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1. Introduction

In our previous article [7], we showed that a consistent connective system generated by nilpotent operators is not
necessarily isomorphic to Lukasiewicz-system. Using more than one generator function, consistent nilpotent connective
systems can be obtained in a significantly different way with three naturally derived negations. As the class of non-strict
t-norms has preferable properties that make them useful in constructing logical structures, the advantages of such systems
are obvious [14]. Due to the fact that all continuous Archimedean (i.e. representable) nilpotent t-norms are isomorphic to the
Lukasiewicz t-norm [11], the previously studied nilpotent systems were all isomorphic to the well-known Lukasiewicz-logic.
Those consistent connective systems which are not isomorphic to tukasiewicz logic are called bounded systems [7].

Fuzzy implications are definitely among the most important operations in fuzzy logic [2,17]. Firstly, other basic logical
connectives of the binary logic can be obtained from the classical implication. Secondly, the implication operator plays a cru-
cial role in the inference mechanisms of any logic, like modus ponens, modus tollens, hypothetical syllogism in classical
logic. Fuzzy implications all generalize the classical implication with the two possible crisp values from 0, 1, to the fuzzy con-
cept with truth values from the unit interval [0,1] [26]. In classical logic the implication can be defined in several ways. The
most well-known implications are the usual material implication from the Kleene algebra, the implication obtained as the
residuum of the conjunction in Heyting algebra (also called pseudo-Boolean algebra) in the intuitionistic logic framework
and the implication in the setting of quantum logic. While all these differently defined implications have identical truth
tables in the classical case, the natural generalizations of the above definitions in the fuzzy logic framework are not identical.
This fact has led to some throughout research on fuzzy implications [1,3-5,12,18,20,21,24,25].
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Based on the results of [7], now we focus on residual and S-implication operators [3] in bounded systems. The paper is
organized as follows. After some preliminaries in Section 2, we examine the residual implication in Section 3 and
S-implications with special attention to the ordering property in Section 4. In Section 6 we show that in a bounded system,
the minimum and maximum operators can also be expressed in terms of the conjunction, the implication and the negation.
Finally in Section 5 we show that in a bounded system the implications examined in this paper can never coincide. The
formulae and the properties of implications are summarized in Section 7.

2. Preliminaries
2.1. t-Norms and conorms

Now we state the basic notations and results for t-norms and t-conorms [13]. A triangular norm (t-norm for short) T is a binary
operation on the closed unit interval [0, 1] such that (0, 1], T) is an abelian semigroup with neutral element 1 that is totally ordered;
ie, forall x;,x,,y,,y, € [0, 1] with x; < x; and y; <y, we have T(x,y;) < T(x2,y,), where < is the natural order on [0, 1].

A triangular conorm (t-conorm for short) S is a binary operation on the closed unit interval [0, 1] such that ([0, 1],S) is an
abelian semigroup with a neutral element 0 that is totally ordered.

A continuous t-norm T is said to be Archimedean if T(x, x) < x holds for all x € (0, 1). A continuous Archimedean T is called
strict if T is strictly monotone; i.e. T(x,y) < T(x,z) whenever x € (0,1] and y < z, and nilpotent if there exist x,y € (0,1) such
that T(x,y) = 0.

From the duality between t-norms and t-conorms, we can easily derive the following properties. A continuous t-conorm S
is said to be Archimedean if S(x,x) > x holds for every x,y € (0,1). A continuous Archimedean S is called strict if S is strictly
monotone; i.e. S(x,y) < S(x,z) whenever x € [0,1) and y < z, and nilpotent if there exist x,y € (0,1) such that S(x,y) = 1.

The following well-known results provide important single variable representations for t-norms and t-conorms.

Proposition 1 ([15,18]). A function T :[0,1]* — [0,1] is a continuous Archimedean t-norm iff it has a continuous additive
generator; i.e. there exists a continuous strictly decreasing function t : [0, 1] — [0, oo] with t(1) = O, which is uniquely determined
up to a positive multiplicative constant, such that

T(x,y) = t"'(min(t(x) + £(y), £(0))), xy € [0,1]. (1)

Proposition 2 ([15,18]). A function S : [0,1]* — [0, 1] is a continuous Archimedean t-conorm iff it has a continuous additive gen-
erator; i.e. there exists a continuous strictly increasing function s : [0,1] — [0, oo] with s(0) = 0, which is uniquely determined up to
a positive multiplicative constant, such that

S(x,y) = s~ (min(s(x) +s(¥),5(1))), %,y €[0,1]. (2)
Proposition 3. [11]

A t-norm T is strict if and only if t(0) = oo holds for each continuous additive generator t of T.

