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Abstract—In this study, it is demonstrated that the application
of the Dombi modifier operator class of continuous-valued logic
may be viewed as a general approach for modeling probability
weighting functions of prospect theory including the well-known
ones. Furthermore, a two-phase regression method for fitting
a probability weighting function generated by the modifier
operator to empirical data is also presented.

Index Terms—probability weighting functions, continuous-
valued logic, pliant system, modifier operator, regression

I. INTRODUCTION

In economics, the probability waiting functions describe the
phenomenon that people tend to overreact those events that
occur with a low probability and underreact the events that
have a high probability (see, e.g. [1]-[6]). The large amount
of researches related to the probability weighting functions
in prospect theory demonstrate that these functions play an
essential role in decision making (see, e.g. [7]-[14]). In this
paper, we present a novel methodology that can be used to
generate parametric probability weighting functions by making
the use of Dombi’s modifier operators of continuous-valued
logic [15]. Here, we will show that the modifier operator

m(u?\u)o :10,1] — [0, 1], which is given by

A
mi) (z) = f~ (f(Vo) (jﬁg;) ) : (1)

where v,y € (0,1), A € R and f : [0,1] — [0,00] is a
strictly monotonic (either increasing or decreasing) continuous
function with the inverse function f~! : [0,00] — [0,1], is
a probability weighting function. In fuzzy theory, function
f is called the generator function of the modifier operator
(probability weighting function) m,(,)‘lzo The main findings of
our research, which we will present in this paper, are as
follows.

1) We will demonstrate that the application of the modifier
operator in equation (1) may be treated as a general
approach for creating probability weighting functions
including the well-known ones.
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2) We will introduce a two-phase regression method for
fitting a probability weighting function generated by the
modifier operator in (1) with v = 1y to empirical data.

The rest of this paper is structured as follows. In Section 2,

we will briefly introduce the basic notions of prospect theory
including the probability weighting functions. In Section 3,
we will revisit the general form of the modifier operators
in Dombi’s pliant system [15], [16]. Next, in Section 4,
we will show how the modifier operator can be utilized to
model probability weighting functions. A two-phase regression
method for fitting a probability weighting function generated
by the modifier operator to empirical data is presented in
Section 5. Lastly, in Section 6, we will provide a short
summary of our findings.

II. PROBABILITY WEIGHTING FUNCTIONS IN PROSPECT
THEORY

Here, we will use the concepts of utility functions and
probability weighting functions. In prospect theory, these
functions are defined as follows [13], [17].

Definition 1 (Utility function): The function U : [0, 00] — R
is said to be a utility function, if U satisfies the following
requirements:

1) U is continuous and strictly increasing

2) U(0) =0.

The value of the utility function U at x may be viewed as the
utility value of the wealth z.

Definition 2 (Probability weighting function): The function
w : [0,1] — [0,1] is said to be a probability weighting
function, if w satisfies the following requirements:

1) w is continuous and strictly increasing

2) w(0) =0 and w(l) = 1.

Let S be a finite set of possible states (events), and let
Ey Es, ..., E, C S be uncertain events, n > 2. In prospect
theory, a prospect is a mapping from S to the real numbers,
describing the resulting outcome for every state if that state is
the true state [13]. Traditionally, prospects are often denoted
as (Ey : x1,Fy : xo,..., E, : x,) meaning that the prospect



yields x; under the event E;, where ¢ = 1,2,...,n. The
prospect (Eq : z1,Es : 2a,...,E, : x,) is evaluated by
using the formula:

> W(E)U (), 2)

in which the functions W and U can be interpreted accord-
ing to the following cases, where each case generalizes the
preceding one [17].

o Case 1: (Expected value) U is the identity function and
W is a probability measure P on the finite set S.

o Case 2: (Expected utility) U is a utility function and W
is a probability measure P on the finite set .S.

o Case 3: (Probabilistic sophistication (with non-expected
utility)) U is a utility function, P is a probability measure
on the finite set S, and there exists a probability weighting
function w, such that W = w o P.

o Case 4: (General model) U is a utility function and W is
a fuzzy measure (monotone measure) on the finite set
S; that is, W satisfies the following requirements: (i)
W (0) = 0; (ii) W(S) = 1; (iii) forany A,B€ S AC B
implies W(A) < W(B).

