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ABSTRACT

We study a holomorphic Poisson structure defined on the linear space S(#,d) := Mat,,;(C) x Matg,,(C) that is covariant under the natural
left actions of the standard GL(#,C) and GL(d, C) Poisson-Lie groups. The Poisson brackets of the matrix elements contain quadratic
and constant terms, and the Poisson tensor is non-degenerate on a dense subset. Taking the d = 1 special case gives a Poisson structure on
S(n, 1), and we construct a local Poisson map from the Cartesian product of d independent copies of S(#, 1) into S(n, d), which is a holomorphic
diffeomorphism in a neighborhood of 0. The Poisson structure on S(n, d) is the complexification of a real Poisson structure on Mat,,(C)
constructed by the authors and Marshall, where a similar decoupling into d independent copies was observed. We also relate our construction
to a Poisson structure on S(n, d) defined by Arutyunov and Olivucci in the treatment of the complex trigonometric spin Ruijsenaars—Schneider
system by Hamiltonian reduction.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0035935

. INTRODUCTION

In this paper, we prove a remarkable “decoupling property” of a holomorphic Poisson structure defined on the space
S(n,d) := Mat,x4(C) x Matgy,(C), (L.1)

which appeared in recent derivations of trigonometric spin Ruijsenaars-Schneider models' by Hamiltonian reduction.”’ The decoupling
means that the Poisson algebra of S(n, d) will be realized using d independent (pairwise Poisson commuting) copies of the Poisson algebra of
S(n, 1). The spaces S(n, d) are defined for arbitrary pairs of natural numbers, but the decoupling requires that both n and d are greater than 1.
Our result is expected to be useful, for example, for the further studies of the holomorphic spin Ruijsenaars—Schneider systems.
To set the stage, for any natural number ¢, we introduce the Drinfeld-Jimbo classical r-matrix r by
r ::% S Ei(0) A Ey(0), (1.2)

1<j<k<t

where Ej(£) is the usual elementary matrix of size £ x £. We also need

1 0
P e EIZ, with I := kz Ej(£) ® Eg(0). (1.3)
jk=1
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Note that for £ =1, ¥ =0and I can be viewed as 1 ® 1. Denoting the elements of S(n, d) as pairs (A, B) and employing the standard tensorial
notation,”’ the pertinent Poisson bracket can be written as follows:

{A],Az}K = —K(TnA1A2 +A1A21’d>,
{(B1,B.}, = 7K(Blern + rdBle), (1.4)
{ALB}, = ;c(BerA1 + A By + C’ffd).

Here, we use notations (1.2) and (1.3) together with

n d
= Y B @ EX (1.5)

i=1 a=1

where E2? € Mat,4(C) is the elementary matrix having a single non-zero entry, equal to 1, at the ia position. One could fix the arbitrary
constant k € C* without loss of generality, but it will be advantageous not to do so.

The Poisson structure (1.4) represents the complexification of a U(n) x U(d) covariant real Poisson structure on Mat,;(C) =~ R
considered in Ref. 3. By simple changes of variables (see below), it also reproduces the holomorphic Poisson bracket defined on S(u, d) by
Arutyunov and Olivucci.” In the papers mentioned, it was natural to assume that # > 1, but here, we assume only that either 7 or d is greater
than 1. The d = 1 (or n = 1) cases provide the building blocks from which the general S(n, d) cases will be realized via the decoupling.

The above-mentioned Poisson brackets have remarkable Poisson-Lie covariance properties. (For background on the theory of Poisson-
Lie groups, one may consult, for example, Refs. 4 and 6-8.) To describe these, we equip the group GL(¢, C) with the standard multiplicative
Poisson bracket given in the tensorial notation by

{g1.82}6 = K[glgz»rl]- (1.6)

The subscript G expresses that this Poisson bracket lives on the group G = GL(4, C).
Then, the linear left-action of GL(n, C) on S(n, d), defined by

GL(n,C) x S(n,d) > (g, A,B) = (gA,Bg"") € S(n,d), (1.7)

enjoys the Poisson-Lie property, which means that map (1.7) is Poisson if GL(n,C) is equipped with bracket (1.6) for £ = n and S(n, d) is
equipped with bracket (1.4). Similarly, the linear left-action of GL(d, C), given by

