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Abstract

The classical Bernstein inequality estimates the derivative of a poly-
nomial at a fixed point with the supremum norm and a factor depending
on the point only. Recently, this classical inequality was generalized to
arbitrary compact subsets on the real line. That generalization is sharp
and naturally introduces potential theoretical quantities. It also gives a
hint how a sharp L Bernstein inequality should look like.

In this paper we prove this conjectured L® Bernstein type inequality
and we also prove its sharpness. E| E|

1 Introduction

The classical Bernstein inequality states the following (see also [6] or [2])

1
|Ph(t)| < nﬁHPnHLom (1)
where P, is an arbitrary real polynomial with degree n, t € (—1,1) and || Py || 1,00
is the supremum norm over I := [—1, +1].
There is a recent generalization.

Theorem 1. Let K C R be a compact set and assume that its equilibrium
measure Vi s absolutely continuous w.r.t. the Lebesgue measure, t is in the
interior of K so that the density dvi(t)/dt = wik(t) exists and is finite, and
deg(P,) =n. Then

PL(1)] < s (8)]| Pal i (2)

where || P, || k.00 denotes the supremum norm over K.

For the equilibrium measure vk and its density wg(.), we refer to [6]. This
theorem was proved independently in [I] and [7].

We work with compact sets on the real line, namely,

K C R, is a compact set consisting of finitely many, disjoint,

closed intervals and none of them is a single point. (3)

We assume these throughout this paper. Denote the components of K by
Kci,...,K.p. That is, K. ;’s are closed, disjoint intervals. By reindexing
them, we can assume that if i < j, z € K.;,y € K. j, then x < y. We also need
a special class of these sets which is defined as follows.

Consider those (algebraic, real) polynomials  which have degr distinct zeros
on the real line and if 7/(¢) = 0, then |r(¢)] > 1. These polynomials are called
admissible polynomials in [7].
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Definition 2. We call a compact set K C R a real lemniscate, if K =
r~1—1,41] for some admissible polynomial .

Since at the extreme places of r the modulus is greater than or equal to 1,
r7(=1,1)] = {t: =1 < r(t) < 1} consists of deg(r) open intervals. We call the
closures of the intervals branches of K, and denote them by Ky 1,..., Kp degr-
Two different branches are either disjoint or have one endpoint ¢ in common for
which 7/(¢t) = 0 and |r(t)] = 1. As above, by reindexing them, we can assume
thatifi < j, z € Ky 4,y € Ky j, then z < y with equality only when j = 741 and
x = y is the only one common point of K3 ; and K ; provided Ky ; N Ky i1 # 0.

We denote by vk the equilibrium measure of K. If K is as in , the equilib-
rium measure is absolutely continuous. Furthermore, if K is a real lemniscate,
then its equilibrium measure is known explicitly, see later.

The following two theorems state the main results of this paper.

Theorem 3. Let K C R be a compact set as in , let vk be its equilibrium
measure and wi (t) its density, wi (t) = dvk (t)/dt. Furthermore, let 1 < a <

00. Then
/ ‘ Pi(t)
& InTwi(t)
where P, is an arbitrary polynomial of degree n and o(1) means an error term
that tends to 0 as n — oo and is independent of P,.

adl/K(t) < (1+0(1)) /K |P. ()| dvk (t) (4)

Inequality corresponds to the o = oo case. Note that inequality
does not include inequality and we have no information on the error term
as a — 00.

Theorem 4. The constant 1 on the right hand side of 18 asymptotically
sharp.

The proof of we found is quite technical and consists of several steps.
The technique used is the polynomial inverse image method, for a nice survey,
we refer to [9].

First we prove it in Section 2 for the special case when K is the interval
[-1,1]. Then we prove it for real lemniscates. Now, the case when P, is a
polynomial of the lemniscate-defining polynomial r, is easier, this is handled
in Section 3. The general case, when K is still a real lemniscate is treated
in Section 5, after some technical preparations in Section 4. Then Section 6
completes the proof for general K consisting of finitely many intervals. Finally,
Section 7 proves the sharpness and Section 8 contains the proofs of the lemmas
from Sections 4, 5 and 6.

2  The proof of (4) when K =[-1,+1]

We use Zygmund’s inequality, see [2], p. 390 or [3], p. 584, Theorem 1.7.1.

Theorem 5. Let 1 < a < 0o. If Q,, is a trigonometric polynomial of degree n,
then

/IQ;(t)pdtSn“/ |Qn ()| *dt.

This is sharp, if Qn(t) = cos(nt), then the two sides are equal.



If K = [—1,1], then it is known that dvj_; 41)(t) = 7r\/ﬁdt So (4) simpli-
fies to

/1 )p;(tyma

n

1

Pn(t) dl/[fl,l] (t) s

dV[,l’l](t) < (1 + 0(1)) /

—1

which is easy to prove even without the factor 1+ o(1). Let P, be an arbitrary
polynomial with real coefficients (P, € RJ[t]), n = degP,. Define ¢(t) :=
P, (cost). So q(t) is an even function, ¢(—t) = ¢(t) and ¢'(t) = P} (cost)(—sint)

SO 0
dt T dt
) — = ) —
| s = [l
and
[ |popd [ jrop
Il Jy I'n '

Furthermore ¢ is actually a trigonometric polynomial with real coefficients
of (trigonometric) degree n. So Zygmund’s inequality can be applied to obtain

®)

+7 a +m o
/77r - dtSLw lq(t)]"dt.

That is,
us q/ t el s «
AUl < [ ool ar
0 n 0
Now substitute ¢ = arccosu (¢t € [0,7] and v € [—1,1]) with dz = ﬁ to
obtain

+1 r A1 — 2@ +1 o 1
/ ‘ (1) u dug/ PR 0] —
1 n 1 —u? 1 V1 — u?

Since dv_y 41)(t) = Wdt this inequality is nothing else than without
the error term 1+ o(1) on I = [—1,+1], that is

J

As for its sharpness, consider the trigonometric polynomials @, (t) = cos(nt).
Using the sharpness of Zygmund’s inequality with the ¢ = arccosu substitution,
we arrive at the Chebyshev polynomials T;, of [—1,+1] with degree n. Then,
the inequality is sharp with these polynomials, that is, the left hand side is
equal to the right hand side.

du .

Pt

TL’/TLL)[

dvy(t / | P (t)|“dvi (t (5)

3 The proof of when K is a real lemniscate
and P, is a polynomial of r

This case is very similar to the previous one, but we have to inspect carefully
the substitution r(u) = ¢, since r is degr-to-1 mapping.

In this section we assume that P, is a polynomial of r, that is, there exists
a polynomial p such that P, (t) = p(r(t)).



It is known (see e.g. [7] (3.7)) that the equilibrium measure of K = r~1[I]
in this case can be expressed as follows

1
= v
degr

1(r(A)) (6)

vi (A)
where A C K is an arbitrary subset with the property that r is 1-to-1 from A
to r(A). Then for the density function, it easily follows that

1
~ degr

|r'(u)|w1 (r(w)) . (7)

Wr=111] (U)

We will use the substitution ¢ = r(u). Starting from the left hand side of
for P, = p(r)

dl/r—l[[] (u) =

/] P (r(w) - 7' (w)
i (degp - deg 7') 7 W) (w)

replacing the measure and the density function with the help of @ and

1 / ‘degp?/(r(u» <u))\a|r'<u>lwf(r<u>)du

:degr W-wf(r
r=iI]
_ / ‘ P'(t)
degp - 7 - wr(t)

[_17+1]

(03

wr (t)dt

which we continue later. This substitution is valid since r(u) runs through
[—1,+1] deg(r) times as u runs through r~1[I] and each time we get

1
degr

/ |/ (t)/(degpmwi(t))|“wr(t)dt.
[—1,+1]

Continuing with the already proved inequality on I = [—1,+1]

/[_11+1]

(bgp’f;(:?wl(t)‘ wI(t)dtg/I]p(t)]“wI(t)dt

- /T_lm [p(r(w)

o 1
degr

|r'(u)’w1 (r(u))du

— [ Jptrta)
r=11]

which is the right hand side of for P, = p(r). So we have derived

«
Wr—1[1] (u)du ,

K/’deg(Pn)muK(u) dv ( )S/K|Pn( )| dvi (u) (8)

that is, without the error term when P, is a polynomial of r and K =
-1
r—-1,1].



4 Splitting the set

Let K be an arbitrary set consisting of finitely many intervals as in . Suppose
that K is given in the following form K = Uf;lKi, K; = [ugi—1,uz;] where
Ugi—1 < Ui < U1 < U2iy2, ¢ = 1,...,k1 — 1. In other words, these intervals
can touch each other, but none of them can be a single point. For example, K
can be a real lemniscate, K = r~1[~1,1], and u;’s are all those places where
|r] =1, k1 = degr.

Split K into small closed intervals whose length is at most

Ap = c1/n" (9)

where 0 < ¢; < 1/4, 0 < k < 1 and every two of these small intervals have at
most one common point. More precisely, we form a family of closed subintervals
of K such that their union is K, any two of them can have at most one common
point, none of the u;’s of K are in the interior of any small intervals and the
length of the intervals is A, /2 except for those when any of the u;’s is in the
interval, then in this case, its length is in between A, /2 and \,,.

If n is large enough depending on K, more precisely,

An < minfu; — w1 w; #uim1,i=2,3,...,2k1}, (10)

then \,, is smaller than the shortest interval of K and smaller than the shortest
gap between the u;’s of K, and so such a family of subintervals exists.