In this paper, we will show how certain unariy operators of
continuous-valued logic can be applied to modeling probability
weighting functions. It should be added here that in prospect
theory, the argument of a probability weighting function is
traditionally denoted by p, indicating that the probability
weighting function is a transformation on a probability mea-
sure. Here, we will use the notation = for the argument of
function w.

III. GENERAL FORM OF MODIFIER OPERATOR IN PLIANT
SYSTEM

In continuous-valued logic, linguistic modifiers over fuzzy
sets that have strictly monotonously increasing or decreasing
membership functions can be modeled by modifier operators.
In Dombi’s pliant system [15], [16], the general form of the
modifier operator is given as follows.

Definition 3: The modifier operator m,(,?lzo :[0,1] — [0,1]
is given by

A
mi) () = ! (f(vO) (jﬁg) ) : 3)

where v, 19 € (0,1), A € Rand f : [0,1] — [0, oc] is a strictly
decreasing (or increasing) continuous function with the inverse
function f~! : [0,00] — [0,1]. Here, function f is called the
generator function of the modifier operator mﬁﬁﬁo.

Later on, we will show that the value of parameter \ is closely

related to the slope of function m(yf\y)o at x = v. Notice that

mg, () = vo

immediately follows from (3). Hence, if A # 1 and vy = v,
then v is the fix point of the transformation x — 171(”’,\”)0 (x),
where z € [0, 1].

IV. MODELING PROBABILITY WEIGHTING FUNCTIONS

The following proposition lays the foundations for generat-
ing probability weighting functions derived from appropriately
chosen generator functions.

Proposition 1: Let f : [0,1] — [0,00] be a strictly
decreasing (or increasing) continuous function with the inverse
function f~!: [0,00] — [0,1], where v,15 € (0,1), A > 0,
and let the modifier operator ml(,:\,zo :10,1] — [0, 1] be induced
from the generator function f according to (3). Then, m(y:\,zo
is a probability weighting function.

Proof: Let A > 0, v,y €

F(o)(f(v)) ™. Thus,
mi) (x) = 71 (K f(2))

for any x € [0,1]. If f is strictly decreasing (increasing),
then f~! is strictly decreasing (increasing) as well. Noting
that A\ > 0, f~' (K f*(z)) is strictly increasing; that is,
m(V?BO satisfies requirement (1) for a probability weighting
function in Definition 2. Next, taking into account the fact
that f~! (K f*(z)) is strictly increasing and f : [0,1] —
[0,00] is strictly monotonic, we have f~1(f(0)) = 0 and
f~Y(f(1)) = 1. This means that mﬁfﬂo satisfies requirement
(2) for a probability weighting function in Definition 2. H

Here, we will utilize the modifier operator m,(,f‘lzo with the
parameter settings 9 = v and A > 0. This allows us to
characterize the generated probability weighting function by
its fix point v and by its sharpness parameter \. That is,
the generated probability weighting function wl(,A) will always
have the form

(0,1) and let K =

wi (@) = mM (),

A
m{M(x) = f! (f(V) (jﬁgfi) ) : @)

v € (0,1) and A > 0. For the sake of simplicity, from now
on, we will use the shortened notation w for the probability
weighting function wl(,)‘). The following proposition tells us
about the shape of the probability weighting function gener-
ated by the modifier operator m,"’.
Proposition 2: If A > 0, v € (0,1) and the probability
weighting function w : [0,1] — [0,1] is generated by the
modifier operator m{") : [0,1] — [0, 1], then
1) If 0 < A < 1, then w(z) is concave in (0, 7] and w(z)
is convex in [v,1);

2) If A =1, then w(z) = x for any z € [0, 1];

3) If 1 < A, then w(z) is convex in (0,v] and w(x) is
concave in [, 1).

where

Proof: Let w(zr) = mi (x) for any = € [0,1], where
v € (0,1) and A > 0. Furthermore, let g(x) be defined by

g(@) = (f)' 7 (f(@)*.

Then, w(z) can be written as

w(z) = f~" (g(x)).



Here, we will differentiate two cases: (a) f is strictly increas-
ing, (b) f is strictly decreasing.