GL(d,C) x §(n,d) > (g,A,B) — (Ag_l,gB) € S(n,d), (1.8)

also has the Poisson-Lie property, where GL(d, C) is equipped with bracket (1.6), for £ = d.
Now, we describe our main result, which was motivated by an analogous result of Ref. 3. Let us introduce the group

D(£) := GL(£,C) x GL(£,C). (1.9)

This is the Drinfeld double of the Poisson-Lie group GL(¥, C). The dual Poisson-Lie group, GL(¢,C)", is the subgroup of D(¢) consisting of
pairs (hy, h—), where h; and h_ are invertible upper triangular and lower triangular matrices, respectively, whose respective diagonal entries
are inverses of each other, i.e., (h-);; = 1/(h:);i forj=1, ..., £. Consider the space S(1, 1), with elements (a', b'), endowed with the Poisson
bracket (1.4). Introduce the (locally defined) map

(g+-g-) :S(n,1) » GL(n,C)* (1.10)
by the following definition:
alb}
(g0)ji = VGj/Gjs1, (g+)jk: G]7G forj<k (1.11)
kYk+1
and
alb}
(g:I)Jj:\/Gj/Gj“, (g:l)jk: i, S forj > k, (1.12)

v/ GiGj1

using the functions

Gi=1+Y atby, Go=Gu1=1, (1.13)
k=j

which are well-defined only locally, including a neighborhood of 0.
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Theorem 1.1. For any n and d greater than 1, take d copies of S(n, 1), each equipped with Poisson bracket (1.4), and denote their elements
by (a%, b%), a =1, ..., d. Let (a, b) stand for the collection of the (a”, b"), and let A* and B" stand for the columns and the rows of the matrices
(A, B) € S(n, d), respectively. Define the (local) map

m:S(n,1) x--x8(n1) > S(n,d) (1.14)
by formulas Al(a, b) = a' and B'(a, b) = b', and for a > 2,
A%(a,b) = gi(a',b") g (a® 57" )a", (1.15a)

B%(a,b) = b“gfl(aafl,b‘x*l) ---gil(al,bl). (1.15b)

Then, the map m is a local, holomorphic Poisson diffeomorphism from the d-fold product Poisson space S(n, 1) x --- x S(n, 1) to S(n, d), where
S(n, 1) and S(n, d) are equipped with the relevant Poisson brackets of the form (1.4).

The fundamental property of the map (g+, g-) (1.10) is the factorization identity,
1,1+alb1 :g+(a1,b1)g_(al,bl)71. (1.16)

Introducing

G.(a,b) :=gi(a1,bl)-~~gi(ad,bd), (1.17)
identity (1.16), and formulas of Theorem 1.1 imply the further identity,

1, +A(a,b)B(a,b) = G, (a,b)G_(a,b) ", (1.18)

These properties, which are easily verified, actually motivated our construction. Their meaning will be enlightened in Sec. III (see Remark 3.5)
utilizing the theory of Poisson-Lie moment maps.

We can also give an analogous realization of the Poisson bracket (1.4) on S(n, d) in terms of n copies of the Poisson bracket on S(1, d).
Such a map can be obtained by combining Theorem 1.1 with the swap map v from S(#, d) to S(d, n) that operates according to

v:(A,B) — (nqu",nnAnd), (1.19)

where for any £ € N, we let 11£ = Zle Eior1-i(€). It is easily seen that

v:(S(md).{, }) = (S(dn).{, }_) (1.20)

is a Poisson diffeomorphism.
In addition, we shall present decoupling results for the “oscillator Poisson brackets” of Arutyunov and Olivucci,” who introduced two
Poisson structures on S(n, d). Denoting the elements of S(n, d) now as pairs (A, B), one of their Poisson structures, called { , }, is given by

(A Ao} = (" Ar Az = Ay o),
(Bi.B:}! = x(BiBer" - BBy ), (1.21)
(AL B}, = o ~Borl Ay + A By ) - i
Their other Poisson bracket, called { , } , is obtained from this one by replacing (A, B) by (An”, #*B) in the above formula. In fact, we
have two different decoupling results for the Poisson bracket { , }.. The first one is obtained by combining Theorem 1.1 with the following
simple lemma.
Lemma 1.2. Let &4 and &g be arbitrary constants for which £4&p = —i. Then, the map
E:(AB)~ (AB) = (fAAqd,fBr]dB) (1.22)
is a Poisson diffeomorphism from (S(n,d),{, },) to (S(n,d),{, }7).
An alternative decoupling map from (S(n,1), {, }K)Xd to (S(n,d),{, }.) will be presented in Sec. V.