A t-norm T is nilpotent if and only if t(0) < oo holds for each continuous additive generator t of T.
A t-conorm S is strict if and only if s(1) = oo holds for each continuous additive generator s of S.

A t-conorm S is nilpotent if and only if s(1) < oo holds for each continuous additive generator s of S.

Proposition 4 [11]. Let T be a continuous Archimedean t-norm.

If T is strict, then it is isomorphic to the product t-norm Tp , i.e., there exists an automorphism ¢ of the unit interval such that

Ty = (T(d(x), (1)) = Tp.

If T is nilpotent, then it is isomorphic to the Lukasiewicz t-norm Ty, i.e., there exists an automorphism of the unit interval ¢ such
that Ty = ¢~ (T((x), $())) = Ti.

From the definitions of t-norms and t-conorms it follows immediately that t-norms are conjunctive (i.e.
T(x,y) < min(x,y)), while t-conorms are disjunctive (i.e. S(x,y) > max(x,y)) aggregation functions. This is why they are
widely used as conjunctions and disjunctions in multivalued logical structures.

The use of the so-called cutting function makes the formulae simpler.

Definition 1 (/7,19]). Let us define the cutting operation [ ] by
0 if x<0O

X=<x if 0<x<1
1 if 1<x

and let the notation [ ] also act as ‘brackets’ when writing the argument of an operator, so that we can write f[x] instead of

f(D)-
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2.2. Negations

Definition 2 [2], pp. 13. A unary operation n: [0,1] — [0, 1] is called a negation if it is non-increasing and compatible with
classical logic; i.e. n(0) = 1 and n(1) = 0.

A negation is strict if it is also strictly decreasing and continuous.

A negation is strong, if it is also involutive; i.e. n(n(x)) = x for vVx € R.

The well-known representation theorem for strong negations was obtained by Trillas.

Proposition 5 [23]. n is a strong negation if and only if

n(x) = f(x) " (1 - fulx)),

where f, : [0,1] — [0, 1] is an automorphism of [0, 1].

Remark 1. This result also means that n(x) is a strict negation if and only if

n(x) = f,' (' (fa(x))) 3)

where f, : [0; 1] — [0; 1], called the generator function of n, is a strictly monotone, continuous function with f,(0) = 0 and
fa(1) =1 and n’ is a strong negation.

Proposition 6. In Proposition 5 (Trillas) the generator function can also be decreasing.
Proof. Proof can be found in [7], Proposition 7. O

2.3. Implication operators

A mapping i:[0,1> — [0,1] is called an implication operator if and only if it satisfies the boundary conditions
i(0,0) =i(0,1) =i(1,1) =1 and i(1,0) = 0.

The above conditions are the minimum requirements for an implication operator. Other potentially interesting properties
of implication operators are listed in [2,6,8,20,22,24]. All fuzzy implications can be obtained by generalizing the implication
operator of classical logic. In this sense, Fodor and Roubens [10] established the following definition.

Definition 3. A fuzzy implication is a function i : [0,1]* — [0, 1] that satisfies the following properties:
1. The first place antitonicity:

for all x1,x,,y €10,1] (if X1 < x; then i(x1,y) > i(x2,y)). (FA)
2. The second place isotonicity:

for all x,y,,y, € [0,1] (if y; <y, then i(x,y;) <i(x,y,)). (SI)
3. The dominance of falsity of antecedent:

i(0,y) =1 for all y € [0, 1]. (DF)
4. The dominance of truth of consequent:

i(x,1)=1 for all x € [0,1]. (DT)
5. The boundary condition:

i(1,00=0 and i(1,1)=1. (BC)

Other important but usually not required properties of fuzzy implications are defined below [2].

