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Abstract
Acceleration of electrons in laser-driven plasma wakeelds has been extended up to the 10 GeV
energy within a distance of 10s of centimeters. However, in applications, requiring small energy
spread within the electron bunch, only a small portion of the bunch can be used and often the
low-energy electrons represent undesired background in the spectrum. We present a compact and
tunable scheme providing clean and mono-energetic electron bunches with less than one percent
energy spread and with central energy on the GeV level. It is a two-step process consisting of
ionization injection with attosecond pulses and acceleration in a capillary plasma wave-guide.
Semi-analytical theory and particle-in-cell simulations are used to accurately model the injection
and acceleration steps.

1. Introduction

Recent advances in particle accelerators using some state-of-the art laser-plasma acceleration techniques has
proven that such technologies are capable of generating high-energy electron bunches in the GeV
(giga-electronvolt) energy range [1–6] in a table-top environment using high power lasers [7, 8]. The
mechanism allowing such acceleration technique is called laser wakeeld acceleration naturally present in
underdense gaseous plasma medium, where the electron plasma frequency is much lower than the laser
frequency [9, 10]. The electron’s high energy itself is often demanded, but in several advanced applications
also the electron beam quality has to meet strict requirements. Such key parameters are the transverse
emittance and energy spread within the bunch, which have to be as low as possible for a successful
transportation of the electron bunch through magnetic devices, especially in the case of coherent x-ray
radiation emission.

The rst crucial step in achieving quasi mono-energetic electron beams is the electron injection
mechanism, because the nal beam energy spread is strongly related to the initial one during the injection
process into the wakeeld. In the last two decades several injection mechanisms have been proposed and
experimentally realized [11–17]. For low charge, but well-controlled injection, the ionization injection is
used recently [18, 19], which can provide very small energy spread in a two-color laser scheme, which
requires two laser pulses with different frequencies [20–22]. A signicant reduction of the energy spread
was achieved by using nano-droplets [23, 24]. Very short electron bunches can be injected if a sharp
transition is introduced in the density distribution of the background gas by different means [25–27], or by
triggering the plasma wavebreaking via tight focusing of the laser pulse [28, 29]. Signicant effort has been
put into the electron-beam-driven wakeeld acceleration [30–33], where the phase velocity of the plasma
wave is basically constant during the acceleration. This is a great advantage of highly relativistic electron
beams in contrast to the laser pulses, where the problem of dephasing always arises.
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Figure 1. Proposed experimental setup.

In this work we propose a new method to generate GeV electron bunches with less than 1% energy
spread using a two-color injection scheme in a capillary discharge plasma waveguide, which allows the
guidance of a laser pulse with an average power of the order of 100 TW and with total energy of several
Joules. The very small energy spread is provided by the ionization injection induced by intense attosecond
pulses focused at the right position behind the driving pulse to a focal spot smaller than 1 μm [21]. A
Peta-Watt laser pulse, with 20 J total energy, is split into two parts (see Figure 1): the rst one is used to
generate a train of intense attosecond pulses (atto-pulses) via surface high harmonic generation (SHHG)
and the second is used to drive the wakeeld acceleration. The rst pulse will generate high harmonics via
the relativistic oscillating mirror mechanism [34] and the low frequency components (below the 3rd
harmonic) will be ltered out. The remaining pulses have a central wavelength of 114 nm (7th harmonic)
and they are focused to a 0.3 micron spot size near the entrance of a 15 mm long capillary waveguide. The
gas is a mixture of any gas with low ionization potential with ∼1–10% Neon. After applying the discharge
current in the capillary plasma a parabolic density prole will evolve with an electron density of
n0 = 6 × 1017 cm−3 on axis [35, 36].

The atto-pulses have to ionize Ne9+ and Ne10+, therefore their intensity at focus should be larger than
Ith = 2 × 1019 W cm−2. The intensity of the generating laser pulse is above 1021 W cm−2, which should be
sufcient to achieve the desired intensity of the atto-pulses, since the conversion efciency for these
harmonics is well above 1 percent [37–39]. The second laser pulse has a peak intensity slightly smaller than
Ith, i.e. below the ionization threshold of Ne9+. The electron bunch will be injected at the beginning of the
interaction and, in proper conditions, its energy spread remains below 10 MeV after 1 cm distance.