Remark 1.3. It is known that the brackets {, }, and {, } satisfy the Jacobi identity, but the interested reader can also check this by
routine calculation.
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Il. BASIC FACTS ABOUT POISSON-LIE GROUPS
We will recall the embedding of the Poisson-Lie group GL(¢,C) and its dual into their Drinfeld double D(¢). Then, we will present the

notion of the Poisson-Lie moment map. We do not give proofs here since the relevant statements can be found in many reviews."**
Let us consider the complex Lie group D(¢) (1.9) and equip its Lie algebra,
D(L) := gl(¢,C) @ gl(¢,C), (2.1)
with the non-degenerate, invariant bilinear form
1
((U> V)) (X> Y))K = *(tl’(UX) _tr(VY))> (22)
K
using a constant ¥ € C*. Let us also introduce the triangular decomposition
gl(4,C) = gl(4,C)5 +gl(4,C)o + gl(¢,C)x, (2:3)

where gl(¢,C)y is the set of diagonal matrices, while gl(¢, C)> [respectively, gl(£,C)<] contains the upper (respectively, lower) triangular
matrices with zero diagonal. Then, D(¢) can be represented as the vector space direct sum of the isotropic subalgebras,

gl(6,C)s = {(X, X) [ X e gl(£,C)} (2.4)
and
gl(£,C)5 = {(Ys> + Yo, Y< = Yp) | Y5 € gl(£,C)s, Y< € gl(4,C)<, Yo € gl(4,C)o}. (2.5)

In (2.4), the subscript § indicates that gl(¢,C); is the diagonal embedding of gl(¢,C) into D(¢) (2.1). We may identify gl(¢,C) with the
diagonal subalgebra gl(¥4, C), and identify its linear dual space with the subalgebra gl(4, C);. We also let GL(¥, C)s and GL(¥, C); denote
the subgroups of D(¢) corresponding to the subalgebras in the decomposition,

D(£) = gl(¢,C)s + gl(4,C)s5. (2.6)

The group D({) carries a natural multiplicative Poisson structure. To describe it, let us take arbitrary bases T? of gl(¢,C)s and T,
of gl(¢,C)j that are in duality with respect to the pairing (2.2). The Poisson bracket of two holomorphic functions F and H on D(¢)
is given by

2
n

{FHY, =Y (Ve )V, H) = (V7 F)(VT,H))s (2.7)
a=1
where for any T € D({), we have
d V4 A d 4
(VrF)(p) = aLf(e p). (ViF)(p) = a\zj(f’e ), vpeD(®). (2.8)

It is well-known that GL(¢,C);s and GL(4,C)j are Poisson submanifolds of D(¢), and we equip them with the inherited Poisson structures.
The above Poisson structures can be conveniently presented in terms of the functions given by the matrix elements on the respective
groups. Denoting the elements of D(¢) as pairs (4, v) and employing the tensorial notation of the Faddeev school, one has

{u, w}py = K[muz,ré], {v,v2}} = K[wvz,rl], {u,v2}} = K[ulvz,rf], (2.9)

using r-matrices (1.2) and (1.3). On the subgroup GL(¥, C), with elements denoted as (g, g), this reduces to bracket (1.6). The group GL(¥,C)j
consists of the pairs (hy, h-) € D(¢) for which h, (respectively, h_) is upper triangular (respectively, lower triangular) and the diagonal part of
h; is the inverse of the diagonal part of /i_. Restriction from D(¥) gives the following Poisson bracket on this dual group:

{hat, hap}l = Kl:hd:,lhi,Z)re]) {hip,hon}l = K[h+,1h—,2,7’f]- (2.10)