This way we have O(1/),) = O(n") small closed intervals, denote them by
I; where j runs through J,, J,, := [1,0(n")] NN. We assume that if i,j € J,
and ¢ < j, then I; < I;, that is, x < y for all z € I;,y € I; and equality holds
only if j = i+1 and = and y are the only one common point of I; and I; provided
Ii N Ii+1 7é (Z)

Consider the following seven properties of a J C J,, :

H = H(J) := Ujes1; is an interval )
or the weaker
H = H(J) is the union of at most k; intervals (1)

where k; is defined above. Frequently we need that H(J) is in a branch of K,
that is,
H(J) C K; for some i. (1)

Let H = H(J) be given for some J C J, where H is not necessarily an
interval. For each j € J, we consider the following small intervals:

eifj—1eJ,j¢Jand I;_1,I; are in the same Kj;, then I;,
eifj+1eJ,j¢Jand Ijyy,]; are in the same K;, then I;,

e if £ € J and the right endpoint of I} coincides with the right endpoint of
K; which is ug;, and ug; < ugiy1, then [ug;, ug; + Anl,

e if £ € J and the left endpoint of I}, coincides with the left endpoint of K;
which is U2i—1, and U2;—1 < U24, then [U2i71 - )\n, ’LLQifl}.



Denote the union of these intervals by Hy, = Hp(J). We think of Hy(J) as the
"boundary” of H(J). Since K consists of finitely many intervals, if n is large
enough so that is satisfied, then the intervals given in the latter two cases
do not overlap with K.

Sometimes we need that H is well inside that K;, that is,

if H C K;, then H,N K C K;. (I11)

For the polynomial P and X C R we define A(X) = Ap(X) = A(P, X),
B(X)=Bp(X)=DB(P,X) and a(X),b(X) as follows

3 (1)
Ap(X) = /m Frrare
Bp(X) := /XQK|P(t)]adyK(t),
a(X) = Ap(X)/Ap(K),
bX) = Bp(X)/Br(K),

and if deg(P) = 0, that is, P = const, then set A(P, X) =0 for all X.

If we want to emphasize the polynomial P, then we write ap(X) = a(P, X),
bp(X)=0(P,X). I XNK =0, we set Ap(X) = Bp(X)=0.

If X NY consists of finitely many points (or empty), then a(X UY) =
a(X)+a(Y) and b(X UY) = b(X) +b(Y) and the same holds for A and B too.
In other words, A, B, a,b are additive, and this is why we do not raise them to
the power 1/a.

Note that }_,c; a(l;) =1and } . ; b(l;) = 1.

We also need that most of the a(I;)’s and b(I;)’s tend to 0 simultaneously.
Consider the bound n™ where 0 < v < 1. The next two properties for J and
Hy, = Hy(J) are

" dvie(8),

a(Hy) < 2n77, (IV-a)

b(H,) < 2077, (IV-b)

There are at most [n?] + [n?] indices j with a(I;) > n~"Y or b(I;) >n~7. If
K>, (11)

this is few, O(n")—2[n?] = O(n*)(1—0(1)) where o(1) is obviously independent
of P,. So on most of the intervals, P, and P) are relatively small. In other
words, let
J) =4j € Jy :a(l;),b(I;) <n~ "} (12)
and then
[ Jn] = O(n") = 2[n"] = O(n")(1 - o(1)) (13)
where |J),| denotes the number of indices in J;, C J,. It implies that if n is
large, then for each K there is a j € J;, such that I; C K;. And it also implies
that if n is large and
it J CJn, JNJ, =0 and H(J) is an interval,
then |H(J)| < 2[nYA, = O0n"™") =0o(1) (V)
where |H(J)| denotes the Lebesgue measure of H(J) = Ujecs1;.

We approximate characteristic functions of intervals.



Lemma 6. Assume that K, H and the "boundary” Hy of H are as above and
H is an interval. Denote the characteristic function of H by xm(t). Fiz 6,
0 < 20 < 1 with the property that

0 > 2. (14)

Then there exists Co > 0 which depends on inf K, sup K and there exist poly-
nomials q(t) = q(H,n;t) of small degree, deg q(H,n;t) < O(n??) which satisfy
0<gq(t)<1on[nfK —1supK +1], and

la(t) — xu(t)] < O(exp(—Can?)) (15)
ld'(t)] < O(exp(=Can?)) (16)

for allm and all t € [inf K — 1,sup K + 1]\ H,.

Note that the degree of ¢ and the error estimates depend on n only, and
they are independent of H = H(J). The proof of this Lemma is in Section
Further, property implies that for large n,

n=% <\, =cin7"
which implies that, roughly speaking, ¢ can increase from 0 to 1 on any of the
small intervals I;.

There will be no further assumptions on x, v and 6. For example, § = 1/4,
k=1/16 and v = 1/32 is a good choice.

5 The proof of when K is still a real lemnis-
cate but P, is an arbitrary polynomial

Let K := r~![—1, +1] be a real lemniscate where r is a (real) admissible polyno-
mial. Denote the interior of K in R by Int K. Note that there may exist places,
where ¢ € Int K and |r(¢)] = 1. Then necessarily 7/(t) = 0. Notations from
the previous Section are as follows: ki = degr, K = K; U...U Kgegr where

Ki = Kb,i = [uzi,l,u%], 7 = 1,2,...,degr and Uoi—1 < U; < Ui+1 < U422
Recall that K} ; denotes the i-th branch of K. By the admissibility of r,
1 = |r(ugit1)] = |r(u2s)|, 7(uz;) = 7(ugip1) and r(ugi—1) = —r(ug;) and r is

strictly monotone on each K; = [ug;—1,ug;].
Denote the inverse of r restricted to K ; by ri_l. That is, if ¢ € K34, then
. 1(r(t)) = t. For the sake of simplicity, we also use the following notation
t; == ri_l (r(t)) Note that t; is a function of . By elementary calculations, we

have
d, 4 rr'(t)
i (rit(r(®)) = ) (17)

We use the following form of

r

1 ‘r’(t)’
mdegr /1 — 7»2(75)’

wi (t) = (18)

which is well known, see e.g. [7], p. 151, (3.8). It immediately follows that
Wi (t) = O(|t — to|~Y/?) if t — to,t € K where to € K \ Int K.



Let 21 < 22 < ... < Zdegr denote the zeros of r and let (; < (o < ... <
Cdeg(r)—1 denote the zeros of 7.

The ideas of the proof are as follows. We try to find intervals from which
we can extend the polynomial periodically (see (19)) so that we can apply the
previous case and do something else on the remaining part.

In the first case (see Subsection [5.3)), these intervals, which we denote by H,
have to be in a "branch” of K (see and ) To extract this part, we use
special polynomials (the ¢’s) which approximate the characteristic function of
H. Near the endpoints of H, where a particular ¢ decays to zero, we have to
guarantee that P, and P, are small (see ([V-a)), (IV-D)).

In the second case (see Subsection, if H contains an inner extremal point
of r, that is, there is a ko such that |r((x,)| = 1 and 7'({x,) = 0, we slightly
modify the set and use the first case on this modified set.

In the third case, if H contains a non-inner extremal point of 7, that is, there
is a k3 such that |r(Ck,)| = 1 and /() # 0, we use the argument as in the
first case.

5.1 Symmetrization

Let P be an arbitrary polynomial and assume H = H(J) C K satisfies , (L)),
that is, H is an interval (H C K, ;, for some ig) and H, N K C K} ;,. Then
using q(H,deg(P);t) from Lemma [6| we can define

degr

Pr(t) = Z P(t;) - q(H,deg P;t;) . (19)

This P* is a polynomial of r, that is, there exists a polynomial p such that
P*(t) = p(r(t)). And deg P* < (1 + o(1)) deg P, where o(1) is independent of
P (cf. [4, p. 454 ). Roughly speaking, P* is a periodic extension of P|g to
r~1[—1,1]. Note that deg(P*) can be much smaller than deg(P).

The following two lemmas compare the left and the right hand side of .
Their proofs are in Section

Lemma 7. Using the setting described above, assume that we have an admissible
polynomial v and the set K = r~[—1,1] and an arbitrary polynomial P. We
also have a set H = H(J) C K and its "boundary” Hy satisfying , and
(TV-al). We allow that Hy, ¢ K, but we assume (IL)). Then, for P* from

defined for P, we have
Py e e
(WA=
) . 1/a
- (degr) (/H i d”K“)) |

1/
P e
S“%Abmmmm>wwo

1/a
+o(1) (/K |P(t)|“duK(t)> (20)




where o(1) tends to 0 as deg(P) — oo and depends on o and deg(r) but is
independent of P. Or, for short

|(if§lg((];j))A}3/*a(K) - (degT)l/aA}D/a(H” < 0(1)A}D/Q(K) + 0(1)3113/04(1{). (21)

We also need its power-free version

»(ti?;é?m(p*, K) — deg(r)A(P, H)|

< o(1)A(P,K) + o(1)B(P,K). (22)

It is important to note that the o(1)’s on the right hand side do not depend

on H directly, only through a(P, Hy), see . Also note that , and
hold even if deg(P*) = 0. In this case, the Lemma simply states that
A(P, H) is small.

Lemma 8. With the same assumptions as in the previous Lemma, except that

we need ([V-b)) instead of (IV-al), we have

1/

1/«
\( / |P*<t>|“dVK<t>> (degm“a( / |P<t>|“dw<<t>> |
K H
1/«
<o(1)</K|P(t)|aduK(t)> .

|BY(K) — (degr)Y/*BY “(H)| < o(1)BY*(K) (23)

Or, with the short notation

and its power-free version is
|B(P*,K) — deg(r)B(P, H)’ < o(1)B(P,K). (24)

It is important to note that the o(1)’s on the right hand side do not depend
on H directly, only through b(P, Hy), see (77).

5.2 Splitting into three cases

Let K = r~![—1,1] be a real lemniscate and Kj1,..., Kpdegr be its branches
as above and P, be an arbitrary polynomial with degree n. We use the intervals
I,’s introduced in Section 4] as well as J,, J},.

For each Ky, i = 1,2,...,degr, let k;; := min{j € J), : I; C Kp;} and
kr;:=max{j € J) : I; C Kp;}. With these particular indices k;;, k,;, 1 and r
in the subscripts mean left and right hand sides.

First, let Jy,; = [kiy + 1, ks — 1] NN and let P, ,(t) := P,(t). This
is called the first case and is discussed in Subsection [5.3] with the notations:
P(t)=Pp1,(t), J = J1;, H=H(J). If n is large, then J; ; # 0, see .

