Bernstein’s inequality for algebraic polynomials
on circular arcs*

Béla Nagy and Vilmos Totik!

October 22, 2011

Abstract

In this paper we prove a sharp Bernstein inequality for algebraic poly-
nomials on circular arcs.

1 Results

Inequalities for algebraic or trigonometric polynomials play a fundamental role
in various problems ranging from number theory to differential equations. One
of the most classical one is Bernstein’s inequality: if P, is a polynomial of degree
at most n, C; denotes the unit circle and || - ||k denotes supremum norm on a
set K then

PL() < nlPalle,, €. (1)

The corresponding inequality for an interval is
n
Niers
and for the uniform norm of the derivative we have the so called Markoff in-

equality

[P ()] < IPll—1, —l<z<l, (2)

IPoll1=1,1) < n®||Pallj=1,1)-

In this paper we prove the following analogue for circular arcs. Let 0 < w < 7
and let 4
K, ={"]0 € [-w,w]} (3)

be the circular arc on the unit circle of central angle 2w and with midpoint at
1.

Theorem 1 If P, is a polynomial of degree at most n, then

. V2 cos(0/2
Phen) < 2 (14 2002
2 Vcosf — cosw
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> 1Pallres, 0 € (-w,w). (4)




This is sharp:

Theorem 2 For every 0 € (—w,w) there are nonzero polynomials P, of degree
n=1,2,... such that
4 n V2cos(0/2)
Phe)] 2 (1o (14 2202 Vg )
2 Vcos — cosw

Of course, the w = 7 case is just the original Bernstein inequality (1). Also, if
we write up the consequence for an arc on the circle RC; — R = {z| |2+ R| = R}:

V2 cos(6/2
( / ) ”Pn”RKw*Rv e (_va)7
v/ cos — cosw

(6)
apply it with w = 1/R and 0 = z/R, = € [-1,1], and let R — oo, then we
obtain (2) (with a change of variable) since

mmw¢%<mo+

[PL(R(L— )| = [Py(ix)l,  1Pallri.—r = |1 Pallis

and
2R*(cos(z/R) — cos(1/R)) — 1 — a?.

The inequality in Theorem 4 can be written in alternative forms using the
equilibrium measure v, of K, and the Green’s function g(2) = gg, x, (2, %0)
with pole at infinity of the complement of K, (see [10], [4] or [11] for these
concepts). In fact, if dv(z)/ds is the density (Radon-Nikodym derivative) of the
equilibrium measure vg_ with respect to arc length on Cy, then (4) is the same

as
dvi, (C)
ds

and if ¢/ (¢) denote the normal derivatives of the Green’s function in the direc-
tion of the two normals to K, then another equivalent form is

1P (O] < nmax{g” (C), ¢4 (O} Pullker € € Ko (8)

For (7) and (8) see the proof of Theorem 1. We believe that this last form (with
a factor (1 + o(1))) should be the correct form of the Bernstein inequality on
smooth Jordan curves. Our proof for Theorem 2 shows that if K, is replaced
by any C? Jordan curve or Jordan arc, or even by a family of these, then an
estimate better than (8) cannot be given, i.e. that the asymptotic Bernstein
factor is at least as large as nmax{g’ (¢), g, (¢)}.

We also mention the Markoff type inequality: if P, is a polynomial of degree
at most n, then

rolsy (e pge,  cer. )

n? w
1241, < (14 o0(1)) 5 cot (3 ) 1Pl i (©)



This is sharp again: for some nonzero polynomials P,, we have

n2 w
1Pill, = (1= 0(1)) % cot (5} [1Pal .. (10)

These are immediate consequences of [3], p. 243, see Section 2.

For even n Theorem 1 is an easy consequence of the classical Videnskii
inequality on trigonometric polynomials, and for odd n it also follows from
a related inequality of Videnskii for a trigonometric expression in which the
frequencies of cosine and sine are an integer plus one half. This derivation will be
done in the next section. The proof of Theorem 2 in section 5 will be based on a
theorem of [6] for Bernstein-type inequalities on a Jordan curve (homeomorphic
image of the unit circle). In the process we shall need to calculate the normal
derivatives of the Green’s function of the complement of C \ K,,, which will be
done in section 3. Once this is done, we give in section 4 a relatively simple
direct proof for Theorem 1 using a result of Borwein and Erdélyi.