We stress that D(£), GL(¢,C) = GL(4,C);, and GL(¢, C)* := GL(4, C)§ with the above Poisson brackets are Poisson-Lie groups. This means,
for example, that the group product D(¢) x D({) - D({) is a Poisson map.
Let us briefly explain how (2.9) follows from (2.8). For T = (X, Y) € D({), the derivatives of the matrix elements are

Vruij = (Xu)ij, V'Tu,j = (uX)g, Vrvij = (Y’U)ij, V}Uij = (UY)ij. (2.11)

For any dual bases T* = (X?, X*) and T, = (Za, W), one can calculate that

X'®Z, = -k’ and X'® W, = —Krf. (2.12)

By using these relations, one readily obtains (2.9) from (2.8).
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There is an important mapping of GL(¢,C)* onto GL(¥, C), which is given by
x: (heh) o> he=hohZ' (2.13)

This mapping is 2" to 1 since the image does not change if we replace (h., h-) by (h.7, h—7) for any diagonal matrix T whose entries are
taken from the set {+1,~1}. The map y yields a holomorphic diffeomorphism” between respective neighborhoods of the identity elements.
Moreover, it is a Poisson map with respect to the so-called Semenov-Tian-Shansky Poisson structure®’ on GL(¢, C),

{1l Yig = k(Irt s + harlhy = ot = k). (2.14)

With this Poisson bracket, GL(¢,C) can serve, at least locally, as a model of the dual Poisson-Lie group GL(¥,C)*. We note in passing that
this quadratic Poisson bracket naturally extends to a Poisson structure on gl(¢,C), which is compatible with its linear Lie-Poisson bracket.
We now recall'’ what is meant by a moment map for a Poisson action of GL(4, C). Suppose that GL(#,C) acts on a holomorphic
Poisson manifold (P, {, },) in such a way that the action map, GL({,C) x P — P, is Poisson, where the product Poisson structure on
GL(4,C) x P is built from the bracket {, }¢ (1.6) on GL(¢4,C) and {, }, on P. For any X € gl(4,C), let Xp be the vector field on P
given by the flow of exp(tX). We can take the derivative Lx,F of any holomorphic function on P. We then say that a holomorphic map
(¢+,¢-) : P > GL(4,C)j is the Poisson-Lie moment map for the action if it satisfies the following two conditions. First, we must have the
equality
L3, F = (X X), {F, (60, 9-) b p(@4,-) " ) (2.15)

for all X and F. Second, we also require that (¢, ¢_) is a Poisson map with respect to bracket (2.10) on the dual group. This second condition
is equivalent to the requirement that the map

¢:=¢¢_ : P> GL(C) (2.16)

is Poisson with respect to the Semenov-Tian-Shansky bracket (2.14) on GL(¢,C). Indeed, the Semenov-Tian-Shansky bracket is just the
push-forward of the Poisson bracket (2.10) on the dual group GL(¥, C)*. The first condition can also be recast in terms of the map ¢, as we
shall see in our concrete example in Sec. 1.

Ill. COVARIANCE PROPERTIES OF THE POISSON STRUCTURE (1.4)

We now characterize the behavior of the Poisson bracket (1.4) on S(n, d) under the natural left-action of GL(#n,C). Throughout thi§
section, d > 1 and n > 2; otherwise, they are arbitrary. The statements presented below can also be obtained as consequences of known””’
analogous properties of the Arutyunov-Olivucci Poisson bracket (1.21). We sketch the proofs in order to make this paper basically self-
contained.

Proposition 3.1. Consider the natural action of GL(n,C) on S(n, d), defined by
¢-(A,B):=(gA,Bg"), VgeGL(nC), (4,B) e S(nd). (3.1)

With respect to the Poisson structures (1.4) and (1.6), this is a Poisson action.