The second case is the following. If 1 < ¢ < degr is such that Ky ;N Ky ;41 #
(Z), then let J27i = [krﬂ; +1, kl,i+1 — 1] NN. If kr,i +1> kl,i+1 — 1, then J277; = (Z),
and there is nothing to be done.



If Jo; # 0, then let ko and (i, be such that {(r,} = Kp; N Kp i1 and let
P 2,i(t) := P,(t). This case is discussed in Subsection [5.4) with P(t) = P, 2,(t),
J=Jy;, H=H(J).

Third, if ¢ is such that K3 ; and K3 ;11 are disjoint, 1 <4 < deg(r), then let
Jgﬂ‘,r = {j eJ,: Ij C Kbﬂ;,j > k/’rﬂ‘} and J3,i+1,l = {] e J,: Ij - Kb’iJrl,j <
krivi}. And let J3ip == {j € Jn 1 J < k1), Jsdegeryr = {7 € Jn 1 j >
Ky deg(ry}- With these particular sets, the third subscripts 1 and r refer to left
and right end of the branch.

If J5;, # 0, then let P, 3,.(t) := P,(t) and this case is discussed in Sub-
section with P(t) = Pp3,i,0(t), J = Js0, H = H(J). Similarly, if J5 ;; # 0,
then let P, 3,(t) := P,(t) and this case is discussed in Subsection with
P(t) = Pn3,ii(t), J = J3i1, H=H(J).

For completeness, let Jo; := 0 if K}, ;N Ky ;41 = 0, and let J3; , = J3 141, ==
0 if Kb,i N Kb,i+1 #+ ? and let J2,deg(r) = (.

Note that, in all these cases, H, N K is one interval or union of two nonde-
generate (consisting of infinitely many numbers) closed intervals.

Let
J={J1,i:1<i<deg(r), i #0}U{J2;: 1 <i<deg(r),Jo; #0}U
{5000 1 < i< deg(r), Jai1 # 0} U{J3,ir 1 1 < i < deg(r), Jzr # 0}
Obviously,
if JL, 02 € J, then J' =J% or J'NJ2 =0, HJHYNHJ?*) =0  (25)
and
|T| < 4ddeg(r). (26)

Note that there are at most 2deg(r) small intervals I; with j € J/, which
are not covered by H(UJ), that is,

| o \ UT| < 2deg(r) (27)
and, by construction, if j € J,, \ UJ, then j € J},, so with (12),
a(l;),b(l;) <n 7" =o0(1) foralljeJ,\UJ. (28)

Obviously, if J € J, then deg(P) = deg(P,(.)q(H(J),n;.)) = n + O(n?) =
(14 o(1))n where o(1) here is independent of K and P,.

5.3 The first and the third cases

In these two cases, we have a polynomial P = P, and a set J C .J, such
that H = H(J) satisfies , , and —, that is, H is an
interval, H C Ky, for some iy and P and P’ are small on H, N K, that is,
ap(Hy),bp(Hp) < 2n~7. We use the polynomial P* defined in Subsection
for P. For now, we assume deg(P*) > 0. We discuss the situation deg(P*) =0
at the end of this subsection.

From Lemmas we know that the error terms are ”small”, so, instead,
let us write just "error terms” for now.

10



(t) + error terms

P'(t) o
d R
“g”/H‘deg () (1)
deg P* / ’
deg deg P* Vrwi (t)
deg “
(s / P (1) dvc (¢

< (degr)((zzgg(];k))a/H |P(t)|ad1/K(t) + error terms,

(03

dVK (t)

where at the first inequality Lemma [7] is used, at the second inequality the
asymptotic Bernstein inequality in the case when the polynomial (here P*) is
polynomial of r (which is the case now), at the third inequality, Lemma
This way we obtain

A(P,H)Z/ ‘(@P’Sﬁ)}((t)o‘ (t)

S(deg(P*) /|P “dvg(t) + error terms - 1 (<1€g(P*)>a

deg(P degr \ deg(P)
deg(P*) 1 [deg(P*)\”
= B(P,H t . .
(G ) a0+ emortemms o (TE

As for the error terms, degr is fixed and deg(P*) < (1+ o(1)) deg(P), so

1 deg(P*)\“
degr ( deg(P) o), (29)
therefore
1 [deg(P*)\”
error terms degr ( deg ( P) )

P'(t) a
= o(1) /K ‘deg(P) T (t)

So we obtain with P = P,, in this case

(t) + o(1) /K P(1)|*dvic (1)

A(P,, H) < (1+ 0(1))B(P,, H) +0(1)A(P,,K) + 0o(1)B(P,,K)  (30)

where o(1) tends to 0 as deg(P,,) — oo and depends on « (and on K and degr,
of course) but is independent of P,.

It is worth noting that the o(1) error term of A(P,, K) in depends on
the set H through a(P,, Hy) (see (75))), and similarly, the o(1) error term of
B(P,, K) depends on the set H through b(P,, Hp) (see (80)).

If deg(P*) = 0, then, by definition, A(P*, H) = 0 and [y, | ol |odue (1) =
0 and with ,

A(P,,H) < 0o(1)A(Pp, K) + 0o(1)B(Py, K).
Increasing the right hand side with B(P,, H), we immediately have in this

situation too.
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5.4 The second case

In this case, we investigate the polynomial P near an inner extremal point of K
which we denote by (k,, Ck, € Int K, |r(Ck,)| = 1. In other words, H = H(.J) is
such that H is an interval (see (Il)), at the endpoints, P and P’ are small (see
—), H is minimal, that is, there is no smaller interval with these
properties, and H intersects Ky ;, and Kjp ;41 for some é3. Since H is minimal,
the Lebesgue measure of H is smaller than O(n?~") = o(1), see (V]).

Let {5 and K.y, be fixed such that (3, € K.(,. Recall that K., denotes
the ¢2-th component (interval) of K.

5.4.1 Deforming the set
Let us write K in the form

K= Uglzl[vgg_l,v%], V1 <V <3 <vg<...<UVy, (31)
where ch = [1)2@_1, 112@] and Ckz S quQ.

Proposition 9. For every small § > 0 there exists an admissible polynomial 7
with K(8) = #~1[—1,1] such that

deg 7 = degr (32)

and

K((S) = [Ul,@g(é)] u...u [’Uggl,l,’f)zgl (6)],
where v1 < U2(0) < ... < vy —1 < U2g,(d)  (33)

so that Uop = Uee(d) are continuous functions of & for all £ and 04(8)’s are
strictly increasing as § decreases to 0 and Dop(d) — vay for all £ as § — 0.
Furthermore,

Vi (5)([v2e—1,020(8)]) = vic ([v2e—1, v2e]), (=1,...,0. (34)

This is essentially Corollary 11 and using Lemma 12 in [g].
With the previous proposition, we can assume that

ﬁggg (5) = V20, — 0. (35)

For notational simplicity, we use both sides of in the following.
Denote the zeros of 7/(d;.) by (1(6) < ... < (deg(r)—1() and the density of
the equilibrium measure v s (.) by wi 45 (t).

Proposition 10. Using the notations introduced so far,

7(d5t) — r(t),
7 (0;t) — (1),

as 6 — 0 for everyt € R, and

Ce(0) = ¢ forall=1,...,deg(r) — 1.

12



Furthermore, for all closed set X C Int K, as § — 0,

Wi () ()

— 1 uniformly in t € X, 36
0 formly (36)

and there exists Cs > 0 depending on K only such that for all small § > 0 and
all ¢ such that ¢, € K. 4,, we have

1Ce() = Gel > C30 (37)
where K. ¢’s are the connected components of K.

Proof. First, we prove that 7(d;¢t) — r(¢). The previous proposition implies
that vz 5 — vk in weak-star sense. Obviously,

U0 2) = / log(2 — t)dvg 5 (£) > U(z) = / log(z — vk () (38)

pointwise for all z € C\ K. Since log(z — t) is equicontinuous away from K,
this convergence is locally uniform away from K. Furthermore, r(z) and 7(; 2)
can be written as

r(z) = cosh ((degr)(U(z) — log cap K))
7(8; 2) = cosh ((degr)(U(a; 2) — log cap K(5)))

for all z € C, see [7], p. 142. Therefore 7#(d;2) — r(z) locally uniformly
away from K, and, since 7(d; z) and r(z) are polynomials with the same degree,
7(; 2) — r(z) pointwise everywhere on C.

Again, using that 7(J;2) and r(z) are polynomials with the same degree,
we immediately have 7(8; z) — 1/(z) and ((6) — ¢ for all £. Since near the
inner extremal point {; of r, we have 0/0 limit, so we rather use the following
equation which follows from .

75(t) 1—r2(t)

Wit(s)(t) _ t—%,_;w) ) (t=Ce)”
wi (t) % 1-72(t)
‘ (t=Ce(9))?

Obviously, all terms have nonzero limit, so we obtain .

In order to prove 7 we use the density of the balayage from [7], p. 144.
With our notations, the density at s € K (&) of the balayage of the Dirac delta
at t € (Dar,(8),v2e,11) onto K (8) can be expressed as

1Tk I( = vae—1) (t — D24(6)) |1/2‘ ‘
TIIEL, (5 — var_1)(s — 20(8)) /2 | R(S, 8 8) [t — s

Bal(s, K (6);t) = (39)

where R(d,t;s) is a certain polynomial. For further properties of R(J,t;s), we
refer to [7], p. 144, but all we need is that it is a monic polynomial with degree
¢1 —1 and it has exactly one zero in each (02¢(0),va041), £ =1,..., 01 —1, £ # {5
and one in (—oo,v1) U (g, (§),00), and R(d,t;s) — R(0,¢;s) as § — 0 and the
zeros of R(d,t;.) depend continuously on § and ¢. It implies that there exist

13



Cy4(K),C5(K) > 0 such that for all small 6 > 0 and all possible polynomials
R(.;.) as above, we have for all t € [vag, —9/2,v2p,] and s € K. g, = [Var,-1, V20, ]

(6,t;8)

Rétt)‘ <G

because we use the above mentioned properties and these functions are poly-
nomials with fixed degree and their zeros stay at a positive distance from K g,
and R(J,t;s) converges as 6 — 0.

