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Abstract: The nature of the development of arithmetic performance has long been intensively studied,
and available scientific evidence can be evaluated and synthesized in light of Nelson and Narens’
model of metacognition. According to the Nelson-Narens model, human cognition can be split
into two or more interrelated levels. Obviously, in the case of more than two levels, cognitive
processes from at least one level can be described as both meta- and object-level processes. The
question arises whether it is possible that the very same cognitive processes are both controlled and
controlling. The feasibility of owning the same cognitive processes—which are considered the same
from an external point of view of assessment—as both meta- and object-level processes within the
same individual opens the possibility of investigating the transition from meta-level to object-level.
Modeling cognitive development by means of a series of such transitions calls forth an understanding
of possible developmental phases in a given domain of learning. The developmental phases of
arithmetic performance are described as a series of transitions from arithmetical facts to strategies
of arithmetic word problem solving. For school learning and instruction, the role of metacognitive
scaffolding as a powerful educational approach is emphasized.
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1. Introduction

Metacognition has long been recognized as a powerful term describing higher-level
processes of intelligent human behavior. Starting from the theories and empirical results of
metamemory, different metacognitive processes were described (Flavell 1979), and their
theoretical and educational relevance proved to be highly visible.

Several investigations revealed straightforward relations between measures of metacog-
nition and other domains, such as in Veenman et al.’s (1997) study, where intelligence,
metacognitive skills, and academic achievement were involved in a university student
sample. Nevertheless, other research found no direct or strong connections between in-
telligence and metacognition (Veenman and Elshout 1999). The Janus-faced connection
between different aspects of metacognition and intelligence (Veenman et al. 2004) was
longitudinally investigated by van der Stel and Veenman (2014), and one of their interesting
findings suggested that metacognition has a relevant contribution to learning performance,
and this contribution is partly independent of intelligence. Furthermore, it seems that the
development of metacognition in young adolescents involves a shift from domain-specific
to domain-general components, while the overall development seems to terminate. In these
investigations, the measures of metacognition varied, and the interpretation of the relation
between the different psychological constructs required careful consideration of the actual
measures and devices used.

Nevertheless, the theoretical obscureness of the early models of metacognition led to a
fragmentation of metacognition research (see e.g., Flavell 2004; Schneider 2008), while from
the aspect of educational relevance, questions raised by practitioners about the practical
relevance of metacognition in classroom settings have to some extent left unanswered. The
ironic question of “Is it still worth knowing that 5 + 2 is 7, even if I could neither plan nor
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monitor the process of calculation?” could have been followed by more practical ones like
“Is it worth consciously knowing the usual strategic steps of mathematical word problem
solving even though the arithmetic skills do not allow the numerical data to be easily
handled?” A kind of dichotomy seemed to be formed among in-service teachers about
the relative weight and importance of metacognitive and non-metacognitive processes
in the field of arithmetic. This ill-defined dichotomy may have led to confrontations
between two camps (similarly to the struggle between the camps of the “mechanistic”
and “realistic” approaches, see (Koninklijke Nederlandse Akademie van Wetenschappe
2009)), while theory development seemed not to make it obvious how both metacognitive
and non-metacognitive processes play their important and dynamically changing role in
the development of arithmetic skills. This essay attempts to reveal some relevant aspects
of the balance between metacognitive and non-metacognitive processes in arithmetic
performance, thus contributing to better education in the near future.

2. Theoretical Advancements and Empirical Results from the Last Decades

From the very early appearance of the term “metacognition” until the milestone article
by Nelson (1996), most of the theoretical foci revolved around the possible dichotomies
according to which the components of metacognition can be arranged and discussed.

2.1. Classical Taxonomies of Metacognition and the Nelson-Narens-Model

From early papers on metacognition that were primarily focusing on metamemory
(Flavell 1979; Brown 1978), the need for categorizing different mental processes or structures
that might be labeled as metacognitive has been put on researchers’ agenda. One of these at-
tempts and efforts was the well-known dichotomy of declarative versus procedural, which
seemed to be applicable to metacognitive processes as well. Kluwe (1987) created such a
description of metacognitive knowledge components where declarative metaknowledge
refers to beliefs or factual knowledge about one’s own knowledge or about knowledge
in general. While procedural metaknowledge refers to controlling and regulation pro-
cesses. A special kind of declarative meta-knowing is called meta-strategic knowledge by
Kuhn (2000). The declarative—procedural dichotomy is similar to that coined by Paris and
Winograd (1990) in which self-appraisal and self-management are differentiated.

Schneider (2008) summarized the available evidence on the different developmental
pathways of declarative and procedural metacognition. Whereas declarative metacog-
nition shows a straightforward developmental trajectory (due to the development of
meta-strategic knowledge (see Kuhn 2000), components of procedural metacognition, i.e.,
the actual monitoring and control processes, do not show such clear-cut patterns.

Nelson’s (1996; see also Nelson and Narens 1994) seminal paper opened the perspec-
tive of talking about metacognition as one level of human cognition—while the other, the
non-metacognitive level was labeled as object-level. The two types of information flow
between the two levels were called controlling and monitoring. This article simplified
the previous taxonomies of cognition and metacognition (see e.g., Darling et al. 1998)
while opening new debates with three truly remarkable concerns: (1) The possibility and
feasibility of more than one meta-level; (2) The issue of consciousness as necessary and/or
sufficient condition for metacognition, and (3) The mind-brain correlates of metacognitive
processes. As for the latter, the decisive role of the lateral prefrontal cortex has proven
to be evidenced (Fleming and Dolan 2012). Moreover, Hikosaka and Isoda (2010) found
that the lateral prefrontal cortex has a leading role in behavior switch. In Section 2.3,
both the multi-level issue and the problem of consciousness at the meta-level will be
briefly discussed.

2.2. System 1 and System 2

It is fairly obvious how relevant the connection between research using the terms
System 1 and System 2 for our endeavor on the levels of human cognition can be. The
terms originate in Stanovich and West’s (2000) oeuvre, and while the term System 1 depicts
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automatic, largely unconscious, and effortless processes, the term System 2 refers to more
controlled, explicit, and demanding processes constrained by the limits of cognitive capacity.
Thompson (2009) explicitly linked these two concepts to metacognition theory in a way
that System 1 is basically a smooth-running system until a metacognitive process named
“feeling of rightness” triggers System 2. The logic behind this assumption is of a brain-
capacity-constraint nature, and the feeling of rightness, i.e., the feeling that things are on
their right way, assumes metacognitive monitoring processes. Although a strong critique of
each two-level and dichotomized model was expressed by Keren and Schul (2009), both the
Nelson—-Narens model of metacognition and the System 1 and 2 duet found their fruitful
educational applications in basic skills instruction, for which we also intend to provide
further insights.

2.3. More than Two Systems in Human Cognition

The possibility of more than one meta-level was explicitly described by Nelson and
Narens (1994). There is a starting level that acts as an object-level only (Lg) and L;, Ly,
Ly would ensign the several (N) possible meta-levels built on it. Independently of the
actual number of Ls, it is their relative position that counts, e.g., Liqis the object-level of
L;. Theoretically, one can describe as many meta-levels as desired. As Nelson (1996, p. 105)
claimed, “Any lower-level cognition can itself be the subject of a higher-level cognition”,
and lower-level and higher-level cognition can occur simultaneously.

However, as Levinsson (2008) argued, the problem with the endless number of possible
levels is that humans seem to have limitations or endpoints in their reasoning. Having seen
the grotesque wording by James Joyce, people would usually get along with only two or
three levels.

What, reduced to their simplest reciprocal form, were Bloom’s
thoughts about Stephen’s thoughts about Bloom and about Stephen’s

thoughts about Bloom’s thoughts about Stephen?
—James Joyce, Ulysses

As Schatteles (2014) analyzed, unraveling the meaning of this awkwardly complex
sentence may require a series of step-by-step sentences which gradually unfold the meaning
of the original sentence.

One further aspect that was formulated as a debate in Nelson’s (1996) article is the
issue of consciousness in (relation to) metacognition. The control processes at the meta-
level do not necessarily involve conscious processes (Levinsson 2008; Veenman et al. 2006;
Timmermans et al. 2012). Nonetheless, the possible existence of non-conscious meta-levels
would strengthen the assumption that the existence of more than one meta-level is feasible.

A similar description of more than two possible levels of cognition appeared in the dis-
course community of consciousness studies. Schooler (2002) suggested three levels of mental
processes to be distinguished: unconscious, conscious, and meta-conscious processes. The
latter involves a kind of re-representation of conscious processes. Since the relation between
metacognition and consciousness is still an ongoing debate (Rosenthal 2012), Schooler’s model
is considered as opening the door to multi-level and multi-dimensional models.

The questions may arise whether the levels (independently of their numbers) are
different mental representations within the individual and/or whether the levels can be
objectively described. This dilemma is similar to the one explicated by Rosenthal (1998)
about first-person versus third-person consciousness. From an educational point of, we
would go in the direction of a third-person, objective description of the possible levels of
cognition, nonetheless allowing the assumption that object-level processes for one person
can be meta-level processes for another and vice versa.

With the involvement of the conscious versus non-conscious debate, an extension of
the original one-dimensional, two-level model of metacognition became viable. Fleming
et al. (2012) extended the Nelson-Narens model of metacognition in a way that the object-
versus meta-level distinction is one out of three dimensions, and consciousness and the
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observable behavior form two additional dimensions. In this three-dimensional model,
metacognition may have several facets, and empirical investigations are invited to test
whether the three dimensions are independent of each other.