Proof. This is very easy and goes as follows. We can calculate {141,424, } using the product Poisson structure defined by combining
(1.4) and (1.6). This gives
{81A1.24A2} = {g1. 82} cA1A2 + 182{A1, A2},
= —k(r"gA10A; +g1A1g2A2rd), (3.2)
which agrees with the Poisson bracket on S(n, d). The next line of (1.4) is handled in the same way. Finally, one needs to show that
{glAl,Bzgz_l} = K(Bzgz_lrfglAl +g1A1rfBzg2_1 + C’f;d). (3.3)

nxd _ ~nxd

We refrain from spelling this out, but note that the direct verification of this equality relies on the identity g; Ci5 * = C{5 “ga. O

Proposition 3.2. Suppose that (¢+,¢-) : S(n,d) - GL(n,C)* is a (possibly only locally defined) moment map for the Poisson action
(3.1). Then, condition (2.15) is equivalent to the following equalities:

{A,¢sn}, = —kr3A1ds, and {B1,§s2}, = kBirr Lo, (3.4)
where the usual tensorial notation is employed. For ¢ := ¢.¢ =", these relations imply
{A1,¢2}K = K((/)z?’f 7rf(/>2)A1 and {B1’¢2}K = KBl(T’z(/)z *¢ﬁ2?’f). (35)
J. Math. Phys. 62, 033512 (2021); doi: 10.1063/5.0035935 62, 033512-5
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Proof. Let T* = (X*, X®) and T4 = (Za, W) be dual bases of gl(n,C)s and gl(n,C)j3. Consider an arbitrary matrix element A;q as a
function on S(n, d). Its derivative along the vector field induced by X* € gl(n, C) equals (X“A)iq, and (2.15) gives the following identity:

(X°A)ia = (T {Aiw (¢ =)} (631,67 ) (3.6)
Since T* is a basis of gl(n, C)s, this implies that
{Aies ($4 9} (8:,97) = (XA)iaT (3.7)
This is equivalent to the following relations:
{Ais 0+, = (X"A), Zap+ and  {Aia,¢-}, = (X"A), Wao-. (3.8)

By using identities (2.12), these two equations are just the componentwise form of the first tensorial formulas in (3.4). The relations involving
B are verified in the same way. The equalities in (3.4) are converted into those in (3.5) by a short calculation. Since the matrix elements of A
and B form a coordinate system on S(, d), the proof is complete. O

Proposition 3.3. Define the map T : S(n,d) — gl(n, C) by the following formula:

I(A,B) =1, + AB. (3.9)
As a consequence of the Poisson brackets (1.4), this map satisfies the relation
{T1, T}, = x(T172Ts + oriTy = TiLor” — #'ThIL) (3.10)
together with
{A, T2}, = k(Tary —=r"T2)A1 and  {Bi, T2}, =«Bi(r T2 — Ior}). (3.11)

In a neighborhood of 0, T can be represented in the form T = T, TZ" so that (I+,T-) : S(n,d) - GL(n,C)* serves (locally) as the Poisson-Lie
moment map for the action (3.1).

Proof. Equalities (3.10) and (3.11) can be verified by an easy calculation. For this, one needs to use the identities AL1AI% = T"ALA; and
I"A, = AZC{‘ZXd. Since T'(0) = 1,, it is clear that ' admits a unique factorization of the form I' = I,.I! if we restrict (A, B) to be near enough
to 0, require the continuity of I'y, and impose condition I'1(0) = 1,. The so-obtained (I'y, I'-) can be written as holomorphic functions of
the matrix entries of I. Equation (3.10) entails that (T, T-) gives a Poisson map into the dual group GL(¢,C)* carrying brackets (2.10), and
relations (3.11) are equivalent to the moment map conditions given in (3.4). Here, we used the coincidence of (3.5) with (3.11) and that I and
(T'+, T'-) are related by a local Poisson diffeomorphism. O

Remark 3.4. A natural generalization of Proposition 3.3 holds around an arbitrary point (Ao, By) € S(n, d) for which (1, + A¢Bo) is an
invertible matrix. See Refs. 9 and 11 for the construction of (I, I'-).

Remark 3.5. We observe from Proposition 3.3 and the first factorization identity (1.16) that (g+, g-) given by (1.10) is nothing but the
(local) GL(n,C)*-valued Poisson-Lie moment map on S(n, 1). For d > 1, the meaning of the second factorization identity (1.18) is that the
(local) moment map (T4, T'—) mentioned in Proposition 3.3 satisfies the following equality:

(Tx om)(a,b) = G:(a,b), (3.12)

where m is the map of Theorem 1.1 and G, are defined in (1.17).