We are going to prove that for all yi,ys, var,—1 < y1 < Y2 < vay,, there
exists Cs(K,y1,y2) > 0 such that for all = € [y1, y2] and all small 6 >0

VI?((S)([U2€2*1733]) — vk ([v2e, -1, 2])

)

Actually, we will specify y; and ys later. Since Vi(s) 18 the balayage of v onto

> Cs. (40)

K(6), and using the properties of balayage,

Vig(5)([vaeo—1,2]) — v ([v26,-1, 7])

20y
%/ / Bal(s, K (), t)wg (t)dtds
vary—1 JU

205 —0

V2ey
> / / Bal(s, K (5), t)wic (t)dsdt.
5 Vary—1 J V20, —06/2
Using and the formula for the balayage, we can write

(AVARRPSE

1 ’t—v%+6 1
V(s = v20,-1) (s — v2e, +0)] t—vgp, [t —s]

Bal(s, K (), t)wg () = F(t,s)

where F'(t,s) is a suitable positive, continuous function if vep, 1 < y1 < <
Yo < Vapy, Vara—1 < 8 < @, Yo < vy, — 0/2 < t < vy, and is bounded from
above and below by some positive constants depending on K and 1, yo.

Now we integrate with respect to ¢, and the last two terms are bounded from
below (and above) and the first one does not depend on ¢, all we have to use is

e = vo 01, 5247

V20, —6/2 t— V2¢,

And now we integrate with respect to s, and use that there exists C; = C7(K, y1,y2) >
0 such that for all vep,—1 <y1 < <1y

r 1
V20y—1 \/|(5 - U252*1)<S — V2g, + 6)‘

This way we obtain that (| . ) holds.
There is another representation of 7 and 7 for all z € K(§) ¢ K

ds > 07.

r(x) = cos (deg(r)m/K([x, oo))),
7(d;x) = cos (deg(r)wuk(é)([x, 00)))
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see [7], p.142, second to last displayed formula. So, using property (34 . 7(0;2) =
cos ( — deg(r rvg s ([v2e-1,2)) — Cs) = cos (deg( Vg s ([v2e-1,2)) + Cs )
for some Cs € R, and #(d;2) = 0 if and only if vg s ([v2e,—1, 2 ) = (k —
Cs/m)/ deg(r) for some integer k. (Note that d/dx vi 4 ([v2e,—1, %)) = Wi 4 (2)
which is strictly positive on K (4).)
Now let y; := %(0252_1 +min{¢s: (s € Kcy,}) and yo := (vgp2 + max{(y :

¢ € Kcy,}). By Proposition @ if 6 > 0 is small, then for all E if (p(0) € Koy,
then {¢(8) € [y1,ya).

/Ce Ce g :
Wi ()dT :/ — Vs ([W2e,—1,2))dx
oo Gy da O

Vi(6)([v2ea—1, o)) — Vi () ([v2e2 -1, e(9))
= Vf((a)([v%rlv ) — vk ([vae,—1,Ce)),  (41)

where in the last equality we used that vz s ([vai,—1, (1(8))) remains constant
if 6 is small (see the above remark). Now wg s (2) is bounded from above
on [(;(6),G] by a constant independent of small 6, say wg 4 (2) < Cy on @ €
[C1(8),¢]. Thus, the leftmost term in is less then or equal to Co((; — (i(9)),
while the rightmost term can be estimated from below by Cgd according to .

This gives and completes the proof of the proposition.
O

5.4.2 Proving the inequality on the deformed set
On the fixed set

{022271 + Cry, Vag, + Ckg}
2 ’ 2
denote the supremum of
‘Wf((s) (t)
w (t)
by 61 = 01(0). From , if 5 — 0, then §; — 0.
For given 6 > 0, taking account of —, and , if the degree

n of the original polynomial P, satisfies

_1‘

(2[n"] + 2)% < Cy6 (42)

then H(J) U Hp(J) does not contain any extremal point of 7(d;.).
Recall the notations

_ P
AR = [ P @
— W e
As(PH) := /Hﬁf((é) ‘deg(P)WWf(((S)(t) W) (1)

and, B(P,H), Bs(P, H) are defined similarly. o
We also have to introduce a bigger interval H as follows. Let J = J(n,J) C
Jpn, be the smallest set such that H := H(J) is an interval, H(J) U H,(J) C H
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and H, C H(J). Such set J and interval H exist, and the length of H tends
to 0 as n tends to infinity. This follows from (]Y[) and the remarks after that.
Furthermore, let ¢ := q(H n;t).

We need the following Lemma whose proof is in Section [§]

Lemma 11. Using the notations introduced above, if X C H is an interval,
then

|A(Pg, X) — A(Py, X)| < 0(1)A(Py, K) + o(1) B(Py, K), (

|B(P, X) — B(Py, X)| < o(1) B(P,, K), (44
|A6(anak(5)) Aé( nQ7H)| <o(1)A(P,,K) 4+ o(1)B(P,, K), (
|B($ nQ;K(J))fBé(PnQ;H” SO(l)B(Pn,K), (

where the o(1) error terms do not depend on X.

We start our estimate. First, we use with X = H, then use the definition
of (517

APy, H) < A(Poq, H) 4 0(1)A(P,, K) + o(1) B(P, K)
< (1+61)* P As(Prg, H) + 0(1)A(P,, K) + 0(1)B(P,, K) = (47)
Now we want to use case one for the polynomial P,q for H on the set K’(é)
We know that the o(1) error terms depend on the set H through and .

Properties and (LI are satisfied because of . So showing this de-
pendence

As(Pog, H) < (1 +0(1)) Bs(P,, H)
+0(1)As nq,K(5))+0(1)3 (Png, K(5))

+ Croas(Pd, Hy) As(Pnd, K (8)) + C11bs(Pnd, Hy) Bs(Pad, K (6))  (48)
with some constants C'g, C11 > 0, see , and .

We apply twice, with the two intervals of which Hj consists, we can
write

(PnQ»Hb)AzY( n(IaK( ) = 5( P.g, Hy) < (1_51)1 “A(P,q, Hyp)
< (1=61)' " A(Py, Hy) + o(1)A(Py, K) + (1) B(Py, K)
(1= 80 a(Pa, ) A(Pa, K) + 0(1)A(Pa, K) + 0(1) B(Py, K)

and
Cioas(Pnq, Hb)A(;( s K((S)) =o(1)A(P,,K)+ o(1)B(P,, K).

Roughly speaking, if P, is small on H}, with respect to K, then P, q is small on
the same Hj, with respect to K (4).
Similarly for B, applying twice, with X = H}, we can write

bs(Pd, Hy) Bs(Pnd, K(8)) = Bs(Pnd, Hy) < (1 + 61)B(Pnd, Hy)
= (14 01)B(P,, Hy) +0(1)B(P,,K)
= (14 01)b(Py, Hy)B(P,, K) +0(1)B(P,, K)
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and
C11bs(Pag, Hy) Bs(P,, K (8)) = o(1)B(P,, K).

These imply that the error term is uniform in § > 0. We can also use the
following two estimates: first , definition of §; and with X = H,

As(Pad, K(9)) < As(Pad, H) + 0(1)A(Py, K) + 0(1) B(Py, K)
< (1=61) " "A(Pog, H) + o(1)A(Py, K) + 0(1) B(P,, K)
< (1-6)"A(P,, H) + o(1)A(P,, K) + 0o(1) B(P,, K)
<(1=6)' " "A(P,, K) + 0o(1)A(P,, K) + o(1)B(P,, K). (49)
Similarly for Bs(P,q, K()): we use first (46)), the definition of &1, |g| < 1, and
the monotonicity of B in both variables:
Bs(Pug, K(9)) < Bs(Pad, H) + 0(1)B(P,, K)
< (14 61)B(P.4,H) +0(1)B(P,,K)
< (14 01)B(P,, H) + 0(1)B(P,, K)
< (1+01)B(Pp,K)+0(1)B(P,,K). (50)

Now we use and then with X = H, for the first error term on the
right of we use , for the second error term we use , and for the
third and fourth error terms we use the four unnumbered displayed formulas.

So we continue as
= (146> YA5(Pyg, H) + 0o(1)A(P,, K) 4 0o(1)B(P,, K)
< (146)* Y14 0(1))Bs(P,g, H) + o(1)A(Py, K) + o(1)B(P,, K)
< (14 60)°7 (14 8)(1+ (1) B(Pad, H) + 0(1)A(Pa, K) + o(1) B(Pa, K)
<(1+6)1+0(1))B(Pn, H) + 0(1)A(P,, K) + 0o(1)B(P,, K).
So we obtained in this case that
A(P,, H) < (14 61)*(1+ 0(1))B(P,, H) + o(1)A(P,, K) + 0(1) B(P,, K),
that is,
APy, H) < (1+0(1))B(P,,H) + 0(1)A(Pn,K) 4+ 0o(1)B(P,,K).  (51)

5.5 Putting these cases together

We use the notations introduced in Subsection For all J', J? € J we know
([25), the additivity of A(.) and B(.), and for all J € J case one, case two or
case three holds, so we have or .
Therefore, with , we can write
A(Po, H(UT)) < (14 0(1)) B(Py, H(UT))
+4deg(r)o(1)B(P,, K) + 4 deg(r)o(1)A(P,, K).
And, if j € J,, \ UJ, then by and ,
A(Py, H(Jn \UT)) < deg(r)2n Y A(Py, K) = 0o(1)A(Py, K),
B(Pn, H(J,\ UJ)) < deg(r)2n "B(P,,K) = o(1)B(P,, K),

so adding up these, we obtain on real lemniscates for arbitrary polynomials.
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6 Finitely many intervals

Now let K consist of arbitrary finitely many intervals, denote them by K. 1,..., K¢y, .
That is, K = K1 U...U K., and K¢y N Kem, = 0 if my # mo, where
Kci = [v2i—1,v24].