2 Theorem 1 and Videnskii’s inequalities

Let
V2 cos(0/2) cos(0/2)
V(0) =V (w;0) = = : (11)
V/cos @ — cosw \/sin2 (%) — sin? (9)

2 2

The classical Bernstein inequality for trigonometric polynomials was ex-
tended by Videnskii (see e.g. [3], Ch. 5, E.19, p. 242 or [14]): let Qm(t)
be a trigonometric polynomial with real coefficients of degree at most m, and
let w € (0, 7). Then for any 6 € (—w,w), we have

Qi (0)] < mV (w3 )]|Q](—w)- (12)

There is an extension to half-integer trigonometric polynomials [15]: let

< 1 1
Qm,+1/2(t) = j;)aj COS ((] + 2) t) + bj sin ((] + 2> t) 5 Clj7bj €R.

Then for any 6 € (—w,w), we have

1
\Q;@+1/2(9)| < (m + §)V(w;9)||Qm+1/2||[7w,w]~ (13)

Standard trick leads to the same inequalities with complex coefficients: for
example, if Q,, is a trigonometric polynomial with complex coefficients and
0 € (—w,w), then let |7| = 1 be such that 7Q’,(8) = |Q’,,(0)|. Now if we apply
(12) to the real trigonometric polynomial @, (t) = R(TQum(t)) then we get (12)
for Q.



Proof of Theorem 1. Let P, be an algebraic polynomial of degree at most
n and set

Qny2(t) = ei%tp, (e"). (14)
For this
1Qn/2ll—ww) = [1Pall,
and
Q)2 (0) = e 120 (—in/2) P, (") + e 39 P! (e¥)ei. (15)
So
B < Qo (0) |+ SIPa(e)]. 0 € (~w,w)

and (4) is an immediate consequence of (12) (in the case when n is even) and
(13) (when n is odd) with m = n/2, because the second term on the right is
< 1ol -

Since (15) gives for t € (—w,w)

Q2 (8)] = | Ph () =]

n
AP (16)

(9) follows from the following inequality of Videnskii (see e.g. [3], p. 243): if
. . . . w 1/2
Qm(t) is a trigonometric polynomial of degree m, then for 2m > (3 tan? (5) + 1) ,

w
Q=) < 2m* 0t = [|Qum (.- (17)

Indeed, we may assume that n is even (if it is odd, consider P, as a polynomial
of degree at most n 4 1), and then we can apply (17) to the @, /2 in (14) (note
that now the term on the right of (16) is o(n?)).

Since (17) is sharp (see [3], p. 243), (10) also follows.

3 The normal derivatives of the Green’s func-
tion

Let K = K,. Denote the Green’s function of C \ K with pole at infinity by
9(0), g(¢) = %\K(C, 00). There are two normals to K, the “outer” normal is
pointing into the exterior of the unit circle, and the “inner” normal is pointing
towards its interior. We need to compute the normal derivatives g4,g— of g
with respect to both normals.

Denote the equilibrium measure of K by v. It is known that v is absolutely
continuous with respect to arc length, see [11], p. 209, Theorem 2.1. We denote
the density by dv/ds. Recall also in the next proposition the definition of V/
from (11).



Proposition 3 Let {; = €% be an inner point of K and g,,g_ the normal
derivatives of the Green’s function in the direction of the outer and inner normal.

Then
1<1+ \/§C0890/2 >

/ — = —_—
9+(Go) = 2 v/cos By — cosw

(18)

N —

o (Go) = (—1 . M) | (19)

v/cos by — cosw

Corollary 4 We have

g (Co) + 9" (o) =27 dy£§0)7 (20)
g’ (Co) + g~ (o) = V(6o) (21)

and
9 (Co) — g~ (o) = 1. (22)

Proof. Fix ¢y = €' € K, where ) € (—w,w).

Let g be the analytic conjugate of g with the normalization g(e=™) =
lim¢_,.-iw g(¢) = 0, and let G(z) = g(z) +ig(z) be the complex Green’s func-
tion. Then, using the properties of Green’s functions, it is easy to see that
U(z) = exp(G(z)) maps C\ K conformally onto the exterior of the unit circle.