IV. DERIVATION OF THEOREM 1.1
The Poisson structure is derived in Sec. IV A, and we prove that m is a difftfomorphism in Sec. IV B. The strategy of the derivation is
analogous to Ref. 3, Lemma 5.1.
A. The Poisson structure
1. Preparation and notations

The product Poisson structure on S(n,l)Xd can be written in the tensor notation using the pairs (a”, b®) as follows:
{a‘i’, a’zj}K = —K0qp " a‘fug, {b'f, bg}x = —K@aﬁbﬁ‘bg ", (4.1a)
1
{u‘f,b/;} = Kaaﬂ(bg Pl + Ea‘{’bg + c’f;l). (4.1b)
K
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For fixed o € {1,...,d}, we use the pair (a%, b) to define G} locally by (1.13) and then the upper and lower triangular matrices g4, "% by

(1.11) and (1.12). Using (1.16) in the form
Grafm = 1y +a"b",

we can combine Propositions 3.2 and 3.3 for each copy S(n, 1), and we obtain

{af, (200),}, = a1 ai(g0p)» {als (7)., = 0up(e7p),

(b5, (80),}, = ¥Ougbi 1 (g0), {1, (875),}, = —xdupbi(g7p), 1.

We also use (2.10) to write

{(g+,a)1» (g+,ﬁ)z}x = K‘Saﬁ[(gﬂa)l(g*)ﬁ)z’rn]’
{(g:,la)l’ (g:,%)z}x = _Kaaﬁ[(g:>10¢)1 (g:>1ﬁ)2’ rn]’

{(gra) i (875), ), = ~#0up((gra)i i (875), = (875) 7" (gr)y)-

Remark 4.1. The involution  : S(n,1)*% — S(n,1)*“ defined by

t(al, b,...a% bd) = ((bl)T, (al)T, RN (bd)T, (ad)T)

(4.2)

(4.3a)

(4.3b)

(4.4a)

(4.4b)

(4.4¢)

(4.5)

is an anti-Poisson automorphism by Remark A.3 in the Appendix. Using this map, we observe the following identities of matrix-valued

functions:
JINT -
g+a Ol = (g—,tx) > g—ix olL= gia- (4.6)
The consistency of the anti-Poisson property with the Poisson brackets collected above is straightforward to check.
To ease computations, we introduce
B =g g hE=gia-gl, 1<a<d, (4.7)
with hY = 1, = h? so that (1.152) and (1.15b) become
A*=h{a", BY=b'hY, 1<ac<d (4.8)
It will also be convenient to introduce for 1 < a <y < d,
WY = oo grg B =gra W =gl glh W =gTL, (4.9)
and we set K%' = 1,, = h®*~!. We note, in particular, that under the involution  (4.5), which satisfies (4.6), we can write
K or= (W), B o= (K). (4.10)
2. Preliminary lemmas
Lemma 4.2. The following identities hold:
{af. (W) } = —wOuep) (1), 12 () (4.11a)
{08 (W)} = Wbiagpy (h371) 052 () (4.11b)
a B _ f n afya—1
{al,(h,)z}’{ = Ké(,,,<ﬁ)(h, )2 Ty al(h, )2, (4.11¢)
o B _ af 1 ap n(1a—1
{05, (1)} = —wOuepbi(H2F) 2 (h27),. (4.11d)
Here, the value of 8(a<p) is 1 if the condition a < 8 holds and is zero otherwise.
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Proof. We have from (4.32) that {af, (g+y)2}, vanishes identically if y # «. By definition of K, we thus get

{at, (#),} = (557, (gua),  (H57), 412)
if @ < 3, while it vanishes for < a. We then get the first equality from (4.3a). The second equality is found in the same way, and the following
two are obtained by applying the anti-Poisson automorphism . O

Lemma 4.3. The following identities hold:

(), (W)} (), () 7 (m57) = (), (), ), (4.13)
{(m), (1)} P((P), ), = (), () o (h),), (4.13b)
{(hz)l’ (hli)z}x E K((h/i)z e (hz)l - (hli)l e (hlj“;“)l(hli)z)' (4-13c)