We decompose K into smaller intervals as constructed in Section [5.2] Fur-
ther, we use the introduced J,, a(P,, H), b(P,, H) notations for K and the
arbitrarily fixed P,.

Let J), ={j € J, : a(I;),b(I;) <n~7} as introduced in Subsection If n
is large enough, then J/ has lots of elements, and for all s = 1,...,¢;

there exists k(i) € J),
such that Ik(z) C [(2/3)1}21‘,1 + (1/3)’1}22‘, (1/3)’()21',1 + (2/3)1}27;]. (52)
This is true, because holds even if H(J) is not an interval, therefore for
any fixed interval, there will be an I;, j € J), lying in that interval if n is large

enough.
For each i =1,...,¢; let

H;p:=U{l;:j <k(i),I; C K.;},
Hipi= U{I; : k(i) < j,1; C Kei}-
Let 05 > 0 be arbitrary. Then by Theorem 2.1 and the remarks after that

of [7], there exist K, K, C K real lemniscates such that K;, K, consist of ¢;
disjoint intervals like K, for all ¢ =1,...,¢,, H;; C K;, H; , C K, and

() a2 1] <h (re
and (O 1- "
KJZM -1 0 —1| <6 (teHiy)

Then K; and K, depend only on K and d3. And in other words, K; covers
each of the components from the left endpoints up to I(;), while K, does the
opposite way, it covers from the right endpoints toward the left endpoints on
each component. Obviously, K = K;UK, | Uflzllk(i). If 62 > 0 is small enough,
then K; and K, must cover almost the entire K, so K = K; U K.

We also use with ¥ = K;, X = H;; or Y = K,, X = H;, the following
notations

- P'(t)
AP, X,Y):= [mx deg(P)mwy (t)

B(P,X,Y) := me |P(t)|"dvy (t).

dl/y (t),

We need the following Lemma whose proof is in Section

Lemma 12. Using the notations above, if Y = K;, and with H := H;, q(t) :=
q(H;,deg(Py);t) or if Y = K, and with H := H; ., q(t) := q(H;,,deg(P,);t),
then

[A(Pag, Y,Y) = A(Pa, H,Y)| < o()A(Py, K, K) + o(1) B(Py, K, K)  (53)
|B(Paq,Y,Y) = B(P, H,Y)| < o(1) B(P,, K, K) (54)
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where the error terms are independent of P, and of Y and do, but tend to 0 as
deg(P,) — oo.

With P, given, let us consider P, ;;(t) := P,(t)q(H;;,n;t) on the real lem-
niscate K; and P, . i(t) := P,(t)q(H; ,n;t) on the real lemniscate K,. Based
on the previous section

A(Poq, K1, K)) < (14 0k, (1)) B(Png, Ki, K).
Now using and with H = H;,
A(P,,H,K;) < (1 +0Kl(1))B(Pn,H, K;)
+oV)A(P,,K,K) + o(1)B(P,, K, K).

Obviously, A(P,,K,K) = A(P,,K), B(P,,K,K) = B(P,, K) and using 2, we

can write

144

AP, H,K) < (1+ oKl(1))1_762

B(P,,H,K)
+0(1)A(Pn, K, K) 4+ 0(1)B(P,, K, K).
As og, (1) tends to 0 for each d2 > 0, we can have

1449
1— 6o

(1+o0k,(1)) =1+0(1)

that is,
A(P,,H) < (1+0(1))B(Py, H) + 0o(1)A(P,,, K) + 0(1) B(P,, K).

Similarly, if H = H; ,, and we consider P, ,;(t) = P, (t)q(H;,,n;t) on the
real lemniscate K., then we get

A(P,,H) < (1+40(1))B(Py, H) + 0(1)A(Py, K) + 0(1) B(P,, K).

Summing up these last two estimates for ¢ = 1,...,¢; as in Subsection [5.5]
we obtain on finitely many intervals. Note that we do not add up A(Py, I;(;))
and B(P,, I;;;)), because they are small (since k(i) € J,), see (52).

7 Sharpness

Let us recall that for a polynomial P and a set X C R

Aarx) - [ PO ),

XNK ) deg(P)mwr (1)

B(P,X):/ |P(t)|"dvi (t),

XNK

and if deg(P) = 0, then, by definition, A(P, K) = 0.

In this Section we prove Theorem

If K is a real lemniscate, K = r~![—1, 1], then there are polynomials P with
arbitrarily large degree such that A(P, K) = B(P, K).
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Indeed, let P(z) := T, (r(z)) where T, is the Chebyshev polynomial with
degree n. Then, with the same calculations as in Section

[T )
AP K) /Kdeg(Tn)deg(T)?TwK(x)| ()
T(ac

/ (m) dcg(r)ﬂ\/mw ( )
deg(T, 22)7? wk(r)

e B,
deg(T; 1—7“2 x))720 deg(r)my/1 —r2(x)

T/ (u) 1
— n a dr = A(T,, T
/[_1,1] T ) B i (T 1)

and using the ¢ = arccos(u) substitution and the definition of Chebyshev poly-
nomials, we can continue

rwpvi=at 1
/ n(w) “ du = —/ | sin(nt)|*dt = / | sin(t)|“dt
_1|  deg(T,) /1 —u? T Jo
1 T((
1 T((e+1)/2) >0
= VR T2+ 1)
where we also used the m-periodicity of |sin(.)|*.
So if K =r~![—1,1] and P =T, or, then
1 T'((a+1)/2)
APK)= ——————. 95
(P K) v T(a/2+1) (55)
For the right hand side, we follow the same steps
|r' ()]
B(P,K) = T, (r(z)|* dv / T ( dx
( ) /K| (r(@) x( | deg(r)ﬂx/l —r2(x)

1
:/ [T (u)|* ———=du = B(Ty,I)
(-1.1]

and using the ¢ = arccos(u) substitution and the definition of Chebyshev poly-
nomials, we can continue

1 T T
1 1 1
/ |7 (w)|* ———=du = 7/ | cos(nt)|*dt = f/ | cos(t)|“dt
—1 V1 —u? T Jo T Jo
/" . 1 T'((a+1)/2)
= Bledt= ——=—— 2 5 g
7r/0 |sin(®)] T D(a/2+ 1)
where we also used the m-periodicity of | cos(.)|.
In short, if K = r~![—1,1] and P = T;, o7, then
1 T((a+1)/2)
VT T(a/2+1)

These show that if K = r~1[~1,1] and P = T}, o7, then actually A(P, K) =
B(P, K).

B(P,K) = (56)
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Now assume that K is a finite union of intervals as in . We use the
components of K, K = Uﬁ;l[vgg,hv%]. Fix d3 > 0 and define

K(03) == U?:l[qu + 83, V20 — 03).

We use [7], Section 2 now. So there exists an admissible polynomial 7(ds;x) =
7(x), with
K(03) :={z e R:[F(d3;2)] < 1}
so that F((Sg) O K, F(ég) C Uglzl[vgg_l — 03, v9p + 63], and %(53)(56) > (1 —
d3)wr (x) on @ € K(d3). By K C K(d3), wg(s,)(2) < wk(z) onz € K.
Consider P(x) := T, (7(d3;z)). Then

)-T(x)
A(P,K) / \deg P v (o)
7 (x)

_ T, (7(x)) deg(M)my/1T2@) o o
/deg< T -7 [Fwr(@)d

—P2(@)" 12 wk(x)
= T, (7(z)) K(&B)( ) o (2 d
/Kdeg( T,)(1—7%(z))~ 73y ek @)

ST
K(83) K\K(83)

The second integral is nonnegative. We estimate the first integral from below
as follows

T,(7()) WE (5,)(T) aw -~
/< 55 | deg(Tn) (1 —72(2)) 12| | wk() K (x)d
— 53)* T, (r(x)) Y (o \a
2 (1 63) ~/K(63) deg( n)( 2(.%)) 1/2 K( )d
T, (r(z)) “

z (=) /m) dea(T) (1 — P (@) 172| R (P

Now we want to replace K(d3) with the larger set F((Sg) We need the fol-
lowings. If z € K(d3), then [T/ (7(x))| < (1 — 72(x))~Y2deg(T,). Since
K(63) C Ui;l[v%_l — 03,v9¢ + 03], the Lebesgue measure of K(d3) \ K (d3)
is at most 2¢103, and there is a constant C2 > 0 independent of d3 such that
for all measure VR(s5) We know

Vi(55) (K (03) \ K(03)) < C12/03. (57)

This follows from the representation (2.4) from [7].
Furthermore, as in ,

T, (r(x)) a 1 T((a+1)/2)
/K(ag) deg(T5,)(1 —ﬂx))*l/?' wre) WA= e 0
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so we can continue the estimate

o ot (o o)
K (03) K(63) K (63)\K(d3)

> (1-6)° }W (1 - 83)°C121/35.

Summarizing what we have

A(P,K) > (1— 53)6“\/1%W — (1= 03)*C12\/35. (58)

We estimate B(P, K) from above following similar steps.

B(P,K) / | T, (T wK(:U)dxz/ +/ .
K(d3) K\K(d3)

We estimate the second integral using K \ K(d3) C K(03) \ K(d5) and (57), so
[ @)l i) < |IT, o7l vie (K \ K (82)) < 1+ Cran/,
K\K(83)

The first integral can be estimated as follows
| m@)estds < (=8 [T ) g, (s
K(d3) K (d3)

<=6 [ ) Pur @
K (63)
This last integral can be calculated as in , so the estimate for B(P, K) is

B(P.K) < (1-63) 1}”&“/2/12 T Ca/E

The lower estimate of A(P, K) and the upper estimate of B(P, K) can be ar-
bitrarily close to one another if 5 > 0 is small enough. This shows asymp-
totical sharpness on every set K, for example along the polynomial sequence

{Tn((1/n;2)) -
8 Proof of the lemmas
In this section, for simplicity, we use the notations
E,, := O(exp(—Csn?)) (59)
for the error term appearing in Lemma [f]

Proof of Lemma[f Lemma [0] is a fairly simple result in simultaneous approx-
imation, but for the sake of completeness, we present a proof. Let KT =
[ian —1,supK + 1].
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We construct the polynomial ¢ in three steps. There exists C13 > 0 depend-
ing on inf K, sup K only such that

OS 1—013(x—x0)2 S 1
forallz € Kt and g € K.
Let

[n*°]

Q1(zo,n%; x) := (1= Cis(z — 20)?)