(a) In this case, f is a strictly increasing function and so
f~1is a strictly increasing function as well.

@) If € (O,v] and 0 < X < 1, then
f@)' ™2 (f(2)' N g(@) > f(2) and w(z) =
fHg(@) = a.

@) If z € 1) and 0 < A < 1, then
(f@)' ™ < (f(2)' N g(@) < f(2) and w(z) =
fHg(@) < .

From (al) and (a2), 1) follows.

@3) If z € (0,v] and 1 < A, then (f(v))'™* <

( (@) ge) < f@) and w(@) =
Hg(2) < = )

(a4) If x 61 /Lu,l ) and 1 < A, then (f(v)) >

(f(w())( s g(x) > f(z) and w(z) =

From (a3) and (a4), 3) follows.

(b) In this case, f is a strictly decreasing function and so
f~1is a strictly decreasing function as well.

(bl) If x € (O0,v] and 0 < X < 1, then
(FW)' < (f@)' ™ g(e) < f(a) and w(z) =
fg(@) = @

®b2) If = € [pvl) and 0 < A < 1, then
(F)' ™ = (f@)' ™ g(e) = f(z) and w(x) =
fg(@) <=

From (b1) and (b2), 1) follows.

(b3) If & € (0,1] and 1 < A, then (fn
(f(w))lf . og@) = f(z) and w(z)

Hg@) <. o

(b4) If x € [v,1) and 1 < A, then (f(v)) ™
(F@)' g@) < f@) and w(z)
1 g(@) 2 @

From (b3) and (b4), 3) follows.

If A =1, then w(x) = « trivially holds for any « € [0,1]. B

Suppose that the probability weighting function w : [0, 1] —
[0,1] is generated by the modifier operator miM 2 [0,1] —
[0,1], A > 0 and v € (0, 1). Then, the effect of the parameters
A and v on the shape of the probability weighting function w
can be summarized as follows.

v

A

e Parameter A\ determines the sharpness and the shape of
w. The more the value of \ differs from 1, the more the
shape of w differs from that of the identity function. If
0 < A < 1, then w is inverse S-shaped, and if 1 < A,
then w is S-shaped.

o Parameter v determines the point where w intersects the
diagonal line; that is, parameter » may be viewed as the
elevator parameter of w.

Figure 1 shows the effect of the values of parameters A
and v on the shape of the probability weighting function w
that was generated from the same generator function via the
modifier operator mf,’\).
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Fig. 1. The role of parameters v and A

One can easily see that the modifier operator m(y’\) with
the generator function f(z) = —In(z), where x € (0,1],
generates the probability weighting function

(=)t
w(z) = (e_(_ln(m)) ) . 5

Now, if the parameters A and v are set as
A=a,

%
— —a
v=et"",

where 0 < a < 1 and b > 0, then the equation in (5) can be
written as .
w(z) = (e—<—ln<z>>“> 7

which is the well-known Prelec’s probability weighting func-
tion [10].

It can also be shown that the modifier operator m,(, ) with the
generator function f(z) = =%, where z € (0, 1], generates

the probability weighting function

w(z) = ! . (6)

14+ 1—TV (ﬁi)A

x 1—v

Now, if the parameters A and v are set as
A=a,

1

1 _1
L+ (3)™
where 0 < a < 1 and b > 0, then the equation in (6) can be
written as

vV =

bx®

bre + (1 — x)e’

w(z) =

In prospect theory, this function is known as the Ostaszewski,
Green and Myerson probability weighting function [12]. Note
that this probability weighting function family was introduced
independently by Lattimore, Baker and Witte as well in 1992
(see [11]).



Based on the results presented in this section, the application
of the modifier operator in (4) can be treated as a general ap-
proach for creating probability weighting functions including
the most important ones.

V. A TWO-PHASE REGRESSION METHOD

In this section, we will show how a probability weighting
function generated by the modifier operator in (4) can be
fitted to empirical data. Suppose that the probability weighting
function w : (0,1] — (0,1] is induced from the generator
function f : (0,1] — (0,00] by the modifier operator miM
given in (4), where v € (0,1) and A > 0. That is, we have

w(z) =~ <f(v) (ﬁf;)) (7

for any z € (0, 1].

