vector is orthogonal to the polarization,
i.e., k€ = 0. Hence UpEaU' = pEUaUT.

The remaining terms contain ' in linear and quadratic
order. Their transformation is discussed in the following.

J

PHYSICAL REVIEW A 95, 053852 (2017)

The transformation of a reads
UaU' = a + i(kr — wt)la'a,a]
[i(kr — w?)]?
| Lt —en?

Since [ata,a]l = —a, by using induction it is not hard to see
that the nth term is (—1)"a. Thus, the expression in (B10)
collapses to

[aTa,[aTa,a]] +-.--. (B10)

i { : [—i(kr — w1)]? }
UaU' =all +[—i(kr —wt)]| + — M + ...

2

—i(kr—wt)

(B11)

= ae

The two exponential factors in (B11) and (B4) cancel out each
other, leaving only the operator a behind. Using the same
procedure for a' gives
Ua'U" =al + i(kr — wt)[alfa,alf]
i(kr — wt)]?
" [i( )]
2
— gt pitkr—on)

[aTa,[aTa,aT]] + .-

(B12)

The commutator in this case was [aa,af] = af, and for the
nth term a'. Again, the exponential factors in (B12) and (B4)
cancel out each other.
Regarding the quadratic terms in a®, in these cases the
exponential factors of e*2* =) must be eliminated:
Ud*U' = a®> +i(kr — wt)[a'a,a’]
[i(kr — wt)]?
2
U@?U' = (a"? +ikr — w)[a'a,(@")?]
i(kr — wt)]?
n [i( . )]

[aTa,[aTa,az]] + .-

ld'a,lata,@ 1+ .

(B13)
And the commutators are
[aTa,az] = ([aT,a]a + a[aT,a])a = 247,
ld'a,(@"?] = al(a'[a,a’] + [a,al1a") = 2(a")?.  (B14)

Itis not hard to see that the nth term gives (—2)"a? and 2" (aT)z,
respectively. Substituting these findings back to the sum gives

[—2i(kr — w1)]?

Ua’U' = a2{1 + [—2i(kr — wt)] + 5

4. } — a2e—2i(kr—wt),

2i(kr — wt)]? .
U(aT)ZUT — (aT)Z{l + [2i(kr — w)] + [l(l‘fw)] + ... } = (aT)2e2l(kr—“”). (B15)
The exponential factors in (B15) and (B4), like for the linear terms, cancel out each other.
Hence, collecting all the terms together, the transformed Hamiltonian reads
i 1 N ea , a7 (1 N a? 1 — g2
— _— |p— T _ _ = pnat f 2 T2
UH,,U" = . [p hk(a a+ 2>:| mcp(f,'a +E&*a") + |:ﬁw+ m02]<2 +a'a) + e 1 +§2[a + (@")”]. (B16)
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It is clear that the transformation canceled all the exponentials; however, the kinetic term of the charge has been modified,
too. It is possible to rearrange the Hamiltonian in the following way (i = a'a):

2 ) 2.2 hk
UHU = 2 — “pEa+£%al) + [ﬁa) +22 2P
mc

2m  mc m

Comparing (B17) to (A3), two new terms appear in the
coefficient of (7i 4+ 1/2) in (B17), namely,

22
_ ke and Q(ﬁ + l)
m 2m 2
These two terms clearly modify the dispersion relation that was
found in (13). However, the detailed analysis of this modified
dispersion is beyond the scope of the present paper. On the
other hand, there are circumstances where (13) remains valid.
The term o< kp vanishes if k is perpendicular to p or when the
p — 0 limit is taken. The latter scenario describes a system
where the EM mode interacts with a charge that is uniformly
distributed in the volume V. This limit is the subject of the
analysis performed in Sec. III. The remaining Hamiltonian
reads

im UH-. U oo + e’a? n Rk [ n 1 - 1
1mm w = _ — —
p>o0 7 @ mc? 2m " 2 " 2

202 1 — &2
2mc? 1+ €2

(B18)

[a* + (a")’]. (B19)
The second new term is of O(/i%); hence this can be considered
negligible compared to the O (%) terms for not very large wave
number and photon number, for which it could dominate.
Altogether the Hamiltonian is

lim UHpot' = [0+ <% & 00 (34 1
1m w = _— —
p—0 P @ mc? " 2

620[2 1 — %-2

2mc? 1+ £2
which reproduces lim,_.9 H in (A3) up to a negligible term
of O(h?*). This shows that all the conclusions drawn for
the dispersion relation obtained from the Hamiltonian with
dipole approximation remains valid for the plane-wave vector
potential, too, under the condition that p — 0 and for not too
large wave number and photon number. It is interesting to note
that the zero-momentum limit and the action of U are not
interchangeable:

U lim H,,U" = lim H,
p—0 p—0

[a® + (ah)?],

(B20)

lim UH,,U' = lim H + O(hA*) ~ lim H.  (B21)
p—0 p—>0 p—0

In the first case the equality is exact, whereas in the second
case it is only approximate.

APPENDIX C: DERIVATION OF THE REPULSIVE FORCE
BETWEEN TWO PARALLEL PLATES

The vacuum energy for the general EP case reads as

E=1p P+ 14+ £ o
= — w —_— |,
B @p EF 17 o2

(ChH

+h2k2 i ) (a+l) 4
m "2 )\ 2

a1 —¢g2
2mc? 1+ £2

[a* + (a")?]. (B17)

(

which simplifies to the second term in E.(n, = 0) and
E;(n, = 0) in (20) when taking the limits £ — 1 and £ — 0,
respectively. The plasma frequency w,, encapsulates the finite-
volume dependence

2 me
w, = ,

mAd

(C2)

where A is the surface area of the two parallel plates and d
is their distance from each other. The force between the two
plates is computed as

oE

F=——.
dd

(C3)

The only term that depends on the distance is the plasma
frequency. Its derivative reads

dw,  2yme 1 lo, ()
ad  JmAd¥? 24’
Thus, the force by using (C3) is
Vo, 262
e e (L grpat)
wZ
2\/“’2 +aop(1+ (gzil)z =)
262 @)
fop(Lt gripat) 1 ©s)

= —
4\/20)_24_(14—%5%)

Here, it must be remembered that the plasma frequency
depends on the geometric parameters d and A, ie., v, =
w,(d,A). By substituting (C2) into (C5) the explicit distance
and surface area dependence can be obtained. However, if
the Ad change in the distance does not modify the plasma
frequency considerably, i.e., w,(d + Ad) ~ w,, then (C5)
gives the frequency-dependent repulsive force between the
plates that scales as o< 1/d with the distance. For fixed d the
limit lim,,_, o F = 0 for all &; on the other hand, the limit
lim, o F = oo for 0 < & < 1. In the case of LP (¢ = 0), the
limitlim,,_,o F' = & ,/4d, which is the maximum of the force
F for LP.

At the minimum of the zero-point energy, o* =

wp/E/(1 + &2), the repulsive force in (C5) takes the form

F*_'ihwl’(d’A)_f JTRBE_2
4 d T2V oA B

where k = (1 4+ £)/y/1 +&2 and Rz = h?/me? is the Bohr
radius. For & = 0 this coincides with the force in the w — 0
limit.

(Co)
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