3. Two Educationally Relevant Dilemmas Concerning the Metacognitive and
Non-Metacognitive Processes of Arithmetic Performance

With the introduction of the term “metacognition”, an immediate and necessary
dichotomy of metacognitive versus non-metacognitive components appeared. With more or
less precision, researchers (e.g., Zohar and David 2009; Tanner 2012) collected and described
the psychological processes that may (or even should) be labeled as metacognitive. In
the field of arithmetic performance, researchers usually call these metacognitive processes
strategies (Campbell and Xue 2001; Park and Brannon 2014; Cragg et al. 2017), or sometimes
other labels are used, such as conceptual understanding (Gilmore and Bryant 2008; Gilmore
and Papadatou-Pastou 2009). Two serious questions arose that certainly have educational
relevance, and there is a scarcity of empirical studies in order to find definite answers. The
first question concerned whether the very same performance from two individuals may be
due to very different underlying processes, i.e., solving the same problem with or without
metacognitive processes such as planning or monitoring. The second question concerned
the measurable difference between the metacognitive processes currently used and the
metacognitive processes potentially available to the same person.

3.1. The Balance between Metacognitive and Non-Metacognitive Processes of
Arithmetic Performance

The same level of performance may be reached in very different ways. For example,
in the field of reading, the compensatory-encoding model (Walczyk 1995) claims that
compensatory mechanisms—which are metacognitive skills such as slowing reading rate
and re-reading parts of the text—enable the reader to compensate for subcomponent
inefficiencies (Afflerbach et al. 2008). Although the terminology may vary, a kind of
balance between metacognitive and non-metacognitive components can be described in
different models of reading comprehension. In the field of arithmetic skills, fairly different
calculation strategies have been identified even among kindergarten children (Zur and
Gelman 2004) resulting in the same or similar performance. In a study by Csikos (2016),
elementary students’ three-digit mental calculation performance proved to be of the same
level in two schools; however, their reported strategy use differed quite remarkably.

As a corollary of the question of individual differences in the balance between metacog-
nitive and non-metacognitive processes, there emerged the idea of possible developmental
transformations in this balance. Leahey and Harris (1993) questioned the earlier theories
of a more or less straightforward developmental trend where metacognition plays its in-
creasingly important role in human capabilities. “What happens during the transition from
conscious thought to intuition is contentious” (pp. 284-85). They had developed some
arguments on the apparent contradiction between the increasing availability of mental
resources and the limited or seemingly unchanging capacity of attention and memory.

From an educational point of view, the essence of the debate is summarized as “what
had formerly required conscious thought becomes intuitive, and an important question
concerns what happened to the rules followed consciously by the novice...” (Leahey and
Harris 1993, p. 284). This paradigm can be nicely illustrated with everyday situations.
For instance, the novice driver may learn and be potentially aware of the MSM rule
(mirror, signal, maneuver), and while later they can follow this sequence very well and
automatically, it would be strange to still quote or murmur the acronym once learnt.
However, in difficult situations or while being exhausted behind the wheel, the expert
learners may still be capable of recalling and following this sequence, since it has remained
potentially available to them. From a distant observer’s point of view, when a car starts
smoothly from a parking lot, it is not easy to judge whether the driver needed some
conscious (and metacognitive) support or not.
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If the same level of performance can be reached with or without metacognitive pro-
cesses as well, could it be possible that performance attained without metacognitive pro-
cesses indicates a kind of new developmental level? This debate seems to be controversial
since intuitively the appearance of metacognitive processes may indicate a higher develop-
mental level. This thought has already been addressed in the literature, e.g., Sternberg (1998,
p- 129) claims that, “when functioning is automatic, metacognitive activity can actually
hamper functioning”. A precursor to this idea was expressed in his seminal Triarchic mind
book (Sternberg 1985, p. 62): “It would be very difficult to speak intelligently if we had to
consciously struggle to come up with every word.” Obviously, fluent speakers, professional
drivers, and musicians can fluently speak, drive, or play without time-consuming decision
and monitoring processes. As Polanyi (1958) reasoned, the pianist would surely make a
mistake if he or she tried to be aware of all aspects of the actual piano playing.

3.2. Difference between Actual and Potential Metacognitive Processes of Arithmetic Performance

Now we address the problem of making distinction between the currently or actually
used metacognitive processes, and the potentially available metacognitive processes. The
dilemma can be articulated as follows. By all means, possessing a repertory of strategies can
support human problem solving in many domains. However, the individual preferences
and the task characteristics may hinder or facilitate the use of those strategies. Do we want
to observe or improve a strategy as a function of task and individual characteristics, or are
we just content to know about the potential availability of that strategy? A similar idea
was raised in intelligence research by Danthiir et al. (2005) when addressing the issue of
measuring mental speed. Investigations usually attempt to measure mental speed as a kind
of typical behavior (as opposed to the potentially available maximum behavior). The analog
version of maximum behavior may be the repertory of potentially available metacognitive
resources, and the actually used metacognitive processes may be the analogue of the typical
behavior. Sun et al. (2021, p. 12) have already addressed the problem of whether researchers
measure the actual or the potential level of metacognition in the field of foreign language
learning: “we measured EFL learners’ metacognitive experiences after they finished a
writing task, but students” metacognitive experiences are dynamic during the writing
process”. As Pintrich et al. (2000) emphasized, construct validity of the measures of
metacognition depends not only on the empirical evidence a test may provide but on the
potential consequences of the interpretation of the test data.

In the field of arithmetic performance, for the average adult, simply mentioning the
addition 5 + 2 will yield an answer (pronounced out loud or not) without actually asking them
for the results. They probably possess the result as a number fact that can be easily retrieved.
Therefore, we can hardly imagine that adults can honestly report on their mental calculation
strategies while attaining the result of such an easy task. Yet we do not think that the lack of
strategy use made them struggle, and of course, we do not claim that kindergarten children
solving the very same addition task by using their fingers and counting aloud from five to
seven are more proficient. However, they did exhibit a rich repertory of strategic processes
in this case. “Metacognition ... is not likely to be ... a separate ability that once acquired
can then be universally applied to different types of mental activity. Instead, metacognition
is more likely to develop in tandem with the more basic cognitive abilities and conceptual
understanding in each domain” (Estes 1998, p. 1346).

In Nakakoji and Wilson’s (2020, p. 12) research among university students and aca-
demics, many surprising findings were yielded: “Also unexpectedly, neither students nor
academics mentioned metacognition in the interviews.” However, for the researchers it was
evident that metacognitive strategies were employed. According to Nakakoji and Wilson's
conclusion, the participants may not have been aware of their strategy use. In EFL-learning
situations, similar lack of metacognitive strategies was detected by Zhang et al. (2021). This
may be due to the inappropriateness of the think-aloud protocol or the questionnaire they
applied, or there were really no strategic processes potentially reportable. Similarly, a re-
view of studies with gifted children (Alexander et al. 1995) concluded that albeit declarative
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metacognition seems to develop with age, the development of procedural components of
metacognition shows intricate trend lines.

Consequently, several kinds of measures of metacognition can be defined according to
individual characteristics (like age) and task characteristics (like the number of digits of the
addends). Furthermore, there is another crucial factor influencing the actual strategy use:
the context in which the individual encounters the task—whether it is a stressful situation
or just a mental calculation for fun. All these factors influence whether metacognitive
processes (if available at all) may or should play their role in arithmetic or other kinds
of performance. These factors will be again discussed in Sections 4.1 and 4.2 as the three
main aspects of adaptive expertise. Furthermore, the several possible types of measures
of metacognition can be arranged whether they intend to measure the actual or the poten-
tial availability of metacognitive processes, or whether they assess (verbally) reportable
metacognitive components or those that can be observed by an external viewpoint. The cur-
rently available measures of metacognition address one or more metacognitive components,
but none of them can be considered as the ultimate or complete measure of metacognition.

Some widely accepted and used measures of metacognition like MAI (Schraw and
Dennison 1994), MARSI (Mokhtari and Reichard 2002), and the several questionnaires of
epistemological beliefs (e.g., Schraw et al. 2002) seem to measure a kind of static, poten-
tially available repertory of metacognitive components. Other measures could grab the
currently working components of metacognition. Of course, the actually used components
cannot really be measured by questionnaires, but observations, think-aloud protocols, and
eye-tracking (Paulus et al. 2013) may reveal them. On the other hand, as Kavousi et al.
(2020, p. 711) claim, “metacognition cannot be measured directly through observation”.
Convergent findings from both online and offline measures can be used to detect both the
actually used and the potentially available metacognitive components!

Azevedo et al.’s (2010) study represents six potential trends in the timeline changes of
self-regulated learning activities. Albeit the authors acknowledge that it is exceptionally
difficult to capture self-regulated learning activities in a hypermedia environment, they
dare judge the potential frequency of possible trend lines. One of these trend lines is of
inverted U-shape (the authors judge its observable empirical frequency low) when an
initially low state of self-regulated activities increases and then returns to the original
level. Independently of the age and task characteristics, this inverted U-shaped line may
demonstrate how strategy use occurs in a wide range of novel learning situations, including
for instance arithmetic calculations.

4. Educationally Relevant Answers in the Field of Arithmetic Performance
4.1. (At Least) Three Levels of Components in Arithmetic Performance

As visualized in Figure 1, we propose a model consisting of three developmental
phases with two levels of mental processes. This way we intend to keep and apply the
traditional Nelsonian two-level model of metacognition while putting forward a develop-
mental model of arithmetic performance that involves and integrates the currently available
empirical findings. We may claim that this model is plausible or at least possible; however,
it does not necessarily follow from the already existing research results. However, we do
think that this model may be informative and illuminating in the context of teaching and
learning mathematics and other school-related domains.
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Transition from meta-level to object-level
in the case of arithmetic performance

Arithmetic Word problem Adaptivity of
strategies solving strategies strategy use in
word problem
solving

META- (OR STRATEGIC) LEVEL e e
OBJECT LEVEL

Number facts Arhmetic Word problem
skills ) solving
Kindergarten years Upper elementary school years

Figure 1. A tentative model of the development of arithmetic performance in the light of the Nelson—
Narens model of metacognition.