If |x — 20| >n 9?2 and o € K, then Ci3(z — 20)? > C13n~?, so

20 ["29]

= ((1 - Cwn@)"e) "

~O( eXp(—0137’l0)).

[n
Q1 (w9, n*; 1) < (1 - C13n9>

SO, for some Cy4 = 014(013) > 0, if |$ — .730‘ > TL_9/2 and x € K+,
Q1 (w9, n**;2) < Craexp(—Cizn?)

and deg Q, = 2[n?Y]

The supremum norm of @ over KT is 1, ||@1||cc = 1, so using a Nikolskii-
type inequality (see [3] p. 498. Theorem 3.1.4.), we obtain with some Ci5 =
C1s(inf K,sup K) > 0

Q1(z0,n??;t)dt > Cysn ™.
K+

Let )
St 51 Q1 (0,05 t)dt

S+ Qu(wo,n?0;t)dt

It is easy to see that if z € KT, z < zg — n~%?2, then for some Cig > 0,
0< 02 < 013,

Qa(wo,n*"; ) =

26, |K+|Cl4 eXp(*Clzsno)
0 S QZ(IOan ,’I’) S 0157’7/_40

< Cig exp(—Can?)
and if z € K*, 29 + n=%2? < z, then

1> QQ(.’L'(),?’LQG;.’E) >1—-Cie exp(—ane).
For simplicity, let F}, := C16exp(—Cyn?) As for the derivative,

oy Qu(wen?sa)
@aliro i) = Jie+ @(o,n?%;t)dt

and we can also assume (by choosing smaller C;3 and larger Cg) that

|Q4(z0,n*"; )| < C1gexp(—Can’) = F,.

Since H is an interval, Hy consists of two intervals and denote by v’ and
u” the midpoints of these two intervals, u” > u/. By construction (see (9) and
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the definition of Hy), the length of these intervals are in between An/2 and
A = c1/n". Let Qs(H,n;x) := Qa(u/,n?;2) — Qo(u”’,n??;x). Summarizing
what we have
—F, <Q3(H,n;z) < F,, ifx € KT\ (HUH,),
—F, < Qg(H,n,I) < 17 if z € Hb7
1-2F, <Qs(H,n;x) <1, ifx € H,
|Q5(H,n;x)| < 2F,, if v € KT\ Hy,.

Finally, let ¢(H,n;x) := Qs(H.niz)+Fy Using the estimates for @3, we can

+F,
write
2F,
0< if K*\ (HUH,
<q=q o e € \ ( b)s
0<g<1, ifz € Hy,
1-F,
L <g<1,if H
1+ F, <¢g<l,uzred,
2F,
f Kt \ H,
(| < 7 i € K\ B,
Finally, if F,, > 2F,,, then we are done.
Remark.
The O(.) in this proof depend only on inf K and sup K not on the whole K (in
other words, it does not depend on the ”structure” of K). O

We use the following calculations frequently (see )

= ' (t5)
degr ’/‘/(t) degr ’I“/(t)
- ZP r tJ) (t3)+;P”(tJ) q (t])r’(tj)

We also use that
wi ()| (1) _
wi ()] (t:)]
which easily follows from and . With this, we can derive the following
two calculations.
If f is any continuous function and X C K, ; for some j, then

/f Jdvic(t /f wdegr 1‘T—r’()dt:

(60)
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where we use the s = t; = r; ' (r(t)) substitution with r(s) = r(t;) and 1/ (s)ds =
r’(t)dt (see (17)), so we can continue

B L el O]
/f( )Wdegrwdt_ X,-f(S)ﬂ'degT 1*7'2(5)(18
X
where X; = r; ' (r(X)). That is,

/f )i (t /f Vv (s (61)

Similarly, if f is any continuously differentiable function and X C K, ; for
some j, then, with the help of ,

|( (( / ’ ol i) dvi(t)
_ ’ o] 7'( 7r eg(r l_rz(t) « 1 (1)l
—/ ‘f (tl)’ ’t deg(r) r!(t) deg(r)m /1 _T2(t)dt
. 1—1r2(s)| 1 7' (t)]
- J o s YTy o)y
T—r2(s)je 1 |7’ (s)]

:/Xi |f’(s)|a‘7rdegr ) deg(r)m L= 12(s)

_ f'(s) |
_/Xi ) Vi (s)
where X; = r; ! (r(X)). That is, all the following integrals are equal:
(1)) "<t = [ s
| wi (t) / ‘ wie (t (t)/xi wi (s) (#) (62

Pmof of Lemma[7] The next assumptions, tools will be frequently used in this
proof: |¢(t)] <1 (t € K), inequality for ¢ and Lemma [6]

We split the integrals into three terms depending on the set: K \r~! [r(H U
Hy)|, r=![r(H)] and r~![r(H,)] N K. Because of (), and (III), these three
sets are "almost” disjoint, that is, they have only finitely many common points
and H is a subset of some branch of K, say H C Ky ;,.

On K\ r~[r(H U Hy)]:

( / ‘ (P*t)
K\r—l[(HUHb) deg(P)mwik (t)

degr (t:)q
Z:: </ ‘deg P
< ‘q(t:)| + IP(ti)(q(ti))’l

deg( )i (t)
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where t € K\T*I[T(HUHb)], sot; & HU Hy for every i = 1,...,degr. We

continue this estimate later. By Lemma [6] this implies that |q(¢;)], |¢'(¢:)| <

O(exp(—C’gnQ)) = FE,. We use inequality (2]) for ¢, and with the notation
degr

from now on, we can continue
1/«
P(t;)) e
<> (&(/ [ S s
z—zl< ( K\r=1 [r(HUH,)) deg(P)rwi (t)

1/«
deg(q) N
+ deg(P) </K\7”1[T(HUH!,)} ’P(tz)| d K(ﬁ) ) <

which we continue later again. Now, for each fixed i, we estimate the first term
in (...)Y* by increasing the set from K \ r~![r(H U H,)] to K and using
on each branch Kj ; of K. And again, increasing the integral by increasing the
set from Kj ; to K. These steps bring in a factor (deg r)itt/e,

For the second term in (...)Y® we do it similarly: increasing the set from
K\r~'[r(HUH,)] to K and using on each branch K ; of K. And again,
increasing the integral by increasing the set from Kj ; to K. Again, these steps
bring in a factor (degr) 1/«

1/«
v (t)>

So we can continue as follows
1+1 P'(t) o
<(d “ B ‘—
< (degr) 7" B (/K 3eg(P) merc )
1+2 deg
+ (degr) |P | dvi (t
So on K\ r~![r(H U H,)] the upper estimate is
N 1/«
/ L)) K(t)
K\r=1 [r(rum,)] 1 deg(P)mwr (1)
P/(t) 1/«
141 @
< o on L t
< (degr) E </K ‘deg P) rwi (t) ( )>

+(degr)1+ deg (/ | P(t)|dvic (t ) . (63)

Raising to power o and using generalized mean inequality (X+Y)® < 297 1( X+
Y®), we can write

CK

«

Cal0) S

deg(P)rwi (t)
< 2271 (deg )™+ ESA(P, K)

/K\Tl[?”(HUHb)]

a=1(Jeg 1)+ deg(q) “
+ 2% (degr) (deg(P)) B(P,K). (64)
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On r~![r(Hy)| N K:

1/«
) e,
</7" [T(Hb)]ﬂK‘deg (P)rwik (t) dK(t)>
degr

/o
<Z</‘deg; K (t) (t)>

<Z</(| t| + [P (a)']

deg P)rwk (t)

1/
dI/K(t)> S

where we split this sum as follows. By (111}, H, N K lays in the same branch as
H which is denoted by K3 ;,. We continue as follows

<</ ‘Mm%»m%n+|m%xwmﬂ
A\ rr(H)INK

deg(P)mwi (t)

|(P(t) a(t)] + |P(t:)(a(t:))|
* Z </rl[r(Hb)]ﬂK ‘

e deg(P)rwi (t)

The first term in can be rewritten as

(/ N@mmm%n+wmmwmﬂ
r—1 [’I"(Hb):l NnK

deg(P)rwi (t)

degr 1/«
2:: </ (Hb)] a )
_ E t’O))IQ(tiU) o 1/a
- Jzz:l </T{1 [r(Hy) ]| K ‘m dvk (t)
degr . ”
g (—)
’ Z </ [r(H)| K )deg (P)mwi (t) (t)> )

For the terms in the first sum, we can use , lg) <1, , and the definition
of a(P, Hy), so we can write
1/«
o
dvk (ﬂ)

< deg(r) (a(P, Hy) A(P, K))'/*.  (66)

For the terms in the second sum, we can use , for q, , and the

degr

(P(tio)) altiy)
; </rj1[r(Hb)] nk | deg(P)mw (1)
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definition of b(P, Hy), so we can write

Sl P(tio)(q(ti)) o 1/a
; </le [r ()] N ‘W v ()
< deg(r) ;sgg((;)) (b(P, Hy)B(P,K))/*. (67)

The rest of the terms in are small because i # ig so t; € Hy. More pre-
cisely, we increase the term in the first line below by splitting into two groups in
(...)Y/®. Then we split the terms in (...)*/® for each rj_l[r(Hb)], j=1,...,deg(r),

and for the terms with (P(ti)),q(ti) inside (...)Y/® for each j we use |q| < E,
and and increase the set from rj_l[r(Hb)} to r~1[r(Hy)]. For the terms

with P(t;)(q(t Z))/ inside (...)"/* for each j we use and then (2)) for ¢, and
increase the set from r;° Yr(Hy)] to r=1[r(H)]. This way we obtain