Set

R(z) = —(z — ™) (z — ™)
and S(z) = i(z — 1). We cut the plane along the arc K, and take the branch of

the square root \/R(z) which is positive at 0. Then y/R(0) =1 = i5(0).
With these notations it was proved in [8, p. 398] that

R A O SR (9
Glz) =3 / ¢ (1 R(C)) 4

where the integration is along a path from e~* to z that does not intersect K.
Now if (y = € is an inner point of K, then

o, (@) = 0 20— GG = (1 - S(”)) Co®)

R(Co+)

where (p+ indicates that the appropriate value is taken on the outer side of K
(which is the side that lies outside the unit disk), while




and here (y— indicates that the appropriate value is taken on the inner side of
K. Here, for {y = €% lying in the inner side of K, we have

R<6190) — _(eigo _ eiw)(eieg _ e—iw) — _€i90 (ei90 — 92cosw + e—i@g)
= —2¢"% (costy — 2cosw),
and hence

iS(¢o—) 1 — et V2 cos /2

R(Co—) —eif0/2, /2(cos fy — cosw) ~ /cosfy — cosw

is real and positive. In a similar vein, for ¢y = €% lying in the outer side of K
we have

St 8G) | ety
R(Go+) R(Go—)  Veosfy —cosw
Plugging these into (23)—(24) we get (18) and (19).
From these formulae (21) and (22) immediately follow. Formula (20) is
known, see e.g. [11], Theorem 2.3, p. 211.

Corollary 5 Let ¥ be a conformal map from C\ K onto the exterior of the
unit disk. Then for (o = €' lying in the interior of K we have

gy ()= VI HL gy (25)

2
The derivative on the right-hand side is understood from the outside of A (by
the Kellogg-Warschawski theorem W'({y+) exists on the boundary in the sense
that ¥’(¢) has a limit as ¢ — (o from the outside, see [9], Theorems 3.5, 3.6).
Note also that different ¥’s differ by a multiplicative constant of modulus 1,
so it does not matter which one we take.

Proof. The first equality has been verified in Proposition 3 and Corollary 4.
In the proof of Proposition 4 we have also seen that

' (Co) = / _ ¥ (GG
gy (Go) = RGG (Go+) =R Tt

Now at (o the direction of the outer normal to K is (p, so (using the conformality
of U) W' ({o+)Co/|¥'(Co+)| is the direction of the outer normal to C; at the

point z = ¥({y+), but this direction is again the same as z = U({p+). As a
consequence, W' ((o+)Co/¥((o+) is positive, and hence we have the formula

(GG _ ‘%‘I’I(Coﬂifo

g\ (Co) = %W




4 A direct proof for Theorem 1

In this section we prove Theorem 1 using the following result of P. Borwein and
T. Erdélyi (see [3], p. 324, Theorem 7.1.7). Recall that we denote the unit disk
by A and the unit circle by C;. Let a, € C\ Cy, k=1,...,m, set

lag|* — 1 _ 1 — |ag|?
pi= Y Pl ey el

ar ap — Z
k:lak|>1 | kilak|<1 ‘

and let
By, (2) := max (B, (2), B, (2)) .

m

Then, for every rational function 7(z) of the form r(z) = Q(z)/ i, (z — ax)
where @ is a polynomial of degree at most m, we have

'(2)] < Bm(2)||fllc, 2z €Ch. (27)
‘We shall need the function
1+ zsin (w/2)
=Pz)=2—~n— 2L, 2
¢ (2) =2 z + sin (w/2) (28)

Simple computation gives, as e.g. in [7] p. 369 equation (4), that ® is a con-
formal map from the complement of the unit disk onto C\ K, so ¥ = &~ 1 is
one of the ¥’s in Corollary 5. It is also easy to see that if Rz > —sin(w/2),
then ¢ = ®(z) lies on the outer side of the arc K (i.e. then ¢ = (+), while if
Rz < —sin(w/2), then ¢ = ®(z) lies in the inner side of the arc K (i.e. in this
case ( = (—).