According to the model, in the first phase of development, it is the number facts
(e.g., results of simple one-digit additions) that comprise the object level, and the fledgling
arithmetic strategies are on the meta-level of processing. The object level is characterized
by automatic, effortless functioning. Logan (1988) claims that when describing automatic
processes, it is wise not to refer to them as counterparts to non-automatic processes (such as
unconscious vs conscious, effortless vs effortful, etc.), but it is worth providing quantitative
properties of automatic functioning in terms of, for instance, reaction time or flawlessness
(e.g., error-free execution of operations).

Hudson et al. (2018) and Zur and Gelman (2004) examined kindergarten children’s
addition skills with special emphasis on their strategy use. In this first phase of arithmetic
performance development, the automatization of simple number facts and the diversifica-
tion of a repertory of counting strategies are observable. Fact retrieval is associated with
different brain regions than calculation strategies (Zarnhofer et al. 2013). Furthermore, fact
retrieval requires stable verbal representations as well (Berteletti et al. 2014), and in the
brains of children with mathematical disabilities, the activity of the verbal regions was
found not to be reliable.

During the first years of elementary schooling, students” arithmetic skill develops, and
this development is the result of a balanced use of metacognitive and non-metacognitive
processes. (Here the term metacognitive and non-metacognitive is used in the sense of
their position in the first developmental phase.) In the second phase, the more or less
automatized arithmetic skill is put to another challenge; it must be used not only in pure
numeric tasks but in word problems as well. Even the very first, usually routine-like
word problems enforce students to learn new strategies, which are about the expected
use of their arithmetic skills in a new context. As Csikos and Szitanyi (2020) pointed out,
several textbooks provide linearly sequential steps or algorithms on how to solve routine
word problems.

During several months or years, and due to the obedient adherence to the rules (both
classroom rituals and the required word problem solving steps, see this idea from Brousseau
in D’Amore and Martini 1999), the majority of students become proficient in (routine) word
problem solving (Lee et al. 2011). However, as seen from many empirical studies, this
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new phase of automatization causes serious problems when realistic word problems are
administered (see, e.g., Verschaffel et al. 2010).

The next developmental phase can, therefore, be a new strategy learning phase when
students learn to choose the word problem strategy adaptively. Adaptation in this phase
will primarily take the characteristics of the tasks into account, but individual preferences
(e.g., visualizers versus verbalizers) and contextual variables (high-stake testing versus
classroom practice) also play their role in determining what counts as an adaptive strategy.
In order to provide the best actual performance, the balance of metacognitive and non-
metacognitive components can vary according to several factors. These factors have
been enlisted (and empirically validated) in research on adaptive expertise in elementary
mathematics (Verschaffel et al. 2007, 2009) and were proposed as general factors of adaptive
intelligence by Sternberg (2021).

The very same person may be characterized by different balances of metacognitive and
non-metacognitive processes in different tasks and in different contexts. A more challenging
task may require a higher-level (or in certain circumstances: lower level) involvement of
metacognitive processes, and an exam-like stressful situation may further influence the
involvement of metacognitive processes even for the same person and the very same
task. This kind of flexibility requires “adaptive expertise”—a term coined by Hatano and
Inagaki (1986) as an opposition to “routine expertise”, which refers to quick and accurate
functioning without much understanding (De Corte 2007).

Finally, when talking about developmental phases as depicted in Figure 1, we do
not talk about individuals” developmental phases, but these are developmental phases of
arithmetic performance. Therefore, we cannot state that a student or an adult is at a certain
developmental phase, since depending on individual characteristics, task, and context
variables, the very same person may exhibit different performances. Individual charac-
teristics include what Sternberg et al. (2021) call meta-intelligence, i.e., the psychological
construct responsible for the allocation of mental resources and controlling that allocation.
Differently from the concept of metacognition, meta-intelligence comprises constructs that
are rather conative such as creativity and wisdom.

Since we do not talk about individual developmental phases but about the develop-
mental phases of observable performance, the question arises whether adults’ learning may
be characterized by the same balances of metacognitive and non-metacognitive components
of arithmetic performance. Zamarian et al. (2018) revealed that for enhancing arithmetic
performance, adults can also profit from repetition-based training but to a lesser extent
than young people. The difference may be attributed to children’s limited capacity of
executive function in the mind and different functioning of the brain. Adults’ brain activity
showed a more distributed pattern than those of younger individuals’ brain where the
right parietal brain structures proved to be associated with arithmetic performance. In
their most recent investigation, Grabner et al. (2022) revealed that adults primarily solve
single-digit addition tasks by simple number fact retrieval, instead of applying (however
quick or unconscious) counting procedures.

4.2. Transition between Phases of Arithmetic Performance

Figure 1 suggests transition processes between the developmental phases of arithmetic
performance during the elementary school years. Nevertheless, the arrows depicting
transitions do not intend to indicate causal relations in any directions. It is the task of future
longitudinal research to reveal the nature of developmental transitions, and how education
can help in triggering development. As for the first arrow illustrating that arithmetic
skills may become object-level components, we would like to emphasize that it is neither
the number facts nor just the fledgling arithmetic strategies that become automatic, but
arithmetic skill comprises a mixture of metacognitive and non-metacognitive processes. It
means that learners may possess very different mastery levels of arithmetic skills in the
second phase when those skills become object-level components for word problems.
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The very different balances or mixtures of metacognitive and non-metacognitive
processes in children’s arithmetic skills have been addressed in several previous studies.
According to Flavell (2004), this age group is going through striking improvement in
different areas of metacognition. How arithmetic performance may develop within the
first phase was summarized and empirically evidenced by Lemaire and Siegler (1995) who
revealed four aspects of strategy change in elementary school students” multiplication
performance, “introduction of new strategies, shifts toward greater use of the more efficient
existing strategies, improved execution of the strategies, and more adaptive choices among
the strategies” (p. 96).

Carpenter and Moser (1984) revealed that a variety of counting strategies appear even
before receiving formal instruction on them. Their study was restricted to strategy use,
and they claim their model does not take account of children’s knowledge of number
facts. Moreover, Zur and Gelman (2004) and Pappas et al. (2003) provided evidence about
the existence of rudimentary metacognitive arithmetic strategies. Siegler (1987) found
among young children (kindergarten and 1st and 2nd grade) that in very simple addition
tasks like 5 + 2 or 4 + 1, retrieval produced faster and equally appropriate answers than
using one of the simple strategies like counting on from the larger number. In a study
comparing disabled and non-disabled children, Ostad (1997) found that disabled children
used more simple strategies and there was not much diversity in their strategy use. Their
most common strategies were counting on fingers or counting audibly. Interestingly, they
rarely used the strategy of immediate retrieval from long-term memory. In contrast, their
mathematically non-disabled peers could more and more frequently use the retrieval
strategies, allowing for the implication that possessing and recalling number facts may
indicate a higher-level of arithmetic performance in the case of very simple arithmetic tasks.
Furthermore, Canobi (2004) found that finger-based counting strategies almost disappear
during the first years of schooling.

In sum, meta-level processes of arithmetic performance become visible and develop
in tandem with object-level components, comprising a more or less automatized skill
usually labeled as arithmetic skill(s). Whether an actual process is of meta-level or object-
level depends on individual and task characteristics, and on contextual variables. When
word problems are introduced (often as early as the very first grade of formal schooling),
some children already possess smoothly functioning arithmetic skills (as a system of
metacognitive and non-metacognitive processes), while others rely more on the fledgling
arithmetic strategies.

Azevedo et al.’s (2010) proposed inverted U-shaped trend line about the increase and
then decrease of self-regulation processes has been empirically evidenced by Bellon et al.
(2019). In the first developmental phase of arithmetic performance, meta-level processes
first have an increasingly important role and then retreat into the background, giving a
primary role to number facts and retrieval processes. Grabner and Smedt (2012, p. 10)
nicely described this shift: “The current findings show that the well-known behavioral shift
from effortful procedural strategies to fact retrieval strategies as a function of training is
also reflected in specific changes in brain activity”.

The observable change in the brain activity, i.e., changes in the mind-brain corre-
lates, makes the transition from the first to the second level especially interesting and
special. Spanoudis and Demetriou (2020) identified domain-specific brain networks that
are specialized regions associated with various mental processes. The development of brain
networks for domain-specific mental processes (such as quantitative reasoning, which is
the fundamental basis for arithmetic performance) takes place early. The basic range for
the development of arithmetic fundamentals is between 7 and 11 years (Peters and Smedt
2018), which is the usual period of elementary schooling.

It may sound reassuring and confirming how research results on mind development
and its brain correlates (Spanoudis and Demetriou 2020) can unite the development of
arithmetic skills and their accompanying metacognitive processes. Arithmetic operations
belong to the realm of domain-specific skills, and due to the development of the mental
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representations and their corresponding brain regions, by the age of six, most children
are ready for acquiring new representations. This does not mean that they still have to
wait for about five years until reaching the so-called “cognizance” mental representation
system where self-awareness and meta-representations provide a new level of flexibility
and adaptivity. According to Spanoudis and Demetriou, even at the second developmental
stage, there are mental processes that provide awareness about the actual, overwhelmingly
domain-specific representations.

As for the transition from the second to the third phase, a plethora of empirical studies
are available from the last four decades (e.g., De Corte and Verschaffel 1987; Rittle-Johnson
and Alibali 1999; Selter 2009; Prediger and Krédgeloh 2015). During their first years of
schooling, students learn how to solve arithmetic word problems. The solution process
itself becomes more and more automated. This automatization can be observed and
documented in children even without having smooth, high-level functioning of arithmetic
skills. However, having become automated word problem solving strategies may be object-
level processes when students encounter different genres of word problems. It seems that
at least two classes of elementary word problems should be distinguished in this second
phase when talking about the role of metacognitive processes.