A

Proof. For the first identity, since & < 3, we use the decomposition

{0, (), = 33(07), () L oo (127), (1274)
y=1

and note that the Poisson bracket appearing in the sum is given by (4.4a). This directly leads to the claimed result. For the second identity, we
write for a < 3,

(0),09),) = 507, (7)o (0,1 (), (7).

y=1

and then, we use (4.4¢) to get the desired result. The case a > 3 is obtained in a similar way. O

Note that the identities from Lemmas 4.2 and 4.3 can be used with h(i =1, as well.
3. The Poisson brackets {A,,A,}, and {By,B},
We note that obtaining {A;,A,}, in (1.4) is equivalent to deriving

{af.4} - —K(r”Ai‘Ag + %sgn(cx - /;’)Afng‘). (4.14)

This follows by spelling out the action of r using (1.2). In order to get (4.14), we note that (4.8) yields

{anal} ={(), (W7),} atds o (W77) {(7), &}

) e U . a (4.15)
+ (h+ 1)1{a1,(h’i I)Z}Kag + (h+ 1)l(hﬁ 1)2{011,{15}”.
We can then use (4.12) and Lemmas 4.2 and 4.3 to reduce this expression. If a = f3, we directly get
{A1, A7} = —wr"ATAS. (4.16)
If « < B, we get
{anal} =—wrafag J(ne), (), 1"af (155) df. (4.17)
Upon using the identity
I a‘f(hfﬂ_laﬂ)z = ag(hfﬂ_laﬁ)l, (4.18)
we find
{A‘{‘,Ag}x = —kr"A%AP 4 gA/ng’. (4.19)

Thus, we have derived (4.14) for all a < 8, and hence, it holds for all a, § by antisymmetry. We can check that we obtain the claimed Poisson
bracket for {By, B, }, either by a direct computation or using the anti-Poisson automorphism ¢ (4.5) under which Aor = B".
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4. The Poisson bracket {A,,B,},
We now use that obtaining {A;, B}, in (1.4) is equivalent to deriving

1
{A‘f, B } = K(B’j " AY + E(‘SalgA‘fo +8 D AYBY + 8,51 ) (4.20)

u<a

We have by (4.8) that
(18) (0, (8 +(057),) 606,
+ (n7h) ot (W)} (i) fat e} (H),

K

(4.21)

which can be computed using (4.1b) and Lemmas 4.2 and 4.3. If a < 3, only the first and third sums in (4.21) do not trivially vanish, and we
find that

{Al.B]} = xB)r AL (4.22)
If & > f3, we also obtain (4.22) by a similar computation. If & = 3, only the first and fourth sums in (4.21) are nonzero, and we obtain
{af,B3} = K(Bg " AY 4 %A?Bg + (hf‘l)lc;’fl(h‘i“)z). (4.23)
We deduce from (4.2) that k3 'h* ! = 1, + Yu<a A“BY, which implies
(hh),C (h), = Ci' + Y AYBS. (4.24)
p<a

Thus, we can write { S Bg};C for all a, f in the desired form (4.20).

B. Diffeomorphism property

Let us consider a point where the map m (1.14) is well-defined, i.e., we can construct g. o = g+ (a”, b%) fora =1, ..., d using (1.11)
and (1.12) with (1.13). In a sufficiently small neighborhood of this point, the entries of the matrices g. « are analytic functions; hence, m is
holomorphic. From the image of this neighborhood, we can define inductively

a' :Al, b :Bl, aZ:g:jAz, bzszg_,l, e
d_ -1 1,d d_ od (4.25)
a =g.g-1 1A b =Bg1g a1,

which is the inverse of the map m. The inverse map is holomorphic since the elements g, . are analytic functions in (Atﬂ , Bfg ) forf<a

V. A DECOUPLING PROPERTY OF THE ARUTYUNOV-OLIVUCCI BRACKET

We now derive an alternative realization of the Poisson algebra (1.21), as was promised after Lemma 1.2. For this purpose, we take d
copies of (S(n,1), {, },) with variables (a%, b*) for « =1, .. ., d and define the new variables (A", B*) as follows:

A“(a,b) = gjl(ad, bd) --»gjl(a“, b“)a“, (5.1a)

B*(a,b) = b*g-(a",b") - g-(a,b%), (5.1b)
using the functions introduced previously in (1.11) and (1.12).