2. Ionization of neon with attosecond pulse train

The low level ionization states (from 1 to 8) of neon are produced by the driving pulse, which propagates in
front of the atto-pulse train with an optimum temporal separation, to be dened later. It is important to
note that the duration of each pulse is 300 as, which is much longer than the atomic time scale for
ionization of inner shell electrons [40]: ~/Ui ≈ 0.5 as, where ~ is the Planck’s constant and Ui ∼ 1 keV is
the ionization potential. The Keldysh parameter [41] in our case is smaller than unity: γk=


Ui/2Up ∼ 0.1,

where Up = e2E2
L/(4meω

2
L) is the ponderomotive potential. Therefore the tunneling, or barrier suppression,

ionization is the main mechanism responsible for the electron injection [42], which is implemented in the
code used for our simulations, EPOCH [43].

The focused attosecond pulses are simulated in 2D geometry propagating in a uniform density plasma
which contains Neon ions. The intensity of the pulses and the generated electrons are shown in
gures 2(a)–(c). The peak intensity of the pulses is Ia = 8 × 1019 W cm−2. One can see that ionization
occurs only within the Rayleigh length of the pulses, which is lR ≈ 3 μm. The number of electrons released
from ionization in gure 2 is around 30 000, which means about 0.005 pC for 1% density ratio of neon. We
note here that the focal spot diameter of the attopulses in gure 2 is only 0.6 μm. The number of injected
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Figure 2. Color scale shows the intensity distribution of the pulse train, while the red dots corresponds to electrons released
from Ne9+ and Ne10+ .

Figure 3. Parameters of the electron bunch right after the ionization as a function of number of attopulses. The emittance is
multiplied by 1000 and the number of electrons is divided by 1000 in order to show these curves in one frame.

electrons can be easily controlled by changing the focal spot diameter of the pulses or by changing the
relative density of neon. The total energy in the attopulse train, with 1% SHHG efciency, is more than
100 mJ, which means about 30 mJ per attopulse. With 10% harmonic transport efciency this results in
(3 mJ)/(300 as) ≈ 10 TW peak power and a focal spot diameter of 3 μm is sufcient to reach intensity close
to 1020 W cm−2. In principle, with 10 % Neon concentration and efcient SHHG, close to 1 pC injected
charge can be achieved. The larger spot size will result in larger transverse emittance, but the energy spread
will be the same.

The parameters of the injected electron bunch are shown in gure 3, which presents the extremely small

momentum spread and transverse emittance, which are calculated as: σen =

γ̄2 − γ̄2mec2 and

y =
√

(ȳ2 − ȳ2)(p̄2
y − p̄y

2) − ( ¯ypy − ȳp̄y)2/(mec), where the upper bar represents the averaging. It can be

seen that the optimum number of pulses is 3 or 4, since at these points in gure 3 an acceptable number
electrons get injected while the energy spread is still low. It is important to note that higher number
attopulses will increase the energy spread even more, because each attopulse acquires the maximum
intensity at different times. Therefore the temporal difference between the rstly injected electrons (by the
rst attopulse) and lastly injected electrons depends linearly on the number of pulses, which also results in a
linear increase of energy difference.

3. Optimal injection and maximum energy gain

Due to the large differences in the wavelengths of injecting and driving pulses the simulation is divided into
two steps. First, the ionization injection is modeled with 2 nm mesh resolution (grid size), then these
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Figure 4. (a) Longitudinal electric eld prole in the case of a normalized laser eld amplitude of a = 3. The electric eld is
normalized to E0 = mecωp/e. (b) Result of the 2D simulation, where the attopulses (shown by blue ellipse) are focused at
x = 100 μm and are delayed by 85 fs with respect to the peak of the driving pulse. The blue curve represents the longitudinal
eld prole, while the purple dots are the injected electrons.

Figure 5. Final position of electrons (full lines) in the ion cavity as a function of focus position of the attopulses for different
laser intensities: a = 1.5 (blue), a = 2 (orange), a = 2.8 (green). The dashed lines indicate the position of the peak accelerating
eld, where its gradient is zero, for the same a values.

electrons are loaded into a larger domain with lower resolution (10 times longer grid size) where the
acceleration stage is simulated. The short injection length allows for a very localized injection, therefore the
duration of the electron bunches in the wakeeld will be also very short. It is worth to note that the
ponderomotive potential is on the order of 100 keV, which denes the energy spread in the bunch. The
simulation also conrmed this, because right after ionization the maximum energy of electrons is below
1 MeV.