Routine word problems can be solved by a straightforward application of a “superfi-
cial” task solving strategy. These tasks represent a task category that requires students to
apply their arithmetic skills in the context of applying a uniform solution strategy: collect
the numerical data, find one (or more) appropriate arithmetic operations, execute those
operations, and give a numerical answer. On the other hand, the most important feature of
the realistic word problems is that they require at least one extra step in the solution process,
i.e., the appropriate mental representation of the phenomena written in the text of the word
problems, since the straightforward application of the above-mentioned superficial solution
strategy would result in failure. The difference between the word problem solution based
on appropriate mental representations and the solution based on the superficial “direct
translation” strategy was documented by Hegarty et al. (1995).

Due to the variability of the involvement of metacognitive processes in adaptive
expertise, it is not surprising that when Jacobse and Harskamp (2012) administered word
problems to grade 5 students together with the metacognitive self-regulation subscale of
the MSLQ questionnaire (Pintrich and Groot 1990), an intricate connection between the
two constructs was found. Students in their 5th grade of formal schooling can belong to
very different developmental phases of arithmetic performance; in other words, some of
them need strategic planning and monitoring while executing simple arithmetic operations,
others feel themselves confident in implementing the required steps of routine word
problem solving, while others may hesitate on whether realistic constraint should be taken
into account or should they just follow the usual superficial solution strategy. The first and
third groups may be found as active strategy users, but the second group may not show
much conscious effort in word problem solving.

In Van der Stel et al.’s (2010) study, secondary school students solved word problems.
These tasks may have required several consequent solution steps to take; therefore, students
were trained in brief sessions on how to solve these kinds of problems. The deliberate use
of different solution strategies inherently requires metacognitive skills like planning and
monitoring; thus, their results are really about the role of metacognition in word problem
solving. The connection between metacognitive skills and mathematics performance was
stronger in the 14-15 than in the 13-14-year-old group. Based on large sample empirical
results, Traff (2013) suggested a developmental model that reinforces Fuchs et al.’s (2010)
results in that working memory constraints play a significant role in the development of
arithmetic performance. Additionally, he joined the constructs of fact retrieval, multi-digit
calculation skills, and word problem solving within one research design.

Similar tentative models may be sketched for reading and writing performance as
well. For reading, the respective processes may range from phonological awareness to
adaptive reading strategy use (Paris and Hamilton 2009), while for writing, the processes
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may range from the basic geometric elements of handwriting to composing a responsive
essay. Hopefully, empirical evidence will be increasingly available about the existence
of the proposed object- and meta-level developmental stages and about the process of
transition. In reading, Wagoner (1983) used the term comprehension monitoring as covering
several conscious, metacognitive processes (involving fix-up strategies as well) related
to the comprehension of an actual text. As a matter of a debate, she contrasted two
opposing branches of empirical results: whether both good and struggling readers show
comprehension monitoring behavior or is it mainly reserved for the good readers? As
Desoete (2009) revealed, adults with comorbid difficulties in both mathematics and reading
tended to use their cognitive resources for consciously monitoring their activities that
should have otherwise been more automated in people without disabilities.

Paralleling the object-level and meta-level components of mathematics set forth in
Figure 1, and the possibly analogous components of reading, the following tentative
comparisons can be given. Grapheme-to-phoneme reading is the starting object-level (see
Steffler et al. 1998), while phonological and morphological awareness are on the starting
meta-level (Tanczikné Varga et al. 2020). Decoding skills comprise the second object-level
and reading strategies (Almasi and Fullerton 2012; Afflerbach et al. 2008). Finally, adaptive
strategy use may represent the highest developmental stage (He 2008). Although the
empirical investigation of the mechanism of transitions between different developmental
stages of arithmetic performance is a great challenge in itself, the parallel study of arithmetic
and reading may bring further evidence on the effectiveness of the Nelsonian model of
metacognition, at least in terms of educational aspects.

5. Corollaries
5.1. Observing and Measuring Metacognition in Arithmetic Performance

In general, the assessment of metacognition suffered from several weaknesses and has
walked many paths. As noted by Baker and Cerro (2000), it is difficult to develop measures
of metacognition that fulfill the traditional criteria of reliability and validity. The most
frequently used questionnaires have serious limitations. First, they can only be used from
the second grade of schooling at the earliest. One of the widely accepted measures of young
children’s metacognition, the junior MAI (Sperling et al. 2002) is suitable from grade 3.
Second, the questionnaire method suffers from possibly false memory reconstruction and
the prompting effect may be detected (see Veenman 2011). The prompting effect refers to
the possibility that students often feel they have to come up with an answer, and what is
more, they should come up with the “right” answer. Consequently, having labeled the
questionnaires as an offline technique, several different online techniques appeared from
think-aloud protocols through eye-tracking to the observation of behavior.

Online and offline measures weakly correlate with each other (Jacobse and Harskamp
2012), suggesting that the lack of connection may be due not only to the different plat-
forms or means of assessment but also to the independency of two constructs measured
separately by the two kinds of devices. Since think-aloud protocols comprise a branch
of interviews, the attempt to construct interview methods that may yield the intervie-
wee’s subjective experiences with great precision is definitely welcome (Petitmengin 2006).
Think-aloud protocols grab the very moments of conscious metacognitive experiences,
since they can be used to detect sequential processes (Jausovec 1994), logfile analysis in
a computerized environment may provide additional information about metacognitive
processes (Veenman et al. 2014). Furthermore, eye-movement research may help in de-
tecting conscious, meta-level planning and monitoring activities during word problem
solving (Csikos and Steklacs 2015). Besides, we would like to emphasize the need for more
longitudinal studies, which would allow us to test the hypothetical developmental changes
depicted on Figure 1.

For teachers who would like to collect valid information about their students” metacog-
nitive processes, open classroom discourse is a powerful method. While for some students,
any question that goes beyond the task “What is 5 + 8?” and wonders “How could you
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calculate 5 + 8” (see Ginsburg 1996) may seem to be a non-mathematical, meaningless
enquiry; for others who are in different phases of strategy change (see Lemaire and Siegler
1995 in Section 4.2) such self-referential discussions may prove to be effective.

5.2. Implications for Teaching and Learning
5.2.1. Curriculum

Campione et al. (1988) juxtaposed three important areas of school learning: reading,
writing, and mathematics. According to their analysis, fostering metacognitive components
of these three basic skills was beyond the scope of curricula. The traditional mean of
improving the traditional three Rs (Reading, wRiting, aRithmetic) was teaching more or
less automatic skills, hence letting the child believe that skill automation is an aim, not a
tool, and struggling learners receive heavier emphasis on drill-like skill practices. During
the last three decades, decision-makers, scientists, and (to an increasing extent) in-service
teachers do agree on the importance of fostering metacognition (Gourgey 1998). However,
the methods of metacognition-based trainings might carry the danger of throwing the baby
out with the bathwater, i.e., neglecting or marginalizing the massive amount of practice
needed for smooth and automatic skill functioning. In line with our model depicted in
Figure 1, and in line with recent empirical findings on the most important age range
(7 to 11 years) for the development of brain fundamentals, our suggestion for curriculum
developers is that metacognitive or strategic processes should not be labeled as target
variables and should not appear in the timeline later than skill automation. Metacognitive
processes are well needed for skill automation.

5.2.2. Teaching and Learning

A most important curricular aim of elementary mathematics education is the smooth
functioning of arithmetic skills, and arithmetic performance should be applicable in various
contexts as embedded in word problems. In order to reach these curricular goals, didactical
practices and principles have been handed down from generations to generations of teach-
ers for several centuries. Of course, the role of the massive amount of time and practice
in skill development is still unchallenged. What is new is the utilization of metacognition
theory that has emerged over a couple of decades. Now that it is evident that metacognitive
processes play their important role both in the learning process of new arithmetic strategies
and in the application of arithmetic skills in word problem solving, teaching and learning
should find the means by which teachers can support the development of their students.

Logan (1988) suggested that automaticity comes with ample practice in the same
environment. From an educational point of view, this suggestion can be supplemented by
recent developments in instructional methodology (including developments in educational
tools and in teachers’ specialized content knowledge). Can we surpass or at least enrich the
well-known practice-makes-perfect slogan? Kuhn (1995) suggested putting more emphasis
on the top-down approaches in skill development. Borrowing the term from Karmiloff-
Smith, “explicitation” may refer to learning processes in which the formerly implicit
knowledge (whether being of declarative or procedural nature) becomes explicitly available
to the mind. The study of means of such explicitation is still challenging (as we have seen
in Section 4), but the practical methods would certainly involve instructional processes that
have been extensively studied recently under the conceptual umbrella of metacognitive
scaffolding. New educational tools like PhotoMath' can help teachers to focus on learning
targets rather than work with counting difficulties (Webel and Otten 2015). However, the
importance of quick and flawless number fact retrieval remains an important curricular
aim mainly due to the strong brain—mind correlates in this domain-specific construct.

Of course, teachers used metacognitive scaffolding even well before the advent of the
term scaffolding. Csikos’ (2016) results imply that teachers do implicitly teach addition
strategies to 3rd-grade students. There were remarkable differences between students in
their strategy use according to their affiliations with the schools, implying that two different
mental calculation strategies were taught in the two participating schools. However, a
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transparent and efficient education system would require more widespread use of the best
practices, especially if those practices have been empirically tested.

Among the educational implications stressed by Tréff (2013), we highlight the impor-
tance of strengthening the retrieval of arithmetic facts. However, beyond what even lay
people would suggest, i.e., mere drilling practice, he emphasized a kind of top-down direc-
tion which is embodied in using word problem solving and sharpening the approximate
number abilities by means of the mental number line. The top-down approaches suggested
by both Kuhn (2000) and Traff (2013) require teachers to possess specialized pedagogical
content knowledge (Ball et al. 2008).