(P(t) q(t)] + [P(t:)(a(t)'| e
;) </r1[r<Hb>1mK‘ deg(P)mwic(t) 0
< ; ( / o ]deg Proc| ¢ Ku))
2 </ e e Prmont® “)>
o 1/«
v (t))

1710
deg(q) e
+ (degr —1)(deg r)l/aﬁ(;) </7~1[T(H ) |P(t)‘adyK(t)> -

So on r! [T(Hb)} N K, the upper estimate of

G O) e
(/ ] x| deg(Prror) )

’ P'(t)
V() nk | deg(P)mwi (t)

< (deg(r) — 1)(deg r)l/aEn (/
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is

1/«
P
(/K ‘ deg(P) 7 w(t) (t)>

) (deg(r) (a(P, Hb))l/a + (deg(r) — 1)(degr)1/°‘En>

+ ( /K |P<t>|“duK<t>>

eg(q 1/ax 1/a deg(q)
( deg(P (b(P, Hy)) '™ + (degr — 1)(degr) / deg(P))

+ (deg(r) — 1)(degr) /B, )

o deg(q) a
+ B(P,K)" m(deg(r)Jr(deg(r)fl)(degr)l/ ). (69)

1/

< AP, K)V/* ((deg(r) (a(P, Hy))/*

Note that a(P, Hy) is small, by and b(P, Hy) is small too, by ([V-H).
Again, we can remove the power 1/« as above: first raising to power «, then

using the generalized mean inequality for three terms (terms with B(P, K), the

term with A(P, K) and a(P, Hp), and the term with A(P, K)), so we can write

(P®) .
/Tl[T‘(Hb)}ﬁKldeg(P)ﬂwI((t)| dvg (t)

< B R (S0 ) o) + (denlr) — Dldegr) V)

+ A(P,K)3° *(degr)®a(P, Hy) + A(P, K)3* *(deg(r) — 1)*(degr)EZ.  (69)

On r~![r(H)]:
We need the estimates of the following three terms. First, if ¢ # iy, then, using
properties of ¢ and , we have

(P(ti))IQ(ti) o e
(/H ’deg(P)mJK(t) dVK(t))
1/a
P'(t) o
= En(/ ‘deg P)rwi(t) v (t)>

1/
P'(t) o
< [ e 0] -

Second, we estimate the following two terms very similarly: using for g,
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ti, =t (t € H), we have
J, Pl o, h
g 1deg(P)rwi (t)
) N 1/«
< / ‘ T duK(t)>

1/a
<</ ’P(t)‘aduK ) degq _ 484 o p 1y p(p 1))/
H

degP  degP

and for i # iy, we have for each j using and inequality for q,

P(t)(a(t) | e
(/ dea(P)moxc (1 d”K(“)
1/a
deg(q)
= (/ (H) ‘P ’ dVK(t)) deg(P)

;jgg (/ | P(t)]“ dve (¢ ) . ()

Furthermore, we need the following short calculation, which comes from ,

P'(t) a
deg(r) /H P )

P(tiy)) o
- 2/4 deg P)m K(t)| dvic(?)

P(t;.)) o
:/ (P g
r=1[r(H)]
We obtain

deg(P)mwg (t)
*( )) N 1/«
‘(/ [r(m)] ‘deg P)rwi(t) dyK(t))

1/«
a P
(e (/H‘degw)w(t) ’ (t))

where, for the second term, we use the previous short calculation and the trian-

<

gle inequality for the norm ||.|[ = ( [ e |W| dVK(t))l/a, we can
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continue

X0 [ (P() a(t)] o e
+</r r(H)’ deg(P)mwg (t) dVK(t))

S | <»>(q<ti>>’|a e
+(/r r(H)‘ deg(P)mwi (t) dvic (1)

which we continue later.
For the first term, we use 1 — E,, < g < 1 on H, and on each rj_l[r(H)],

increase rj_l[r(H )] to K. For the second, inequality for ¢ and again the
same set-increasing step, for the third, we use on each rj_l[r(H )], and the

same set-increasing step. For the fourth term, we use on each r;l[r(H )],
and the same set-increasing step, so we can continue

1/«
1/ Pl(t) i
E,(degr)Y/ (/K ’m (t)>
1/
+ G (deg ) ( 7o |ad”K(t)>
1/
1+1/a P'(t) i

E,(degr) </K ‘m dyK(t))

1/«
deg(q) 141/a o
+ ot (degr) ( /K 1P(1) dyK(t)> .

IN
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So on r~![r(H)] we have

0 )
‘(/rl[,-(H)] ‘deg(P)ﬂ-wK(t) d K(t)>
1/a
« Pl(t) «
— (degr)/ (/H ‘m dz/K(t)>
! o 1/«
< E, deg(r)l/a(deg(r) +1) ( /K ‘deg(}lj):o)JK(t) duK(t)>

1/«
deg(q) Ve .
+ deg(P) deg(r) / (deg(r)Jrl) (/K |P(t)| dl/K(t)> . (72)

Summing up the estimates , and we obtain the first assertion

of the lemma, (21]).
To prove the power free assertion , we remove the power 1/« in and
introduce some notations:

_ _F@) .
r= (»/rl[r(H)] |deg(P)7er(t)| I

Our goal is that we deduce

v ()Y, Y = (degr)Y/*AY (P, H).

X — Y| < o(1)A(P, K) + o(1) B(P, K) (73)

from

|X —Y| < 0(1)AY*(P,K) + o(1)BY*(P, K).
If we are done with this last displayed inequality, then summing it up with

and we obtain .

First, assume that X > Y, so we know
X —Y <o0(1)AY*(P,K) + o(1)BY*(P, K).

We start with

X < (Y +o(1) A2 (P, K) + o(1) BY/*(P, K))a

Y +o(1)AY*(P,K) + o(1)B/*(P, K) )a -

= (1+0(1)+0(1))a( 1+ o0(1) +o(1)

where we apply the generalized weighted mean inequality for YV, AY(P, K)
and BY/*(P, K) with the weights 1, o(1) and o(1) respectively in the big bracket
between power 1 and power a, so we can continue

< (1+o0(1)+0(1))* " (YO‘ +o(1)A(P,K) + o(1)B(P, K)).
Rearranging and noting that Y* = (degr)A(P,H), A(P,H) < A(P,K) and
o()Y* = 0(1)A(P, K), we obtain the power free assertion in this case.

Note that (1 4+ o(1) + 0o(1))*~!, the error terms o(1) in front of A(P,K) and
B(P, K) are independent of P, H and Hj, but depend on deg(P).
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If Y > X, then we follow the same steps and the following two estimates.
Actually, these estimates are similar to those in this proof above, but now we
can be more ”generous”. First, we use the generalized mean inequality, and for
each term, split K as K = UK, j, then on each branch, we use , that is,

/ (V) P* / | q(H;ty,))' “d
deg(P)mwg ( deg wwK( vic(
q(H; tk
< (degr)®” 12/ ‘ deg Ywgc (t | v

(H;ty))'
= (degr)*~ 122 deg7erkZ))| K (t)

Kb] (
= (degr)*™ 122 ))/| dvg
Kox deg 7er(t

/ deg(Pq)\«
= (degr)® /|deg Pl (i ’ dvy (deg(r)m) A(Pgq,K).

Then, using the generalized mean inequality, |¢| < 1, and inequality for g,
we have

deg(P)
deg(Pq)

deg(q)
deg(Pq)

A(Pg,K) < 227 )(XA(P, i) +207( )C'B(p, K). (14)

Thus it follows that

(L) o ot . degq\®
/K |m| dvg (t) < 2°7'(degr) (A(P, K)+ (degP) B(P, K)) :

Therefore, we have o(1)X* = o(1)A(P,K) 4+ o(1)B(P, K). So we obtain the
power free assertion in this case, too.

Tracing back the error terms in (64)), and the remark before Y > X, we
can write

(P (1)’
——————|*dv (t) — deg(r)A(P, H
] | (1) — des(r) AP, )

< (o(1) + 3> '(degr)“a(P, Hy)) A(P,K) + o(1)B(P,K) (75)
where the o(1) error terms here do not depend on P, H and H,. O

Proof of Lemma[8 The proof runs very similarly to the previous proof. We
split the left hand side of into three terms and estimate them as follows.
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On K\ r~'[r(H U Hy)]:

1/«
(/ \P*(t)|aduK(t)>
K\r—1[r(HUH,)]

degr

1/
< / |P<ti>q<ti>\“du;<<t>>
; ( K\r—1[r(HUHy)]

1/«
< By (degr)t /e / |P(t)]" dvic(t)
KA\r=1[r(HUH,)]
1/a
< B, (degr)ttl/e (/ |P(t)’ad1/K(t)>
K

where we used Lemma [f] Raising to power a, we can write
B(P*, K\ '[r(HUH,))) < E¥(degr)* ™ B(P, K). (76)
Onr—! [r(Hb)] NK, H,N K; # () if and only if ¢ = 4.

la degr 1/a
(/TI[T(HI))] |P*(t)] dl/K(t)> < ; (/!P(ti)q(tm d,,K(t)>

For all i # ig, t; € Hy, so |q(t;)| < E,, and

1/«
(/ |P(ti)Q(ti)|adVK(t)>
r=1[r(Hy)]

1/«
= (eer) En</[ (Hy)) ‘P(t”adw“)) '
r; o [r(Hs

If i = ip, on each r;l[r(Hb)] N K we use the substitution s = ¢;,,

1/« 1/«
T r(Hy)] Hy

then the definition of the b(P, Hp)
1/
< (degr)V/® (/ |P($)Q(5)|adVK(S)>
Hy

1/«
g(degr)l/%(P,Hb)l/a</K|P(t)|aduK(t)> .
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So on r~![r(H,)] N K the upper estimate is