Let A be an uncertain event in the finite event space .S, and
let P : P(S) — [0,1] be a probability measure on S. Suppose
that z = P(A) is the known probability of event A. Let Y be
a dichotomous random variable such that

y{la
0,

where A denotes the complement of event A. In practice,
one may have a perceived probability P,(A) of the event
A, which may differ from P(A). Here, we seek to model
the perceived probability P,(A), when the probability P(A)
is assumed to be known. In other words, we wish to model
the conditional probability P,(Y = 1|z) which represents the
perceived probability of event A given that the probability of
event A is equal to z. Let (21, Y1), (22, Y2),..., (2,,Y,) be a
sample of independent observation pairs on the variable x and
the dichotomous random variable Y, z; € (0,1), ¥; € {0,1},
n > 2. Assume that

PB(Y = l]z) = w(a),

if A happens
if A happens,

that is, the conditional perceived probability P,(Y = 1|z) is
modeled by a probability weighting function w. Recall that
the function w is parametric, it has the parameters A and v.
Now, we will introduce a two-phase method for fitting the
probability weighting function w to empirical data:

1) In the first phase of our method, we will transform the
function w to a linear function, and then we will apply
linear regression to get the estimates 7y and Ao of the
parameters v and ), respectively.

2) In the second phase of our method, we will give the
maximum likelihood estimation of the parameters v and
A by using a numeric optimization method in which the
unknown parameter values are initialized with 7, and
\o that were obtained in the first phase.

A. Phase 1: Linearization and Linear Regression

Let y = w(x), where z € (0,1]. Then, by noting (7), we

have fa\
f(V)> '

1) = 1)

Since both members of the previous equation are positive, after
taking the logarithm of its both sides, we get

I (f(y)) = (f(¥)) + Aln (f(2)) = Aln (f(v)).

The last equation can be written in the form
v =au+pf,

where v = In(f(z)), v = In(f(y)), « = X and § =
In(f(v)) (1 — «). Hence, the values of parameters « and
can be obtained by applying a linear regression. Once we have
the estimated values of & and B for the parameters « and §3,
respectively, the estimates Ao and 7 of the parameters A and
v are

Ao = @
5 ®)
ﬁo = f_l (e1—6> B
respectively.
Let 7,25, ..., z;, be the unique values among the values

Z1,&2,..., T, in the sample (z1, Y1), (z2,Y2),..., (zn, Yn),
m < n. Furthermore, let y’ be the estimated value of
the conditional perceived probability P,(Y = 1|z = z})
computed from the sample (x1,Y1), (z2,Y2),...,(zn,Yn),
where » = 1,2,..., m. That is,

where
kr = {(z,Y:) iy =2, Y, =1i=1,2,...,n}, (9

ne = |{(z:,Y:) : x5 = ;.

i=1,2,...,n} (10)

and 7 = 1,2,...,m. In other words, k) and ¥ are, respec-
tively, the conditional frequency and the conditional relative
frequency of event A given the condition x = z). Next,
following the line of thinking presented above, the unknown
parameters A and v of the function w can be estimated
by fitting the linear regression model v = au + § to the
transformed data pairs (u,, v,.), where

up = In(f(z7))
vr =In(f(y,)),

and then applying the equations in (8) with the estimates &
and 3 of the parameters « and (3, respectively.

B. Phase 2: Maximum Likelihood Estimation
By utilizing the sample (z1,Y7), (x2,Y32),. .., (2n, Yy,) the
unknown parameters v and A of the probability weighting
function w can be estimated by maximizing the perceived
likelihood function L : (0,1) x (0, 00] — (0,1)
Ly, ) = [ Py =Yilzi) =

i=1

n (11
= Hin (x50, \) (1 — w(xy; v, /\))l_Yi ,
i=1



where w(z;;v, A) = w(x;) = wi (x;),4=1,2,...,n. Obvi-
ously, maximizing the likelihood function in (11) is equivalent
to maximizing the log-likelihood function [ : (0,1) X (0, 00) —
(0, —o0], which is given by

(v, \) = ann (w(@i; v, A) +

+> (1 =Y In (1 —w(ziv,\).

i=1

12)

By making the use of the frequencies k, and n, given in (9)
and (10) the log-likelihood function in (12) can be written as

I, M) = keln (w(ziiv, \) +
N i=1 (13)

+Z(nr — k) In (1 —w(zg; v, N)) .
i=1

The maxima of the log-likelihood function in (13) can be
determined by using the so-called GLOBAL method which
is a stochastic global optimization procedure introduced by
Csendes (see [18], [19]). The GLOBAL method was imple-
mented in the MATLAB 2019a numerical computing envi-
ronment. In the optimization procedure, the initial values of
the parameters v and A can be set to those determined in the
first phase of our regression method (see (8)). This approach
increases the speed of convergence of the GLOBAL method.