Definition 4. A fuzzy implication i satisfies

1. The left neutrality property (the neutrality of truth), if
i(l,y)=yforally € [0,1]. (NP)
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2. The exchange principle, if

i(x,i(y,2)) = i(y,i(x,z)) for all x,y,z € [0,1]. (EP)
3. The identity principle, if

i(x,x) =1 for all x € [0,1]. (IP)
4, The strong negation principle, if the mapping n* defined as

n*(x) = i(x,0) for all x € [0, 1] (SN)

is a strong negation.

5. The law of contraposition (or in other words,the contrapositive symmetry) with respect to a strong negation n, if

i(x,y) =i(n"(y),n"(x)) for all x,y € [0,1]. (CP)
6. The ordering property, if

i(x,y)=1 if and only if x <y forall x,y € [0,1]. (OP)

Remark 2. The negation operator n* is also called the natural negation of the implication i (see [2]).
A detailed study of possible relations between all these properties can be found in [2,6,21]. Notice that other properties
can also be found in the literature. In particular, i(x,n*(x)) = n*(x) for all x € [0, 1], where n* is a strong negation (see [17]).
Three well-established classes of implication operators are (S,N)-, QL- and R-implications.

Definition 5 [2], pp. 57. A function i: [0,1]* — [0,1] is called an S-implication, if there exists a t-conorm S and a strong
negation n* such that

is(X,y) = S(n*(x)"Y)v xv.y € [01]

Definition 6 [2], pp. 90. A function i : [0,1]* — [0, 1] is called a QL-operation, if there exists a t-conorm S, a t-norm T and a
strong negation n* such that

iQ(va) = S(n*(x)7T(x7y))7x,y € [07 ”

In general, QL-operations violate property (FA). The conditions under which (FA) is satisfied can be found in [9]. When a
QL-operation is a fuzzy implication, then it is called a QL-implication.

Definition 7 [2], pp. 68. A function i : [0,1]> — [0, 1] is called an R-implication, if there exists a t-norm T such that

ir(x,y) =sup{z € [0,1] | T(x,z) < y}.

In the case where the given t-norm is left-continuous, we will refer to the R-implication defined above as a residual impli-
cation [2,12,14]. Note that in this case we have T(x,y) = inf,(z € [0,1],| i(x,z) > y). It is easy to see that both S-implications
and R-implications satisfy properties FA, SI, DF, DT, BC, regardless of the t-norm T, the t-conorm S and the strong negation n*
types. Hence, they are implications in the Fodor and Roubens sense. Different characterizations of S-implications, QL-impli-
cations and R-implications can be found in the literature (for details, see [3,10,24]). It is worth mentioning here that new
characterizations of R and S-implications can also be found in [25].

2.4. Bounded systems

To construct a logical system, we need to define the logical operators. As in [ 7], we consider connective systems where the
conjunction and the disjunction are special types of t-norms and t-conorms, respectively.

Definition 8. The triple (c,d, n), where cis a t-norm, d is a t-conorm and n is a strong negation, is called a connective system.

Definition 9. A connective system is nilpotent, if the conjunction c is a nilpotent t-norm, and the disjunction d is a nilpotent
t-conorm.

Definition 10. Two connective systems, (ci,d;,n1) and (c2,d,,n,) are isomorphic, if there exists a monotone bijection
¢ :[0,1] — [0, 1] such that
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¢ (C1(d(x), () = C2(X,Y)
¢ (di((x), p(¥))) = da(x,y)
¢ (M (d(x))) = na(x).

Definition 11. A connective system is called Lukasiewicz system, if it is isomorphic to ([x + y — 1], [x + ¥], 1 — X), i.e. it has the
form

(@' [o(x) + o) — 1,07 [¢(x) + d¥)], ¢ [1 = $(x)]).

Since the generator functions of the nilpotent t-norms and t-conorms are bounded and determined up to a multiplicative
constant (see Proposition 1 and 2), they can be normalized (see [7]). Let us use the following notations for the uniquely
defined normalized generator functions:

£ =% fa®) =%

Using this concept, we have f., fy,f : [0,1] — [0, 1], where f; is the generator function of the negation used in our system.
We will suppose that f, is continuous and strictly decreasing, f; is continuous and strictly increasing and f, is continuous and
strictly monotone.