In order to nd the optimal position of ionization, or the optimal delay between the driving pulse and
attopulse, the electric eld prole is modeled in a simplied way. It is well-known that the longitudinal eld
exhibits positive and negative slopes in separate portions of the ion cavity which gives rise to the spatial
energy chirp. The nal position of electrons in the moving ion cavity should be between these two region,
where the electric eld gradient is nearly zero. Our analytical treatment we begin with the self-consistent
Poisson equation derived in [44]:

k−2
p

ϕ2φ

ϕξ2
=

1 + a2/2

2(1 + φ2)
− 1

2
, (1)

where kp = (c/ωp)−1 with ωp =


e2ne/me0 being the electron plasma frequency and ξ = x − vpt with
vp ≈ c being the phase velocity of the plasma wave. Further normalization have been applied to the
potential, φ = eϕ/mec2, and to the laser electric eld, a = eEL/(meωLc). The solution of equation (1) is
shown in gure 4(a), where we see that the electrons should be accelerated near the lowest eld value, which
is near ξ = −1.5λp for a normalized vector potential of a = 3. In the case of dephasing the positive gradient
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of the electric eld generates an energy chirp in the bunch and the negative gradient can be used to
compensate for the chirp developed during acceleration [17]. In our simulation the group velocity of the
laser pulse is very close to the speed of light and the relative shift of the electron bunch should be less than 2
microns after 50 ps with respect to its initial position in the wakeeld.

In gure 4(b) the result of a simulation with optimal attopulse delay is presented. The plasma density is
ne = 6 × 1017 cm−3, the pulse duration is tL = 50 fs and the normalized laser eld amplitude is a = 2.8.
One can see that the energy spread of electrons is very low and that they are located near the zero-gradient
electric eld, which is the key for preserving the quasi-monoenergetic feature of the bunch. Using the
one-dimensional relativistic equation of motion the velocity of released electrons evolves as:

ve

c
=

(
1 +

1

G2(τ 2/2 + τξ0kp)2

)−1/2

(2)

where τ = ωpt, ξ0 is the position where the ionization takes place and the positive slope of the electric eld
is dened as G = [0/(en0)](dEx/dx)+ and its value is calculated according to equation (1), as in
gure 4(a). The position of the attopulse focus (ξ0) is measured from the center of the ion cavity
(ξc), i.e. from the point where Ex = 0. In order to nd their nal position (ξf ) it is sufcient to solve
kpdξ/dτ = ve/c − 1, which has an asymptotic solution at τ  2π. The nal positions of the ionized
electrons are shown in gure 5 in comparison with the maximum eld position, which both depend on a.

The theoretical curves presented in gure 5 give us a hint about the optimal delay between the driving
pulse and attopulses. In principle the optimal ξ0 is found where the full and dashed lines (with the same
color) cross each other. In the case of a weak driving pulse (blue lines in gure 5) it is not possible to inject
electrons at the right position, only for ξ0 > 0 where the eld of the driving pulse would increase
dramatically the energy spread. With slightly higher laser intensity we nd crossing points, which
means that optimal injection is possible. The delay in the simulation presented in gure 4(b) was
ξ0 = −16 μm ≈ −0.4λp, which corresponds to the crossing of the green lines in gure 5.

4. Long distance propagation in a guiding plasma channel

Laser pulses can propagate over many Rayleigh lengths, without signicant change in their focal spot radius,
in a plasma channel with parabolic density prole if the matched laser spot size is used [45–47]. The upper
limit of the efcient acceleration is dened by the dephasing length Ldp ≈ (ncr/n0)3/2λL

√
a0, where

ncr = me0ω
2
0/e2 is the critical density and for our parameters it is Ldp ≈ 10 cm. Another limiting factor is

the energy depletion length Ld = ctL(ncr/n0), which is more than 20 cm in our case. For our proof of
principle simulations we chose the following density prole for the channel: ne = n0(1 + (y − y0)2/r2

ch),
where rch = 19 μm is the characteristic channel radius. The laser focal spot size at the entrance of the
channel has to be matched to the density prole, which is done routinely in the case of low intensity pulses.
In our case the relativistic effects have to be also taken into account, thus the evolution of the focal spot
radius is governed by the following equation [46]:

∂2ρ

∂x2
=

4

k2
0ρ

3

(
1 − a2

0

32
k2

pr2
s −

Δn0

Δnc
ρ4

)
, (3)

where ρ = rs/w0 is the spot radius normalized to the initial waist size (w0), k0 is the laser wave number,
Δn0 = ne(w0) − n0 = (w0/rc)2n0 and Δnc = 1/(πrew