C. A Demonstrative Example

100 people were surveyed in 9 runs about if, in their
opinion, an uncertain event will happen or not. The empirical
results from the survey are summarized in Table I, the first col-
umn of which (r) contains the run identifier (r = 1,2,...,9).
The known likelihood x, of the event was different in each
run. In Table I, for each run, column k, contains the number
of people who taught that the event will happen, while column
n,—k, indicates the number of those participants who believed
that the event will not happen (n, = 100 is the number of
survey participants). The estimate of the perceived conditional
likelihood of the event computed from the survey results for
each run is in column y, of Table I.

TABLE I
EMPIRICAL DATA
T | Zr kr | nyr —kr nr Yr In(f(zr)) | In(f(yr))
1|01 ] 15 85 100 | 0.15 2.1972 1.7346
210223 77 100 | 0.23 1.3863 1.2083
3103129 71 100 | 0.29 0.8473 0.8954
4104 | 35 65 100 | 0.35 0.4055 0.6190
5105 | 41 59 100 | 0.41 0.0000 0.3640
6 | 0.6 | 48 52 100 | 0.48 -0.4055 0.0800
7107 |55 45 100 | 0.55 -0.8473 -0.2007
8| 08 | 65 35 100 | 0.65 -1.3863 -0.6190
9109 | 76 24 100 | 0.76 -2.1972 -1.1527

A probability weighting function w induced by the generator
function f : (0,1] — [0,00], f(z) = =% by using the
modifier operator in (3) was fitted to the empirical data

in Table I. Recall that this generator function induces the
probability weighting function given in (6). Here, we applied
our two-phase regression method to determine the estimates
of the parameters v and A of function w. In the first phase, by
applying a linear regression to the (In(f(z,)), ln(f(y.))) pairs
and using the formulas in (8), we got the following estimates
of the parameters v and A:

7o = 0.2793, Ao = 0.6567.

In the second phase, by initializing the parameters v and A\ with
o and Ao, respectively, and then by applying the GLOBAL
optimization method to maximize the log-likelihood function,
we received the following 7 and ) estimates of the parameters
v and \:

v =0.2753, A =0.6591.

The maximum value of the log-likelihood function is
—546.8268. Figure 2 shows the plots of the probability weight-
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Fig. 2. Plots of regression functions

ing functions fitted to the empirical data. Since the phase 1
and phase 2 estimates of the parameters are very close, the
two regression function plots in Figure 2 almost completely
coincide. It should be added that when the generator function
is f(x) = 1_7’“”, then the modifier operator generates the so-
called kappa function. In this case, the regression is called the
kappa regression (see in press [20]), and the log-likelihood
function is concave. Therefore, the negative log-likelihood
function can be minimized by using gradient descend methods.

VI. CONCLUSIONS

The key findings of our study can be summarized as follows.

e The modifier operator m(yf\u)o given in (3) satisfies the
requirements for a probability weighting function.

« Application of the modifier operator ml(,’\ (see (4)) can be
interpreted as a general approach for generating probabil-
ity weighting functions, and this includes the well-known
ones.

o Since the probability weighting functions generated by

the modifier operator m(y’\ can be transformed to linear
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functions, these probability weighting functions are easy-
to-use in regression problems.

A two-phase regression method for fitting generated
probability weighting functions to empirical data was
introduced. In its first phase, the probability weighting
function is transformed to a linear function and linear
regression is applied to estimate the function parameters.
In the second phase of the presented method, the max-
imum likelihood estimations of the regression function
parameters are provided by using a numeric optimization
method in which the unknown parameter values are
initialized with those obtained in the first phase.
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