Teachers are (or should be) able to solve many different kinds of word problems
almost automatically (while executing their classroom management duties), and some
minutes later they can emulate their students’ task solving processes, illustrating their
calculation processes by think-aloud sessions. The following description should be true
for teachers: “in order to become competent at monitoring their own reflective reasoning,
people must first acquire knowledge of the relevant reasoning norms, and only then are
they able to notice shortcomings in their reasoning” (Fletcher and Carruthers 2012, p. 1369).
For teachers’ professionalization and pondering towards the development of in-service
and pre-service teacher training programs, Duffy (2005) emphasized the importance of
“adaptive expertise”, a term that concisely describe what both students and teachers need
in order to perform well in a given domain (Parsons 2012).

Teachers whose questions and classroom talk follow the principle of metacognitive
scaffolding (Zimmerman 2007) use a kind of “cognitive processing language” (Hudson et al.
2018). Teachers using this kind of language support students’ strategy use in the long run,
throughout the elementary school years. Thinking aloud while solving a task is certainly
an effective way of metacognitive scaffolding already among preschoolers as revealed
by Baten et al. (2017). To acquaint students with the importance of the ability to express
their thought during math classes is also a powerful, reflective practice (Monaghan 2005)
helping students get scaffolding. Of the factors that are necessary for metacognition-based
collaboration and were studied by Goos and Galbraith (1996), mutual respect and the equal
distribution of power may be fulfilled for an open classroom discourse.

Finally, we would like to take a more nuanced approach to Reusser’s (2000, pp. 11/19)
ideas, “As experienced teachers know: swotting up on number facts is fast and doable for
everyone, however, hardly productive, while learning by understanding needs time and
skillful scaffolding and mediation.” The clarification we propose is not labelling “swotting
up on number facts” as only hardly productive, since it may be proven as a temporarily
effective way of improving arithmetic performance. Furthermore, of course, both rote
learning of number facts and acquiring arithmetic skills can be time-consuming, and their
effectiveness depends on individual, task, and context variables as well. There are differ-
ences among the basic arithmetic operations in terms of the relative importance of number
fact retrieval and calculation procedures (Peters and Smedt 2018). The multiplication table
(up to at least 10 x 10) is a common tool for strengthening students” number fact retrieval,
while teaching and practicing mental calculation strategies gets less emphasis. To the
contrary, there use to be different mental subtraction strategies taught, while number fact
retrieval takes a back seat in subtraction tasks.

As for the right understanding of what “teaching strategies” mean, Threlfall (1998, p. 6.)
warns that teaching strategies should mean providing “lots of opportunities for children to
find their own way [italicized by the author] through number challenges in an atmosphere of
invention”. Because when strategy use is too automated, as a by-result, meaningless reliance
on a given strategy may result in serious defect in development. As revealed by Allain et al.
(2005), albeit persons with Huntington’s disease performed significantly weaker in a series of
simple arithmetic word problems than control subjects did, on a task requiring the declaration
that the task was unsolvable, no significant difference was found. It does not mean that
Huntington’s disease may have some advantages regarding arithmetic strategy use, but it may
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indicate that regular classroom teaching can favor and over-automate the use of a privileged,
albeit superficial task solving strategy.

Another alerting example comes from Nunes et al.’s (1993) book in which the discourse
with a 12-year-old street vendor revealed how complex strategy he used when multiplying
35 by 10. As opposed to a strategy possibly taught in schools, i.e., multiplication by ten, it
can be done simply by putting a zero to the right of the number. In that context, the child
deliberately applied a series of steps involving additions, multiplications, and number facts
to get the result. We would not claim that the street vendor’s strategy was inferior in any
educationally relevant aspects; however, there is a clear distinction between the classroom
context and the school of Life.

The main message of the current essay is: Do not take as granted that metacognitively
rich learning and performance are necessarily good. However, do take as granted that
metacognitively rich instruction, i.e., specialized content knowledge enriched by metacog-
nitive scaffolding, seems to be the most promising way to support the development of
arithmetic performance. More briefly: teach metacognitively but dispense metacognition
in the spirit of “dosing as needed”.
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Note

! Having written a simple addition like 5 + 2 onto a piece of paper, smart phones with PhotoMath application can immediately tell

that the result is 7. Could it cause some kind of loss in terms of quick access to mental number facts?

References

Afflerbach, Peter, P. David Pearson, and Scott G. Paris. 2008. Clarifying differences between reading skills and reading strategies. The
Reading Teacher 61: 364-73. [CrossRef]

Alexander, Joyce M., Martha Carr, and Paula ]. Schwanenflugel. 1995. Development of metacognition in gifted children: Directions for
future research. Developmental Review 15: 1-37. [CrossRef]

Allain, Philippe, Christophe Verny, Ghislaine Aubin, Karine Pinon, Dominique Bonneau, Frédéric Dubas, and Didier Le Gall. 2005.
Arithmetic word-problem-solving in Huntington’s disease. Brain and Cognition 57: 1-3. [CrossRef] [PubMed]

Almasi, Janice F,, and Susan K. Fullerton. 2012. Teaching Strategic Processes in Reading. New York: Guilford Press.
Azevedo, Roger, Daniel C. Moos, Amy M. Johnson, and Amber D. Chauncey. 2010. Measuring Cognitive and Metacognitive Regulatory
Processes During Hypermedia Learning: Issues and Challenges. Educational Psychologist 45: 210-23. [CrossRef] [PubMed]
Baker, Linda, and Lorraine C. Cerro. 2000. Assessing metacognition in children and adults. In Issues in the Measurement of Metacognition.
Edited by Gregory Schraw and James C. Impara. Lincoln: Buros Institute of Mental Measurements, pp. 99-146.

Ball, Deborah Loewenberg, Mark Hoover Thames, and Geoffrey Phelps. 2008. Content knowledge for teaching: What makes it special?
Journal of Teacher Education 59: 389-407. [CrossRef]

Baten, Elke, Magda Praet, and Annemie Desoete. 2017. The relevance and efficacy of metacognition for instructional design in the
domain of mathematics. ZDM 49: 613-23. [CrossRef]

Bellon, Elien, Wim Fias, and Bert De Smedt. 2019. More than number sense: The additional role of executive functions and
metacognition in arithmetic. Journal of Experimental Child Psychology 182: 38-60. [CrossRef]

Berteletti, Ilaria, Jérome Prado, and James R. Booth. 2014. Children with mathematical learning disability fail in recruiting verbal and
numerical brain regions when solving simple multiplication problems. Cortex 57: 143-55. [CrossRef]

Brown, Ann L. 1978. Knowing when, where and how to remember. A problem of metacognition. In Advances in Instructional Psychology
(Vol. 1). Edited by Robert Glaser. Hillsdale: Lawrence Erlbaum Associates, pp. 77-165.

Campbell, Jamie I. D., and Qilin Xue. 2001. Cognitive arithmetic across cultures. Journal of Experimental Psychology: General 130: 299-315.
[CrossRef]


http://doi.org/10.1598/RT.61.5.1
http://doi.org/10.1006/drev.1995.1001
http://doi.org/10.1016/j.bandc.2004.08.010
http://www.ncbi.nlm.nih.gov/pubmed/15629205
http://doi.org/10.1080/00461520.2010.515934
http://www.ncbi.nlm.nih.gov/pubmed/15629205
http://doi.org/10.1177/0022487108324554
http://doi.org/10.1007/s11858-017-0851-y
http://doi.org/10.1016/j.jecp.2019.01.012
http://doi.org/10.1016/j.cortex.2014.04.001
http://doi.org/10.1037/0096-3445.130.2.299

J. Intell. 2022, 10, 53 150f18

Campione, Joseph C., Ann L. Brown, and Michael L. Connell. 1988. Metacognition: On the importance of understanding what you are
doing. In The Teaching and Assessing of Mathematical Problem Solving. Edited by Randall I. Charles and Edward A. Silver. Hillsdale:
Lawrence Erlbaum Associates, vol. 3, pp. 93-114.

Canobi, Katherine H. 2004. Individual differences in children’s addition and subtraction knowledge. Cognitive Development 19: 81-93.
[CrossRef]

Carpenter, Thomas P., and James M. Moser. 1984. The acquisition of addition and subtraction concepts in grades one through three.
Journal for Research in Mathematics Education 15: 179-202. [CrossRef]

Cragg, Lucy, Sophie Richardson, Paula J. Hubber, Sarah Keeble, and Camilla Gilmore. 2017. When is working memory important for
arithmetic? The impact of strategy and age. PLoS ONE 12: e0188693. [CrossRef] [PubMed]

Csikos, Csaba. 2016. Strategies and performance in elementary students’ three-digit mental addition. Educational Studies in Mathematics
91: 123-39. [CrossRef]

Csikos, Csaba, and Janos Steklacs. 2015. Phases of a ten-year old student’s solution process of an insight problem as revealed by
eye-tracking methodology. Mathematics Teaching-Research Journal Online 8: 26—48.

Csikos, Csaba, and Judit Szitanyi. 2020. Teachers’ pedagogical content knowledge in teaching word problem solving strategies. ZDM
52: 165-78. [CrossRef]

D’Amore, Bruno, and Berta Martini. 1999. The didactic contract, mental models and intuitive models in the resolution of standard
scholastic problems. In A Multidimensional Approach to Learning in Mathematic and Science. Edited by Athanasios Gagatsis. Nicosia:
Intercollege Press, pp. 3-24.

Danthiir, Vanessa, Richard D. Roberts, Ralf Schulze, and Oliver Wilhelm. 2005. Mental speed. In Handbook of Understanding and
Measuring Intelligence. Edited by Oliver Wilhelm and Randall W. Engle. Thousand Oaks, London and New Delhi: SAGE,
pp- 27-46.