Definition 12. The negations n. and n; generated by f. and f; respectively,
ne(x) = f1 (1 fe(x))

and
na(x) = f' (1 - fa(x))

are called natural negations.
Next, we recall certain important properties of connective systems and then give the propositions describing the condi-
tions that a logical system must satisfy in order to have the above properties (see [7]).

Definition 13. Classification property means that the law of contradiction holds, i.e.

c(x,n(x))=0 Vxel0,1], 4)
and the excluded middle principle holds as well, i.e.
dix,nx)) =1 Vxe]0,1]. (5)

Definition 14. The De Morgan identity means that

c(n(x),n(y)) = n(d(x.y)) (6)
or

d(n(x),n(y)) = n(c(x,y)) vxy €0,1]. (7)

Remark 3. These two forms of the De Morgan law are equivalent, if the negation is involutive. The first De Morgan law holds
with a strict negation n if and only if the second holds with n-! (see page 18 in [10]).

Definition 15. A connective system is said to be consistent, if the classification property (Definition 13) and the De Morgan
identity (Definition 14) hold.

Proposition 7 (See also [7] Proposition 10, [10] 1.5.4. and 1.5.5., and [2] 2.3.12. and 2.3.15.). In a connective system the
classification property holds if and only if nq(x) < n(x) < n.(x),where n. and ny are the natural negations.

Proposition 8 (See [7] Proposition 12). If f. is the normalized generator function of a conjunction in a connective system, f; is a
normalized generator function of the disjunction and n is a strong negation, then the following statements are equivalent:

1. The De Morgan law holds in the connective system. That is,
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c(n(x),n(y)) = n(dx.y)) vx.y€0,1]. (8)

2. The normalized generator functions of the conjunction, disjunction and negation operator obey the following equations (which
are obviously equivalent to each other):

= (fax) = 3 (e (), 9)
fe®) =fa(n(x)) or equivalently f,(x) = fc(n(x)). (10)

Proposition 9 (See [7] Proposition 15.).

1. If the connective system (c,d, n) is consistent, then f.(x) + fa(x) > 1 for any x € [0, 1], where f. and f4 are the normalized gen-
erator functions of the conjunction c and the disjunction d respectively.

2. Iffe(x) + fa(x) = 1 for any x € [0, 1] and the De Morgan law holds, then the connective system (c,d, n) satisfies the classification
property as well (which now means that the system is consistent).

The following proposition shows that a consistent nilpotent connective system is isomorphic to Lukasiewicz system if and
only if the negations coincide.

Proposition 10. In a connective system f.(x) + f3(x) = 1 if and only if

ne(x) = ng(x).

Definition 16 (See [7]). A nilpotent connective system is called a bounded system, if

fe(x) +fa(x) > 1 (or equivalently ng(x) < n(x) < n(x))

holds for all x € (0, 1), where f. and f; are the normalized generator functions of the conjunction and disjunction, and n, ny
are the natural negations.

Remark 4. Note that Lukasiewicz system is characterized by n4(x) = n.(x) or equivalently,

Je®) +fa(x) =

Next we examine the implications in bounded systems.
3. R-implications in bounded systems

For implications i in nilpotent connective systems we use the notation i. For the residual implication, we easily get the
following formula (see [2], Theorem 2.5.21.).

Proposition 11. In a nilpotent connective system (c,d, n) the residual implication has the following form.

lR X y f [fc fc

where f. is the generatorfuncnon of ¢, and [] is the cutting operator defined in Definition 1.

Proof. From the definition of residual implication,
ip(x,y) = max{z: c(x,z) <y},

where

=ffe@) +fe@] <y
From this, we have z = f1[f.(y) - fe(x)]. O

Proposition 12. We can also express ir by using the negation operator and the normalized generator function of d.

Proof. From n(x) = f1(f4(x)), we have

fe®) = fa(n(x)) and f'(x) =n"'(f' (%)),
ix(x,y) =0 (f [fa(n(x)) = fa(ny))]). O
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The notation H is introduced below for further applications. A new formula for i is given in (12) by using H.

H(x) =1 - fa(n(x)), (11)
son ' (f;1(x)) = H™'(1 — x). From this we have
ix(x,y) =H '(1-[1=H(x) — (1 -H®)))) =H '"Hy) - Hx) +1]. (12)

Next, we examine the properties given in Definition 4 to see whether they are compatible with the R-implication in a nil-
potent connective system.