1/«
(/ ]P*(t)‘aduK(t)>
r3[r(Hy)]
1/«
S((degr)1+1/aEn+(degr)1/ab(P, Hb)l/o‘)< /K yp(t)\“duk(t)> (77

Raising to power « and using the generalized mean inequality (X + Y)* <
2071( X% +Y?) for the error terms, we can write

B(P*,r~'[r(H,)])
< (2% (degr)* ™ EY + 2% !(deg r)b(P, Hy)) B(P,K). (78)

On r—! [T(H)}, we use H C K, the following calculation with the help of

07

deg(r) /H (P(8)]dv (1)

degr
=3 [P
i=1 Y7y [r(H)]
= [P
r=tr(H)]
the triangle inequality for the norm ||.|| = (fr,l[T(H” |.(8)|*dvi ())/* and we

can write

1/«

1/«
)</ ’P*(t)‘ad”’f(t)> - (degr)l/C“(/ \P(t)!"duK(t)> |
=1 [r(H)] .
1 1/
= ‘</Tl[r(H)] ‘P(tio)q(tio”adyl((t)) —(degT)l/o‘</H |P(t)|adVK(t)> ‘

1/a
"2 </T_1[T(H)] [P(E)a()] dVK(t)>

iio

1/«
< <d€g(7")/H |P()|" - Ja(t) - 1’adVK(t)>
1/
+ (degr — 1)E, (degr)/« (/K |P(t)‘aduK(t)>

1/«
< ((degr)l/o‘En + (degr — 1)En(degr)1/o‘) </K {P(t)|ad1/K(t)>
= BE,(degr)/ 1 B(P, K)'/*,

Summing up all these together we obtain assertion .
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Now we prove from similarly as in the proof of Lemma |7} So let
X := BY(P* r~I[r(H)]) and Y := (degr)/*BY*(P,H) and assume that
X>Y.

X < (Y +o(1)BY*(P,K))" = (1 +0(1))a<Y+o(1)Bl/a(P,K)>‘l .

1+o(1)

where we apply the generalized weighted mean inequality for Y and B/ (P, K)
with the weights 1 and o(1) respectively in the big bracket between power 1 and
power «, so we can continue

< (1+o0(1)) (Y"‘ +o(1)B(P, K)).
Rearranging and using that by assumption Y¢ < deg(r)B(P, K) we obtain
it X >Y.
On the other hand, if Y > X, then we can do the same steps and use the

following estimates. First, we use the generalized mean inequality, and for each
term, split K as K = UK, j, then on each branch, we use (61)), that is,

B(P*,K) = /K|Zp(tk)q(H;tk)y“duK(t)
k
< (degr)o‘lzk:/K|P(tk)q(H;tk)|aduK(t)
= (egr) ™ 323 / |PGgtHs ]t

= (degr)* 'Y N |P(t)q(H;t)| dvc ()
k J

Ky ke
= (degr)“ /K |P(t)q(H;t)|aduK(t) = (degr)*B(Pq, K).

Then, using |¢| < 1, we have o(1)B(P*,K) = o(1)B(P,K). Therefore, we
obtained
|B(P*,r~![r(H)]) — (degr)B(P, H)| < o(1) B(P, K) (79)

where o(1) is independent of P,, H and H,.
Now, summing up , and 7 we obtain in the form

B(P*, K) — (degr)B(P, H)| < (2 (degr)b(P, Hy) + o(1)) B(P,K)  (80)
where o(1) is independent of P,,, H and Hjp. O

Proof of Lemma[I1 The proofs in this Lemma are similar to the proofs above.
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First we prove (43)).

[ AP, X))V = A(Py, X))

SK/X dea(P’ <)>7r(wK<>ad”K(t))1/a‘</ P ad”K(t))l/a‘
o 1/a
(/ [P (®) deg nq()t;wx(t) dVK(t))
. a 1/a
S(/X dea(P, >(72}K<> q(t)jei(zf 51| dt ’>

e yze
_qw '
P, dvk (¢ <
(L0 | g #0) <
which we continue later. To estimate the last two terms, we use that q(H,deg(P,);t) =
1 asdeg(P,) = cocont € X, where X C H by assumption, deg(P,,)/ deg(P,q) —
1 and inequality (2)) for ¢, where |G(t)] <1 (¢t € K), so we can continue

deg(q)

< (AP )V + o

B(Py,, X)"/
< o(1)A(P,, K)Y* + 0o(1)B(P,, K)'/°.
Now, we get rid of the powers 1/« as follows. If A(P,,X) > A(P,q,X),
then using the weighted generalized mean inequality, we have
A(Pp, X) < (A(Prg, X)Y* + 0(1)A(Py, K)* + 0(1) B(P,, K)'/ )"
<( +O(1))A(Pn(j,X) o(1)*A(P,, K) + o(1)*B(P,, K)

1+ 0(1) +o(1)
< (1+0(1))A(Png, X) + o(1)A(Pn, K) + 0(1) B(Pn, K).

Now we have to prove that o(1)A(P,q, X) < o(1)A(P,, K) + o(1)B(P,, K).
As in (74), we use the generalized mean inequality, |¢| < 1, and inequality
for ¢, so

deg(P,)

AP, X) < 207 (50

)QA(Pn, X)+2o7! (%)QB(% X)

<27 'A(P,,K) +2*'B(P,, K).
Using this, and condition A(P,, X) > A(P,q, X), we can write
0< APy, X) — A(Pad, X) < o(1)A(Py, K) + 0(1)B(P,, K).
Similarly, if A(P,q,X) > A(P,, X):
AP X) < (A(Pn,X)”a + (D A(Po, KM + o(1) B(P,, K)'/*)*
A(Py, X) + 0(1)*A(Py, K) + 0(1)*B(Py, K)

1+ o0(1) +o(1)

< (1 + o )
< (1+0(1))A(Pn, X) 4+ o(1)A(P,, K) + 0(1) B(P,, K).
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Rearrangmg, and using A(P,G, X) > A(P,, X), we are done with .

For all we have to use is that |g(H,deg(P,);t)|* = 1 as deg(P,) — oo
onte X because X c H.

Now we prove ([(5)). Without loss of generality, we may assume that || P, || x,cc =
1 (when P, is not identically zero, this can be achieved by multiplying through
by a suitable constant).

| A5(Pad, K(0)) — A5(Pad, H)| < As(Pad, Hy) + As(Pod, K(6) \ (H U Hy)).

We estimate the first term on the right hand side using the definition of §; from
Section @, and the following two relations between wg and wg s

Wi (t) Zwr(t) (te K(8),

(or®) " < x®) (e K0) =
since K(6) C K. So
Astrai i) = [ [Pl OO 1)
<2 [ | é(>)cff<)@<t> o0
[ degéié'if;i’i&(w ®
< 2071(1 — gy)1 (%)a/& Cm%% " vk (t)
+20711 —51)1—a(djgeif")~))“/m P (t)]° deg(‘j)'ffiK KZ0

deg(P,

<2071 (1= 0) 7 (2SR ) a(Pa, ) A(Py, K)

deg(P, )
+2a*1(1_51)1*a( deg ) (P,, H,)B(P,, K)
=0o()A(P,, K) +o(1)B(Pp, K)  (82)

where we used inequality (2)) for § and that H, ¢ H(J',).
As for the second term, using inequality again

As(Pog, K(6)\ (H U L))

=7 (deg(Pnt?)) /i((a)\(Hqu) 1421
a-1 # “ ~/ (- e
+2 (Wdeg(Pn(j)> /f((é)\(ﬁuflb) Pa(Dd (1% ( K(6) (t) “dt

_ 4/ deg(Pp) \«
< 2a 1 —o N/ Ea
- (deg(an)) " Jren (AU,
1

a=1(___ X @ o i 1—a
2 (ﬂdeg(Pntj)) /f((é) 1E, (wK(zS)(t)) dt.

B (t)

L Sa— adu~ t
deg(Pn)ﬂ'Wf((é) K(5)( )

ldvg () (t)
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We use , therefore
As(Pog, K(6)\ (HU Hy)) = O(E2).

On the other hand, ||P, || k,0o = 1, so there exists ¢4 such that 1 = ||P,||k,co =
||Pn||Kc,g4,oo and with Cy7 := minge g wi (t) > 0,

B(Pn,K)zB(P,,,Km)Z/ Py (8)[*Chrdlt
K

c,ly

1 |ch4
(14 a)(deg Pn)

_ 1 _Cs
(dean)2 n?

> O B, >

c,04,00 —

where C15 = C17/(1 + Q)LQ’Z‘L' and we used the Nikolskii inequality for P, on
the interval K, ¢,. For the Nikolskii inequality on [—1, 1], see [3] p. 498. Theorem
3.1.4. That is, B(P,, K) cannot be small,

B(PLK) 2 O, (53)

where C1g depends on «, K, but is independent of P,. This implies
A5< Poq, K(8)\ (HU Hy)) < o(1) B(Py, K). (84)

Summing up an ,, we obtain ([45).
(46),

Finally, we prove
Bs(Poq, K(6)) — Bs(Pnq, H) = Bs(Pod, Hy) + Bs(P,q, K(5) \ (H U Hy)).
Now,

Bs(Png, Hy) < Bs(Py, Hy) < (1+ 61)B(P,, Hp)
=(14+61)b (Pn,Hb)B(Pn,K) =0(1)B(P,,K). (85)
On the other hand,
Bs(Png, K(6)\ (HU Hy)) < EXBs(P,, K(6)\ (H U Hy))
< E3Bs(Pn, K(8)) < EBs(1, K () = Eg
and using again, we have
Bs(Pag, K(6)\ (HU H,)) = 0o(1)B(Py, K). (86)

So summing up and gives .

Therefore the Lemma is proved.

O
Proof of Lemma | The proofs of (53) and are similar to the proofs of
and ( replacmg K(8) by Y and H by H O
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