Darling, Stephen, Sergio Della Sala, Colin Gray, and Cristina Trivelli. 1998. Putative functions of the prefrontal cortex: Historical
perspectives and new horizons. In Metacognition and Cognitive Neuropsychology: Monitoring and Control Processes. Edited by
Giuliana Mazzioni and Thomas O. Nelson. Mahwah: Lawrence Erlbaum Associates Publishers, pp. 53-95.

De Corte, Erik. 2007. Learning from instruction: The case of mathematics. Learning Inquiry 1: 19-30. [CrossRef]

De Corte, Erik, and Lieven Verschaffel. 1987. The effect of semantic structure on first graders’ strategies for solving addition and
subtraction word problems. Journal for Research in Mathematics Education 18: 363-81. [CrossRef]

Desoete, Annemie. 2009. Mathematics and metacognition in adolescents and adults with learning disabili-ties. International Electronic
Journal of Elementary Education 2: 82-100.

Duffy, Gerald G. 2005. Developing metacognitive teachers: Visioning and the expert’s changing role in teacher education and
professional development. In Metacognition in Literacy Learning: Theory, Assessment, Instruction, and Professional Development.
Edited by Susan E. Israel, Cathy C. Block, Kathryn L. Bauserman and Kathryn Kinnucan-Welsch. Mahwah: Lawrence Erlbaum
Associates, pp. 299-314.

Estes, David. 1998. Young children’s awareness of their mental aactivity: The case of mental rotation. Child Development 69: 1345-60.
[CrossRef] [PubMed]

Flavell, John H. 1979. Metacognition and cognitive monitoring: A new area of cognitive-developmental inquiry. American Psychologist
34: 906-11. [CrossRef]

Flavell, John H. 2004. Theory-of-mind development: Retrospect and prospect. Merrill-Palmer Quarterly 50: 274-90. Available online:
https:/ /www.jstor.org/stable /23096166 (accessed on 31 May 2022). [CrossRef]

Fleming, Stephen M., and Raymond J. Dolan. 2012. The neural basis of metacognitive ability. Philosophical Transactions of the Royal
Society B: Biological Sciences 367: 1338-49. [CrossRef] [PubMed]

Fleming, Stephen M., Raymond J. Dolan, and Christopher D. Frith. 2012. Metacognition: Computation, biology and function.
Philosophical Transactions of the Royal Society B: Biological Sciences 367: 1280-86. [CrossRef] [PubMed]

Fletcher, Logan, and Peter Carruthers. 2012. Metacognition and reasoning. Philosophical Transactions of the Royal Society B: Biological
Sciences 367: 1366-78. [CrossRef] [PubMed]

Fuchs, Lynn S., Douglas Fuchs, and Donald L. Compton. 2010. Rethinking Response to Intervention at Middle and High School. School
Psychology Review 39: 22-28. [CrossRef]

Gilmore, Camilla K., and Marietta Papadatou-Pastou. 2009. Patterns of individual differences in conceptual understanding and
arithmetical skill: A meta-analysis. Mathematical Thinking and Learning 11: 25-40. [CrossRef]

Gilmore, Camilla K., and Peter Bryant. 2008. Can children construct inverse relations in arithmetic? Evidence for individual differences
in the development of conceptual understanding and computational skill. British Journal of Developmental Psychology 26: 301-16.
[CrossRef]

Ginsburg, Herbert P. 1996. Toby’s math. In The Nature of Mathematical Thinking. Edited by Robert J. Sternberg and Talia Ben-Zeev.
Hillsdale: Lawrence Erlbaum Associates, Inc., pp. 175-202.

Goos, Merrylin, and Peter Galbraith. 1996. Do it this way! Metacognitive strategies in collaborative mathematical problem solving.
Educational Studies in Mathematics 30: 229-60. [CrossRef]

Gourgey, Annette F. 1998. Metacognition in basic skills instruction. Instructional Science 26: 81-96. [CrossRef]


http://doi.org/10.1016/j.cogdev.2003.10.001
http://doi.org/10.2307/748348
http://doi.org/10.1371/journal.pone.0188693
http://www.ncbi.nlm.nih.gov/pubmed/29228008
http://doi.org/10.1007/s10649-015-9658-3
http://doi.org/10.1007/s11858-019-01115-y
http://doi.org/10.1007/s11519-007-0002-4
http://doi.org/10.2307/749085
http://doi.org/10.2307/1132270
http://www.ncbi.nlm.nih.gov/pubmed/9839420
http://doi.org/10.1037/0003-066X.34.10.906
https://www.jstor.org/stable/23096166
http://doi.org/10.1353/mpq.2004.0018
http://doi.org/10.1098/rstb.2011.0417
http://www.ncbi.nlm.nih.gov/pubmed/22492751
http://doi.org/10.1098/rstb.2012.0021
http://www.ncbi.nlm.nih.gov/pubmed/22492746
http://doi.org/10.1098/rstb.2011.0413
http://www.ncbi.nlm.nih.gov/pubmed/22492753
http://doi.org/10.1080/02796015.2010.12087787
http://doi.org/10.1080/10986060802583923
http://doi.org/10.1348/026151007X236007
http://doi.org/10.1007/BF00304567
http://doi.org/10.1023/A:1003092414893

J. Intell. 2022, 10, 53 16 of 18

Grabner, Roland H., Clemens Brunner, Valerie Lorenz, Stephan E. Vogel, and Bert De Smedt. 2022. Fact retrieval or compacted counting
in arithmetic—A Neurophysiological Investigation of Two Hypotheses. Journal of Experimental Psychology: Learning, Memory, and
Cognition 48: 199-212. [CrossRef]

Grabner, Roland, and Bert De Smedt. 2012. Oscillatory EEG correlates of arithmetic strategies: A training study. Frontiers in Psychology
3: 428. [CrossRef]

Hatano, Giyoo, and Kayoko Inagaki. 1986. Two courses of expertise. In Child Development and Education in Japan. Edited by Harold W.
Stevenson, Azuma Hiroshi and Hakuta Kenji. A Series of Books in Psychology; New York: W H Freeman/Times Books/Henry
Holt & Co., pp. 262-72.

He, Tung-hsien. 2008. Reading for different goals: The interplay of EFL college students’ multiple goals, reading strategy use and
reading comprehension. Journal of Research in Reading 31: 224-42. [CrossRef]

Hegarty, Mary, Richard E. Mayer, and Christopher A. Monk. 1995. Comprehension of arithmetic word problems: A comparison of
successful and unsuccessful problem solvers. Journal of Educational Psychology 87: 18-32. [CrossRef]

Hikosaka, Okihide, and Masaki Isoda. 2010. Switching from automatic to controlled behavior: Cortico-basal ganglia mechanisms.
Trends in Cognitive Sciences 14: 154-61. [CrossRef]

Hudson, Kesha N., Jennifer L. Coffman, and Peter A. Ornstein. 2018. Addition in kindergarten: The role of mothers” and teachers’
language. Journal of Cognition and Development 19: 65-86. [CrossRef]

Jacobse, Annemieke E., and Egbert G. Harskamp. 2012. Towards efficient measurement of metacognition in mathematical problem
solving. Metacognition and Learning 7: 133—49. [CrossRef]

Jausovec, Norbert. 1994. Metacognition in creative problem solving. In Problem Finding, Problem Solving and Creativity. Edited by Marc
A. Runco. Norwood: Ablex Publishing, pp. 77-95.

Kavousi, Shabnam, Patrick A. Miller, and Patricia A. Alexander. 2020. Modeling metacognition in design thinking and design making.
International Journal of Technology and Design Education 30: 709-35. [CrossRef]

Keren, Gideon, and Yaacov Schul. 2009. Two is not always better than one: A critical evaluation of two-system theories. Perspectives on
Psychological Science 4: 533-50. [CrossRef]

Kluwe, Rainer H. 1987. Executive decisions and regulation of problem solving behavior. In Metacognition, Motivation, and Understanding.
Edited by Franz E. Weinert and Rainer H. Kluwe. Hillsdale: Lawrence Erlbaum Associates, pp. 31-64.

Koninklijke Nederlandse Akademie van Wetenschappe. 2009. Koninklijke Nederlandse Akademie van Wetenschappe [Royal Dutch
Academia of Sciences]. In Rekenonderwijs Op de Basisschool. Analyse En Sleutels Tot Verbetering [Mathematics Education in the
Elementary School. Analysis and Keys to Improvement]. Amsterdam: Koninklijke Nederlandse Akademie van Wetenschappen.

Kuhn, Deanna. 1995. Microgenetic study of change: What has it told us? Psychological Science 6: 133-39. [CrossRef]

Kuhn, Deanna. 2000. Metacognitive development. Current Directions in Psychological Science 9: 178-81. [CrossRef]

Leahey, Thomas Hardy, and Richard Jackson Harris. 1993. Learning and Cognition, 3rd ed. Englewood Cliffs: Prentice Hall.

Lee, Kerry, Swee Fong Ng, Rebecca Bull, Madeline Lee Pe, and Ringo Ho Moon Ho. 2011. Are patterns important? An investigation of
the relationships between proficiencies in patterns, computation, executive functioning, and algebraic word problems. Journal of
Educational Psychology 103: 269. [CrossRef]

Lemaire, Patrick, and Robert S. Siegler. 1995. Four aspects of strategic change: Contributions to children’s learning of multiplication.
Journal of Experimental Psychology: General 124: 83-97. [CrossRef]

Levinsson, Henrik. 2008. Autonomy and Metacognition: A Healthcare Perspective. Ph.D. thesis, Lund University (Media-Tryck), Lund,
Sweden.