Remark 5. Note that the following results regarding the properties of iz correspond with Section 2.5. in [2].

Proposition 13. In a nilpotent connective system, ir satisfies

. the left neutrality property (the neutrality of truth), (NP) i.e. ig(1,y) =y for all y € [0, 1],

. the exchange principle, (EP) i.e. ir(x,ir(V,2)) = ir(y,ir(X,2)) for all x,y,z € [0,1],

. the identity principle, (IP) i.e. igx(x,x) = 1 for all x € [0, 1],

. the strong negation principle, (SN), since ny(x) = ir(x,0) = n.(x) for all x,y € [0,1] is a strong negation,

. the law of contraposition (contrapositive symmetry), (CP) with respect to the strong negation in (SN); ie.
ir(x,y) = ig(nc(y¥), nc(x)) forall x,y € [0,1],

. the ordering principle, (OP) is valid for ir(x,y), i. e. ir(x,y) =1 if and only if x <}y.

b wWwN =

)]

Proof. NP, EP, IP and OP always hold for an R-implication derived from a continuous t-norm (see [2], Theorem 2.5.7.).
CP follows directly from the definition of n..

EP and OP together always imply SN for continuous implications (see [2], Corollary 1.4.19.). O

Remark 6. Note that the law of contraposition (contrapositive symmetry), (CP) with respect to the strong negation n; i.e.
ir(x,y) = ir(n(y),n(x)) for all x,y € [0, 1], never holds in a bounded system (see also Corollary 1.5.12. in [2]).

Proof. We prove that ig(x,y) = ig(n(y),n(x)) holds for all x,y € [0,1] if and only if f.(x) +fs(x) = 1; i.e. the system is a
Lukasiewicz logical system.

If x <y, then n(y) < n(x), and therefore from the ordering property we get that both sides are equal to 1.

If x > y, then the two sides of the equality are equal if and only if f.(y) — fc(x) = fa(X) — fa(¥), i.e. fe(x) + fa (%) = fc V) + fa(¥)
for all x,y € [0, 1], which means that fz(x) + f3(x) is constant.

Since fe(0) +fa(0) =1, fc(x) +fa(x)=1. O

A different form of the residual implication is also given in the following section.
4. S-implications in bounded systems

In a nilpotent connective system (c,d,n) we can define different types of S-implications.

Definition 17.

1. isn (va) = d(n(X)vy)v X,y e [Ou 1]v
2. iSd(va) = d(nd(x)my)a X,y e [07]]'
3. iSc(x7y) = d(nC(X)vy)v X,y € [Ovl]v

where n. and ny are the natural negations of ¢ and d.

Replacing the disjunction in the definitions above by an appropriate composition of negations and the conjunction leads
us to further possible definitions of implications. Since in a bounded system the negations n, n. and ny never coincide, nega-
tions different from n can also be used similarly to the De Morgan identity.

Definition 18. In a nilpotent connective system (c,d, n)

1. i (x,y) = n(c(x,n(y))), xye€l0,1],
2. ig (x,y) = na(c(x,na(y))), %,y €10,1],
3. i;c (%,¥) =nc(c(x,n:(y))), x,yel0,1],
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where 1, and ny are the natural negations of ¢ and d.

Note that from the De Morgan identity it follows immediately that.
l§ (x,¥) = is,(x,y) and as the following proposition shows, i§c is the residual implication.

Proposition 14. In a nilpotent connective system (c,d,n) ig =ffe(y) — fe(®)] = ir(x,y), where f. is the normalized
generator function of c.

Proof.

4.1.

i5.(x,y) = ne(c(x,nc(y)))
= HCU{] [fe(®) +1—fe(y)])
=f 1 = (1= fey) +fe(x))]
=) - fe®)]. O

Properties of is,, is, and is,

First the formulae for the S-implications defined above are given.

Proposition 15. In a nilpotent connective system (c,d, n)

1.
2.
3.

is,(%,y) = fr ' fe ) + fa)),
is,(x,y) = fdl[l —fa®) + fa)),
is.(x,y) = fi ' fa) + fa(ne(x))],

where f. and f; are the normalized generator functions of ¢ and d, respectively.