Without loss of generality, we may assume that the polynomial in Theorem
1 is of the form P,(¢) = (( — a1)...(¢ — ay,) (i.e. it has leading coeflicient 1)

and define - .
r(z) := P, <<I>(z)> : (29)

where @ is the function from (28). Then

I7lle, = 1Pl
and (see (28))

n

r(z) = H( ii?rsllno;c{li)?)) “])

H _ (—aj sin (5) 224+ (1 - a;)z + sin (%))
" (zsm( )+1)

So, to use (27) Wesetm:2n, a1 =...=ay, =0, and apy1 = ... = ag, =
fl/sm( ). For z = e™ we see that

2

1
sin(w/2) | 1

B;.(z)=n and B (2)=n 5
=1 ___ eit‘
sin(w/2)




and here the second term is
cos? (w/2)
" |1 + sin (w/2) cost + i sin (w/2) sin t|?
cos? (w/2)
" + sin? (w/2) 4 2sin (w/2) cost’

Bj,(2) =

Taking maximum, we get

2
n 1+sin? (w;;);—&-(;s/ii)(w/Z) cost’ if §R(Z) = COS(t) < —sin (w/Q) ,

Bou(2) = { n, if R(z) = cos(t) > —sin (w/2),

(30)
and it is important to note that Bs,(z) = B,,,(2) = n (first line), if ¢ = ®(2) is
”from the outer side” of K. Hence the Borwein-Erdélyi inequality implies that

1 P'(z)

P ) 2
! (‘I’(Z)) P2(2)
and since here |®(2)| = 1 for z € Cy, we get for ®(2) = ( =: €%, 0 € (—w,w)

/ efie BQH(Z)

< Ban (2)|| Pl |

[Pallx- (31)

For each 0 € (—w,w), there are two 2z € C; such that ®(z) = €%, one on the
arc in the half-plane {z |z > —sin(w/2)}, and one on the complementary arc
of Cy. We choose the former one in (31), which corresponds to the first line in
(30), and get

Py (e77)] < FJWHPNK. (32)

Since ¥ (® (z)) = z, we have U/ (@ (2)) D' (2) = 1, ie. |¥'(Q)| = 1/|9'(2)]. If
we substitute this into (32) and use Corollary 5, we obtain (4) (note also that
V(=0) = V(0)).

|

5 Proof of Theorem 2

It was proven in [6], Theorem 1.3, 1.4, that if I' is a C? smooth Jordan curve
(homeomorphic image of the unit circle), 2 is the unbounded component of its
complement and gq(z, 00) is the Green’s function in £ with pole at infinity, then

on

where n is the inner normal to I with respect to 2. Furthermore, this is sharp,
for if ¢ € T" is given, then there are nonzero polynomials P,, with

" on

1P, (0] < (1+0(1))n [Pullc, — CeT,

1P, (0)] = (1= o(1)) 1P |- (33)



Now consider K and a point ( on K which is not one of the endpoints of K.
We augment K to a C2 smooth Jordan curve I' by attaching a small domain
(as the interior of I') to K that lies in the unit disk (see Figure 1).

Figure 1: The domain attached to K

We can do that in such a way that if € > 0 is given, then

W > (1—;;)890\;755’00) = (1 — )¢/ (0). (34)

In fact, since K is part of I' we have go (¢, 00) < g\ x (¢, 00), and at infinity the
difference go((,00) — gk (¢, 00) coincides with log(cap(I')/cap(K)) (see [10],
Theorem 5.2.1), where cap(-) denotes logarithmic capacity. As we shrink I to K,
the capacity of I' tends to the capacity of K, and so the nonnegative harmonic
function go (¢, 00) — go\x (¢, 00) tends to zero at infinity (this difference is also
harmonic there). Now we get from Harnack’s theorem ([10], Theorems 1.3.1 and
1.3.3) that this difference tends to 0 uniformly on compact subsets of C \ K,
and then (34) will be true if T" is sufficiently close to K by [6], Lemma 7.1.

Now apply (33) to this I. For the corresponding polynomials P, we can
write, in view of ||P,||x < ||Pnllr,

nagﬂ (Cv OO)

PO = (1 = o(1))n—7-

[Pallr = (1 = o(1))n(1 = )¢’ ()| Pullx-

Since here € > 0 is arbitrary, and by Corollary 25 the last factor on the right-
hand side is (1 + V(6))/2 with ¢ = €%, the proof is complete.
|
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