2
0) with re = 2.818 × 10−15 m. In this equation we

neglected the density perturbation generated at the front of the laser pulse, since for our laser parameters it
is much smaller than Δnc. The laser propagation is stable, and the laser spot size does not oscillate, if the
right-hand side of equation (3) is zero and ρ = 1. This leads to a quadratic equation, where rM = w0 is the
variable, and its solution gives the expression for the matched spot size:

r2
M =

r2
ch

n0πre

[(
a4

0k4
p/84 +

n0πre

r2
ch

)1/2

− (a0/8)2k2
p

]
. (4)

This expression includes the laser intensity as a parameter and for a0 → 0 we obtain the well-known
expression for matched spot size r4

M = r2
ch/(Δnchπre), where the channel density depth is Δnch = n0 in our

case. We have tested the acceleration process for the non-relativistic matched spot size, rM = 16.1 μm and
for two values including the laser eld amplitude, given by equation (4): rM = 11.7 μm and rM = 10.8 μm
in the case of a0 = 2.8 and a0 = 3.1, respectively. Several snapshots of the longitudinal electric eld along
the laser propagation axis are presented in gure 6. One can see that perfect guiding in none of the cases is
achieved, since the accelerating eld changes due to the change in the laser spot size. However, the
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Figure 6. Longitudinal electric eld prole along the axis of symmetry of the wakeeld at different time instances (a), (b), (c) for
all three laser spot sizes mentioned in the text. The vertical dashed line in (a) indicates the position of the center of the electron
bunch. In (d) the snapshot of the energy spectra at t = 25 ps are shown from the presented simulations.

Figure 7. (a) Energy spectra of the injected electrons at a later time of the acceleration and (b) the corresponding transverse
phase-space distribution, where the normalized emittance and energy spread are calculated in the same way as in gure 3.

acceleration is improved when the relativistic spot size is used and the best beam quality is obtained for
a0 = 3.1 (see yellow line gure 6(d)), which is slightly larger than the actual value at the beginning of the
simulation a0 = 2.8.

Although the eld oscillates in gure 6(a), the electron energy spread still remains very low. This can be
explained by the fact that the electron bunch spends equal time in the negative and positive slope of the
eld prole, thus on average the energy spread does not increase signicantly. At 5 ps the eld gradient is
zero at the location of the dashed line in gure 6(a), but it becomes positive at 15 ps (red line) and negative
at 25 ps (green line). It means that, even if the electric eld is not static over time, there exist an optimal
oscillation which results in the cancellation of the negative effects of the eld gradients. Probably this
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phenomenon took place in the case of Ref. [23], where similar mono-energetic electron bunch was observed
in a similar 2D simulation, but a detailed explanation was not given. A more elaborated study of the
wakeeld oscillation in the case of intense laser pulses is beyond the scope of this paper and it remains the
subject of a future work. A rigorous investigation in the weakly relativistic regime can be found in reference
[47].

The energy spectra and transverse phase-space of electrons at t = 45 ps is shown in gure 7(a), which
proves that electron bunches with less than 1% energy spread can be generated at the GeV energy level.
Both, the initial energy spread and emittance increase during the propagation in the channel by a factor of
40 and 100, respectively. The transverse phase-space distribution, shown in gure 7(b), is very similar for
both electron bunches. The geometric emittance (y/γ) is below 10−3 mm mrad.

5. Conclusions

Proof of principle simulations have been presented for the acceleration of extremely conned (in energy
and space) electron bunches at the GeV energy level. The method presented in this work unies two very
distinct areas of laser-plasma physics: the laser-solid interaction, which is responsible for ultra-short
coherent radiation emission, and the laser propagation in under-dense plasma, which provides the
accelerating structure in a capillary plasma channel. Utilizing the very small ponderomotive potential in the
sub-femtosecond pulses electrons with very low energy spread (∼100 keV) can be injected into the
wakeeld driven by a moderate power (below 100 TW) laser pulse. The rst key requirement for avoiding
the development of energy chirp is the precise timing between the high-harmonic pulses and the driving
laser pulse. The second, and more important, component of a successful setup is a matched laser spot size
which enters the plasma channel and undergoes very weak radial oscillations. Finding the best laser spot
size is challenging due to the effect of relativistic self-focusing, but we have shown that an optimal spot
radius, and thus a minimal oscillation of the wakeeld, exist which ensures the low energy spread of
electrons during the acceleration. The proposed scheme could be tested in experiments with PW lasers
available at different research facilities and could provide a new route toward reproducible generation of
ultra-compact GeV electron bunches.
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