Proof. All the three formulae are easy to verify. O

Next, the basic properties of the S-implications in a nilpotent connective system are stated. Note that the following results

are consistent with those described in Section 2.5. of [2].

Proposition 16. In a nilpotent connective system, is,, is, and is, satisfy

. the left neutrality property (the neutrality of truth), (NP), i.e. i(1,y) =y for all y € [0,1],

. the exchange principle, (EP), i.e. i(x,i(y,z)) = i(y,i(x,2)) for all x,y,z € [0, 1],

. the identity principle, (IP), i.e. i(x,x) = 1 for all x € [0, 1],

. the strong negation principle, (SN) since is(x,0) for all x,y € [0, 1] is a strong negation,

. the law of contraposition (contrapositive symmetry), (CP) with respect to the strong negation in SN.

Proof.

4.1.

. NP holds for every S-implication (see [2], Proposition 2.4.3.).

. EP holds for every S-implication (see [2], Proposition 2.4.3.).

. IP holds as well, because of the consistency property and the use of nilpotent operators (see [2], Theorem 2.4.17.).
. For SN,

(@) m;(x) =is,(x,0) = d(n(x),
(b) ny(x) = is,(x,0) = d(nq(x),
(c) ni(x) =1is.(x,0) = d(nc(x),

0)=f" [fd (¥)) + 0] = n(x),
0) = fg 'fa(na(x)) + 0] = ny(x),
);0) = fg fa(ne(x)) + 0] = ne(x).

. CPis trivial. O

1. S-implications and the ordering property
First, we define the so-called weak ordering principle for implications. Although the ordering principle plays an important

role, as we will see, only the weak ordering property can be required in general.

Definition 19. The implication i satisfies the weak ordering principle (WOP), if the following statement holds:

i(x,y) =1 if and only if x < T(y),

where 7 is a strictly increasing function from [0, 1] — [0, 1] with 7(0) = 0 and 7(1) = 1.
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Remark 7. In the terminology of Maes and De Baets, T from Definition 19 is an affirmation (see [16]).

Remark 8. Note that for 7(x) = x we get the original ordering property (OP).
Henceforth we use the following notations for the composition of two negation operators.

Definition 20. In a connective system (c,d, n)
Tna(X) := n(na(x)),

and
Ted(X) = Ne(Na(x)),

where n. and ngy are the natural negations of ¢ and d respectively.
Remark 9. Note that in a consistent connective system T4, = T, and similarly, ., = Tng.

Proposition 17. In a nilpotent connective system is, satisfies the ordering principle (OP), while is, and is, satisfy the weak ordering
principle (WOP).

Proof. For is, we have the following:
is,(x,y) = 1if and only if f;[fa(na(x)) + fa¥)] = 1,

which means that f;(n4(x)) + fa(y) = 1, from which we get ny(x) > ny4(y), which holds if and only if x < y.
For is,, let T(x) = 7. q(X) = nc(ng(x)).

is.(x,y) = 1 if and only if ;" [fa(n(x)) + fa(y)] = 1,

which means that fy(n.(x)) + fa(y) = 1, from which we get n.(x) > ny(y), so x < n.(ng(y)) = tca(y)-
Similarly, for is,, let T(x) = T,4(x) = n(ng(x)).

is,(x.y) = 1if and only if fy'[fa(n(x)) + fa(y)] = 1,

which means that fy(n(x)) + fa(y) > 1, from which we get n(x) > ny(y), so x < n(ng(y)) = taa(y). O

Next we give an example for a bounded system illustrating that is, does not satisfy the ordering property. For
fi(x)=1—x2% fy(x)=1—(1—x)% n(x) =1—x, there exist an x and a y for which i, (x,y) =1 and y < x, i.e. the ordering
principle does not hold, because is, (x,y) = 1 if and only if d(n(x),y) = 1.

For x=05andy=04 we get f(0.5)+f(04)=(1-05)+(1—-(1-04)?%)=075+(1-036)=1.39, so
i(0.5,0.4) =1 and (y < x).

Remark 10. Note that the following statements are equivalent:

is,(x,y) =1 if and only if x <y (13)
() + fa(x) =1 for all x € [0, 1]. (14)

In other words, the ordering property, (OP) never holds in a bounded system.