Logan, Gordon D. 1988. Toward an instance theory of automatization. Psychological Review 95: 492-527. [CrossRef]

Mokhtari, Kouider, and Carla A. Reichard. 2002. Assessing students’ metacognitive awareness of reading strategies. Journal of
Educational Psychology 94: 249-59. [CrossRef]

Monaghan, Frank. 2005. ‘Don’t think in your head, think aloud”: Ict and exploratory talk in the Primary School Mathematics Classroom.
Research in Mathematics Education 7: 83-100. [CrossRef]

Nakakoji, Yoshitaka, and Rachel Wilson. 2020. Interdisciplinary learning in mathematics and science: Transfer of Learning for 21st
Century Problem Solving at University. Journal of Intelligence 8: 32. [CrossRef] [PubMed]

Nelson, Thomas O. 1996. Consciousness and metacognition. American Psychologist 51: 102-16. [CrossRef]

Nelson, Thomas O., and Louis Narens. 1994. Why investigate metacognition. In Metacognition: Knowing about Knowing. Edited by Janet
Metcalfe and Arthur P. Shimamura. Cambridge: MIT Press, pp. 1-25.

Nunes, Terezinha, Analucia Dias Schliemann, and David W. Carraher. 1993. Street Mathematics and School Mathematics. Cambridge:
Cambridge University Press.

Ostad, Snorre A. 1997. Developmental differences in addition strategies: A comparison of mathematically disabled and mathematically
normal children. British Journal of Educational Psychology 67: 345-57. [CrossRef]

Pappas, Sandra, Herbert P. Ginsburg, and Minyang Jiang. 2003. SES differences in young children’s metacognition in the context of
mathematical problem solving. Cognitive Development 18: 431-50. [CrossRef]

Paris, Scott G., and Ellen E. Hamilton. 2009. The development of children’s reading comprehension. In Handbook of Research on Reading
Comprehension. Edited by Susan E. Israel and Gerald G. Duffy. London: Routledge, pp. 56-77.


http://doi.org/10.1037/xlm0000982
http://doi.org/10.3389/fpsyg.2012.00428
http://doi.org/10.1111/j.1467-9817.2007.00355.x
http://doi.org/10.1037/0022-0663.87.1.18
http://doi.org/10.1016/j.tics.2010.01.006
http://doi.org/10.1080/15248372.2017.1415900
http://doi.org/10.1007/s11409-012-9088-x
http://doi.org/10.1007/s10798-019-09521-9
http://doi.org/10.1111/j.1745-6924.2009.01164.x
http://doi.org/10.1111/j.1467-9280.1995.tb00322.x
http://doi.org/10.1111/1467-8721.00088
http://doi.org/10.1037/a0023068
http://doi.org/10.1037/0096-3445.124.1.83
http://doi.org/10.1037/0033-295X.95.4.492
http://doi.org/10.1037/0022-0663.94.2.249
http://doi.org/10.1080/14794800008520147
http://doi.org/10.3390/jintelligence8030032
http://www.ncbi.nlm.nih.gov/pubmed/32882908
http://doi.org/10.1037/0003-066X.51.2.102
http://doi.org/10.1111/j.2044-8279.1997.tb01249.x
http://doi.org/10.1016/S0885-2014(03)00043-1

J. Intell. 2022, 10, 53 17 of 18

Paris, Scott G., and Peter Winograd. 1990. How metacognition can promote academic learning and instruction. In Dimensions of
Thinking and Cognitive Instruction. Edited by Beau Fly Jones and Lorna Idol. Hillsdale: Lawrence Erlbaum Associates, Inc.,
pp- 15-51.

Park, Joonkoo, and Elizabeth M. Brannon. 2014. Improving arithmetic performance with number sense training: An investigation of
underlying mechanism. Cognition 133: 188-200. [CrossRef]

Parsons, Seth A. 2012. Adaptive teaching in literacy instruction: Case studies of two teachers. Journal of Literacy Research 44: 149-70.
[CrossRef]

Paulus, Markus, Joelle Proust, and Beate Sodian. 2013. Examining implicit metacognition in 3.5-year-old children: An eye-tracking and
pupillometric study. Frontiers in Psychology 4: 145. Available online: https://www.frontiersin.org/article/10.3389/fpsyg.2013.001
45 (accessed on 31 May 2022). [CrossRef]

Peters, Lien, and Bert De Smedt. 2018. Arithmetic in the developing brain: A review of brain imaging studies. Developmental Cognitive
Neuroscience 30: 265-79. [CrossRef] [PubMed]

Petitmengin, Claire. 2006. Describing one’s subjective experience in the second person: An interview method for the science of
consciousness. Phenomenology and the Cognitive Sciences 5: 229-69. [CrossRef]

Pintrich, Paul R., and Elisabeth V. De Groot. 1990. Motivational and self-regulated learning components of classroom academic
performance. Journal of Educational Psychology 82: 33—40. [CrossRef]

Pintrich, Paul R., Christopher A. Wolters, and Gail P. Baxter. 2000. Assessing metacognition and self-regulated learning. In Issues
in the Measurement of Metacognition. Edited by Gregory Schraw and G. James C. Impara. Lincoln: Buros Institute of Mental
Measurements, pp. 43-97.

Polanyi, Michael. 1958. Personal Knowledge: Towards a Post-Critical Philosophy. London: Routledge & Kegan Paul, Available online:
https:/ /ebookcentral.proquest.com/lib/uqac-ebooks/detail.action?docID=179903 (accessed on 31 May 2022).

Prediger, Susanne, and Nadine Krigeloh. 2015. Low achieving eighth graders learn to crack word problems: A design research project
for aligning a strategic scaffolding tool to students’ mental processes. ZDM 47: 947-62. [CrossRef]

Reusser, Kurt. 2000. Success and failure in school mathematics: Effects of instruction and school environment. European Child &
Adolescent Psychiatry 9: S17-526.

Rittle-Johnson, Bethany, and Martha Wagner Alibali. 1999. Conceptual and procedural knowledge of mathematics: Does one lead to
the other? Journal of Educational Psychology 91: 175-89. [CrossRef]

Rosenthal, David M. 1998. A theory of consciousness. In The Nature of Consciousness. Philosophical Debates. Edited by Ned Block, Owen
Flanagan and Giiven Giizeldere. Cambridge: The MIT Press, pp. 729-53.

Rosenthal, David. 2012. Higher-order awareness, misrepresentation and function. Philosophical Transactions of the Royal Society B:
Biological Sciences 367: 1424-38. [CrossRef]

Schatteles, Tibor. 2014. The Mirror of Socrates: Twelve Essays of a Reader on World Literature. Archway Publishing. Available online:
http:/ /www.archwaypublishing.com/en/bookstore /bookdetails /496086-The-Mirror-of-Socrates (accessed on 31 May 2022).

Schneider, Wolfgang. 2008. The development of metacognitive knowledge in children and adolescents: Major trends and implications
for education. Mind, Brain, and Education 2: 114-21. [CrossRef]

Schooler, Jonathan W. 2002. Re-representing consciousness: Dissociations between experience and meta-consciousness. Trends in
Cognitive Sciences 6: 339-44. [CrossRef]

Schraw, Gergory, Lisa D. Bendixen, and Michael E. Dunkle. 2002. Development and validation of the Epistemic Belief Inventory (EBI).
In Personal Epistemology: The Psychology of Beliefs About Knowledge and Knowing. Edited by Barbara K. Hofer and Paul R. Pintrich.
Mahwah: Lawrence Erlbaum Associates Publishers, pp. 261-75.

Schraw, Gregory, and Rayne Sperling Dennison. 1994. Assessing Metacognitive Awareness. Contemporary Educational Psychology
19: 460-75. [CrossRef]

Selter, Christoph. 2009. Creativity, flexibility, adaptivity, and strategy use in mathematics. ZDM 41: 619-25. [CrossRef]

Siegler, Robert S. 1987. The perils of averaging data over strategies: An example from children’s addition. Journal of Experimental
Psychology: General 116: 250-64. [CrossRef]

Spanoudis, George, and Andreas Demetriou. 2020. Mapping mind-brain development: Towards a comprehensive theory. Journal of
Intelligence 8: 19. [CrossRef] [PubMed]

Sperling, Rayne A., Bruce C. Howard, Lee Ann Miller, and Cheryl Murphy. 2002. Measures of children’s knowledge and regulation of
cognition. Contemporary Educational Psychology 27: 51-79. [CrossRef]

Stanovich, Keith E., and Richard F. West. 2000. Individual differences in reasoning: Implications for the rationality debate? Behavioral
and Brain Sciences 23: 645-65. [CrossRef]

Steffler, Dorothy J., Connie K. Varnhagen, Christine K. Friesen, and Rebecca Treiman. 1998. There’s more to children’s spelling than
the errors they make: Strategic and automatic processes for one-syllable words. Journal of Educational Psychology 90: 492-505.
[CrossRef]

Sternberg, Robert J. 1985. Beyond IQ: A Triarchic Theory of Human Intelligence. New York: Cambridge University Press.

Sternberg, Robert J. 1998. Metacognition, abilities, and developing expertise: What makes an expert stu-dent? Instructional Science
26: 127-40. [CrossRef]

Sternberg, Robert J. 2021. Adaptiveintelligence: Intelligence is not a personal trait but rather a person x task x situation interaction.
Journal of Intelligence 9: 58. [CrossRef]


http://doi.org/10.1016/j.cognition.2014.06.011
http://doi.org/10.1177/1086296X12440261
https://www.frontiersin.org/article/10.3389/fpsyg.2013.00145
https://www.frontiersin.org/article/10.3389/fpsyg.2013.00145
http://doi.org/10.3389/fpsyg.2013.00145
http://doi.org/10.1016/j.dcn.2017.05.002
http://www.ncbi.nlm.nih.gov/pubmed/28566139
http://doi.org/10.1007/s11097-006-9022-2
http://doi.org/10.1037/0022-0663.82.1.33
https://ebookcentral.proquest.com/lib/uqac-ebooks/detail.action?docID=179903
http://doi.org/10.1007/s11858-015-0702-7
http://doi.org/10.1037/0022-0663.91.1.175
http://doi.org/10.1098/rstb.2011.0353
http://www.archwaypublishing.com/en/bookstore/bookdetails/496086-The-Mirror-of-Socrates
http://doi.org/10.1111/j.1751-228X.2008.00041.x
http://doi.org/10.1016/S1364-6613(02)01949-6
http://doi.org/10.1006/ceps.1994.1033
http://doi.org/10.1007/s11858-009-0203-7
http://doi.org/10.1037/0096-3445.116.3.250
http://doi.org/10.3390/jintelligence8020019
http://www.ncbi.nlm.nih.gov/pubmed/32357452
http://doi.org/10.1006/ceps.2001.1091
http://doi.org/10.1017/S0140525X00003435
http://doi.org/10.1037/0022-0663.90.3.492
http://doi.org/10.1023/A:1003096215103
http://doi.org/10.3390/jintelligence9040058

J. Intell. 2022, 10, 53 18 of 18

Sternberg, Robert J., Vlad Glaveanu, Sareh Karami, James C. Kaufman, Shane N. Phillipson, and David D. Preiss. 2021. Meta-
intelligence: Understanding, control, and interactivity between creative, analytical, practical, and wisdom-based approaches in
problem solving. Journal of Intelligence 9: 19. [CrossRef]

Sun, Qiyu, Lawrence Jun Zhang, and Susan Carter. 2021. Investigating students” metacognitive experiences: Insights from the
English as a Foreign Language Learners” Writing Metacognitive Experiences Questionnaire (EFLLWMEQ). Frontiers in Psychology
12: 744842, [CrossRef]

Tanczikné Varga, Szilvia, Attila Pasztor, and Janos Steklacs. 2020. An online instrument assessing the relationship between morpho-
logical structure awareness and reading comprehension in Hungarian 2—4 graders. Elementary Education Online 19: 2322-34.
[CrossRef]

Tanner, Kimberly D. 2012. Promoting student metacognition. CBE—Life Sciences Education 11: 113-20. [CrossRef] [PubMed]

Thompson, Valerie A. 2009. Dual-process theories: A metacognitive perspective. In Two Minds: Dual Processes and Beyond. Edited by
Jonathan Evans and Keith Frankish. Oxford: Oxford University Press, pp. 171-95. [CrossRef]

Threlfall, John. 1998. Are mental calculation strategies really strategies? Proceedings of the British Society for Research into Learning
Mathematics 18: 71-76.

Timmermans, Bert, Leonhard Schilbach, Antoine Pasquali, and Axel Cleeremans. 2012. Higher order thoughts in action: Consciousness
as an unconscious re-description process. Philosophical Transactions of the Royal Society B: Biological Sciences 367: 1412-23. [CrossRef]

Traff, Ulf. 2013. The contribution of general cognitive abilities and number abilities to different aspects of mathematics in children.
Journal of Experimental Child Psychology 116: 139-56. [CrossRef]

Van der Stel, Manita, Marcel V. J. Veenman, Kim Deelen, and Janine Haenen. 2010. The increasing role of metacognitive skills in math:
A cross-sectional study from a developmental perspective. ZDM 42: 219-29. [CrossRef]

van der Stel, Manita, and Marcel V. ]J. Veenman. 2014. Metacognitive skills and intellectual ability of young adolescents: A longitudinal
study from a developmental perspective. European Journal of Psychology of Education 29: 117-37. [CrossRef]

Veenman, Marcel V. J. 2011. Alternative assessment of strategy use with self-report instruments: A discussion. Metacognition and
Learning 6: 205-11. [CrossRef]

Veenman, Marcel V.., Bernadette H. A. M. Van Hout-Wolters, and Peter Afflerbach. 2006. Metacognition and learning: Conceptual
and methodological considerations. Metacognition and Learning 1: 3-14. [CrossRef]

Veenman, Marcel V. ], Jan J. Elshout, and Joost Meijer. 1997. The generality vs domain-specificity of metacognitive skills in novice
learning across domains. Learning and Instruction 7: 187-209. [CrossRef]

Veenman, Marcel V. J., Laura Bavelaar, Levina De Wolf, and Marieke G. P. Van Haaren. 2014. The on-line assessment of metacognitive
kills in a computerized learning environment. Learning and Individual Differences 29: 123-30. [CrossRef]

Veenman, Marcel V. J., Pascal Wilhelm, and Jos J. Beishuizen. 2004. The Relation between intellectual and metacognitive skills from a
developmental perspective. Learning and Instruction 14: 89-109. [CrossRef]

Veenman, Marcel, and Jan J. Elshout. 1999. Changes in the relation between cognitive and metacognitive skills during the acquisition
of expertise. European Journal of Psychology of Education 14: 509-23. [CrossRef]

Verschaffel, Lieven, Koen Luwel, Joke Torbeyns, and Wim Van Dooren. 2007. Developing adaptive expertise: A feasible and valuable
goal for (elementary) mathematics education? Ciencias Psicoldgicas 1: 27-35.

Verschaffel, Lieven, Koen Luwel, Joke Torbeyns, and Wim Van Dooren. 2009. Conceptualizing, investigating, and enhancing adaptive
expertise in elementary mathematics education. European Journal of Psychology of Education 24: 335-59. [CrossRef]

Verschaffel, Lieven, Wim Van Dooren, Brian Greer, and Swapna Mukhopadhyay. 2010. Reconceptualising word problems as exercises
in mathematical modelling. Journal Fiir Mathematik-Didaktik 31: 9-29. [CrossRef]

Wagoner, Shirley A. 1983. Comprehension monitoring: What it is and what we know about it. Reading Research Quarterly 18: 328-46.
[CrossRef]

Walczyk, Jeffrey J. 1995. Testing a compensatory-encoding model. Reading Research Quarterly 30: 396—408. [CrossRef]

Webel, Corey, and Samuel Otten. 2015. Teaching in a world with PhotoMath. The Mathematics Teacher 109: 368-73. [CrossRef]

Zamarian, Laura, Christoph Scherfler, Christian Kremser, Marie-Theres Pertl, Elke Gizewski, Thomas Benke, and Margarete Delazer.
2018. Arithmetic learning in advanced age. PLoS ONE 13: e0193529. [CrossRef]

Zarnhofer, Sabrina, Verena Clemens, Franz Ebner, Karl Koschutnig, Christa Neuper, Manuel Ninaus, Gernot Reishofer, and Anja
Ischebeck. 2013. Individual differences in solving arithmetic word problems. Behavioral and Brain Functions 9: 1-10. [CrossRef]
[PubMed]

Zhang, Weiwei, Donglan Zhang, and Lawrence Jun Zhang. 2021. Metacognitive instruction for sustainable learning: Learners’
perceptions of task difficulty and use of metacognitive strategies in completing integrated speaking tasks. Sustainability 13: 6275.
[CrossRef]

Zimmerman, Corinne. 2007. The development of scientific thinking skills in elementary and middle school. Developmental Review
27:172-223. [CrossRef]

Zohar, Anat, and Adi Ben David. 2009. Paving a clear path in a thick forest: A conceptual analysis of a metacognitive component.
Metacognition and Learning 4: 177-95. [CrossRef]

Zur, Osnat, and Rochel Gelman. 2004. Young children can add and subtract by predicting and checking. Early Childhood Research
Quarterly 19: 121-37. [CrossRef]


http://doi.org/10.3390/jintelligence9020019
http://doi.org/10.3389/fpsyg.2021.744842
http://doi.org/10.17051/ilkonline.2020.764232
http://doi.org/10.1187/cbe.12-03-0033
http://www.ncbi.nlm.nih.gov/pubmed/22665584
http://doi.org/10.1093/acprof:oso/9780199230167.003.0008
http://doi.org/10.1098/rstb.2011.0421
http://doi.org/10.1016/j.jecp.2013.04.007
http://doi.org/10.1007/s11858-009-0224-2
http://doi.org/10.1007/s10212-013-0190-5
http://doi.org/10.1007/s11409-011-9080-x
http://doi.org/10.1007/s11409-006-6893-0
http://doi.org/10.1016/S0959-4752(96)00025-4
http://doi.org/10.1016/j.lindif.2013.01.003
http://doi.org/10.1016/j.learninstruc.2003.10.004
http://doi.org/10.1007/BF03172976
http://doi.org/10.1007/BF03174765
http://doi.org/10.1007/s13138-010-0007-x
http://doi.org/10.2307/747392
http://doi.org/10.2307/747623
http://doi.org/10.5951/mathteacher.109.5.0368
http://doi.org/10.1371/journal.pone.0193529
http://doi.org/10.1186/1744-9081-9-28
http://www.ncbi.nlm.nih.gov/pubmed/23883107
http://doi.org/10.3390/su13116275
http://doi.org/10.1016/j.dr.2006.12.001
http://doi.org/10.1007/s11409-009-9044-6
http://doi.org/10.1016/j.ecresq.2004.01.003

	Introduction 
	Theoretical Advancements and Empirical Results from the Last Decades 
	Classical Taxonomies of Metacognition and the Nelson-Narens-Model 
	System 1 and System 2 
	More than Two Systems in Human Cognition 

	Two Educationally Relevant Dilemmas Concerning the Metacognitive and Non-Metacognitive Processes of Arithmetic Performance 
	The Balance between Metacognitive and Non-Metacognitive Processes of Arithmetic Performance 
	Difference between Actual and Potential Metacognitive Processes of Arithmetic Performance 

	Educationally Relevant Answers in the Field of Arithmetic Performance 
	(At Least) Three Levels of Components in Arithmetic Performance 
	Transition between Phases of Arithmetic Performance 

	Corollaries 
	Observing and Measuring Metacognition in Arithmetic Performance 
	Implications for Teaching and Learning 
	Curriculum 
	Teaching and Learning 


	References