We show that the ordering property holds if and only if f.(x) + fs(x) = 1. We have nc(x) > nq4(y). This means that the
ordering property for is, (and also similarly for is,) is equivalent to the followings: n.(x) > nq4(y) if and only if x < y.
It is easy to see that the condition above holds if and only if ns(x) = n.(x), i.e. fo(x) + fa(x) = 1.

5. Comparison of implications in bounded systems
Now we prove that in a bounded system, the different types of implications considered so far never coincide.

Proposition 18. In a connective system (c, d, n), any two of the implications defined so far coincide if and only if fo(x) + fy(x) = 1,
where f. and f; are the normalized generator functions of c and d respectively.

Proof. It was shown in Section 4 that in a bounded system (where n., ny and n are different) the natural negations of the
implications in question are the same only in the case of i and is,, which simply means that it is sufficient to examine their
equality.

Since ig satisfies OP while is, for f:(x) + f4(x) # 1 does not (see Table 1), we see that in a bounded system they cannot be
equal. O
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Table 1
Properties of implications in bounded systems.
Formula NP EP P SN CP WOP oP
ic =ir fc’] [fC(y) 7fc(x)] I I I V¥ ne(X) 4 I d I
iq =15, S = fa@®) +fa)] v v v ¥ (%) v v v
is, [ fe®) +fa)] » » » ¥ n(x) v ¥ Tha(X) -
is, S fa) + fa(ne(x)) v ¥ » ¥ () < ¥ Ted(X) -

(a) ic for vo = 0.4 (b) i. for v. = 0.6

Fig. 1. i. (residual) implications for rational generators.

(a) iq for v4 = 0.3 (b) iq for vg = 0.6

Fig. 2. iy implications for rational generators.

Remark 11. It is clear that in a Lukasiewicz logical system (where f.(x) + f4(x) = 1), all the implications considered in this

paper coincide.
From the results of Sections 3 and 4, we can say that in a bounded system we have two different implications (namely ir

and is, ) that satisfy all of the properties NP, EP, IP, SN, CP, OP (see Table 1). Hence, the notations i. and iy are used, to coincide
with the generator functions f. and f; used in the formulae of the implications, respectively (see Table 1). Henceforth let us
use the following notation for sake of simplicity.

ia(x,y) = is,(%,Y)
and

ie(x,y) = 1r(X,).



J. Dombi, O. Csiszdr/ Information Sciences 283 (2014) 229-240

239

(a) ve = 0.6 and vg = 0.4 (b) ve = 0.4 and vq = 0.3

Fig. 3. S,-implications for rational generators.

(a) v = 0.7 and vg = 0.3

(b) ve =04 and vq4 = 0.3

Fig. 4. S.-implications for rational generators.

Table 2
Rational generator functions.
f(x) (generator) () 1-f(x) Negation
e "=
Conjunction S - _1C“(1XX 7“'\1‘“1& 7”1‘1\“7 ne(X) = ﬁ(vi) -
Disjunction ﬁ“d” ﬁ Hl‘,}, ng(x) = !

6. Min and max operators in nilpotent connective systems

In this section we show that in a nilpotent connective system, the minimum and maximum operators can be expressed in
terms of the conjunction, the disjunction and the negation.

Proposition 19. c(x,i.(x,y)) = Min(x,y), x,y €[0,1].

Proof. c(x,ic(x.y)) = f ' [fe(®) + [fe(y) = fe(®)]].
For x < y fc(x) > fc(y), which means that c[x,i.(x,y)] = x.
Similarly, for x > y f.(x) < fc(y), which means that c(x,i.(x,y)) =y. O
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Proposition 20. n(c(n(x),i.(n(x),n(y)))) = Max(x,y), x,y € [0,1].
Proof. The statement follows immediately from the previous proposition (or also can been proved similarly). O

7. Summary

In this paper implications in nilpotent connective systems were examined. The concept of a weak ordering property was
defined. In bounded systems two different implications, i. and iy were introduced, both of which fulfill all the basic features
generally required for implications. In Table 1, the results concerning the properties of each implication are listed below. For
rational generator functions, the implications have been plotted in Figs. 1a-4b. The formulae of the generators and the impli-
cations are summarized in Tables 1 and 2 (see [7]).
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