Theorem 5.1. The map F : (a,b) — (A, B) given by (5.1a) and (5.1b), where (A%, B*) denote the columns and the rows, respectively, of
the matrices (A, B) € S(n, d), is a local Poisson diffeomorphism,

F:(S(m1),{, 1) = (8(md),{, }2), (5.2)

where {, }'K denotes the Poisson structure on S(n, d) defined by
{AI,AZ}; = K(rnAlAz —A1Azrd),
{31,32}; = K(Blﬁzr" - rdlglf?uz), (5.3)

{Al,Bz}; = K(—Bzf:Al +A11’ﬁ1§2 + Cln;d)
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Proof. The calculation of the Poisson brackets of the functions in (5.1a) and (5.1b) is, in principle, straightforward and follows the
derivation of Theorem 1.1 made in Sec. [V A.
The fact that the map F is a local diffeomorphism is similar to the argument used in Sec. IV B. We begin by observing the following
identities: o
Ly~ Grart = GoaA B g i = gingea for a=d,.. .1, (5.4)

which follow from (5.12) and (5.1b) using g+« = g+(a”, b%), with g 4.1 := 1, and applying the analog of (1.16) for all a. Then, picking A and
B near 0, we define the functions (¢+.a,8-a) € GL(n,C)” for 1 < « < d by considering the factorization problems,

1L, -AB =3 %% 4, (5.5)
and iteratively,
Ly — Gt = GugA B g = Gingea for a=d-1,...,1. (5.6)

This procedure uniquely specifies g1, for all a if we set g, = 1, for vanishing A and B and further require that these matrices depend
continuously on A, B in an open neighborhood of 0. As the final step, we define

0 = Grafran =+ Guah”, b =By g (5.7)

The definitions guarantee that if on the left-hand sides of (5.5) and (5.6) we use (5.1a) and (5.1b), then we obtain
Gra=ge(a"b"), ga=g-(a"b"), (5:8)
and hence, the map that we constructed by (5.7) is indeed the local inverse of F. O

It should be noted that although the map F from Theorem 5.1 is only a local diffeomorphism, formulas (5.3) yield a holomorphic Poisson
structure on the full space S(n, d).

Remark 5.2. By using G, (1.17), the formula
(a,b) = (G.(a,b).0-(a.b)) (59)
defines a local Poisson map from (S(n,1),{, }K)Xd to (GL(n,C)*, {, }%). This map satisfies the following identity:
G.(a,b)"'G_(a,b) = 1, - A(a,b)B(a,b), (5.10)

which is a counterpart of identity (1.18). The left-action of GL(#, C) on S(n, d) has the Poisson-Lie property with respect to the bracket { , },'(
(5.3) on S(n, d) and the bracket {, }o* (1.6) on GL(n,C). The map (A, B) ~ ['(4,B) := 1, — AB represents the (densely defined) moment
map associated with this action, using the standard mapping (2.13) of GL(#,C)* into GL(n, C). To put it more explicitly, A, B and ' satisfy

{fl,fz}; = —K(f‘ﬂ’ffz + f‘z?’ffl - flfzrn - r"flfz) (5.11)
together with
{Al,fz}; = —K(f‘zrf - rff‘z)Al and {Bl,fz}; = —KEl(TfIA‘z - fzrt). (5.12)

These relations have the same form as those in (3.10) and (3.11), taking into account that now we are referring to Poisson-Lie symmetry with
respect to the bracket { , }.* on GL(n,C). The interested reader can verify all these equalities by direct calculation.

Finally, we state the sought after decoupling property of the Arutyunov-Olivucci Poisson bracket (1.21).
Corollary 5.3. Let 04 and 0p be arbitrary constants satisfying 0405 = —. Then, the rescaling
0:(A,B) — (A B) := (644, 63B) (5.13)

gives a Poisson diffeomorphism from (S(n,d),{, }.) (5.3) to (S(n,d),{, }.) (1.21). Composing this with the map F from Theorem 5.1, we get
a local Poisson diffeomorphism,

xd
0oF:(S(n1),{,},) " = (S(nd).{, };). (5.14)
This map enjoys the following identity:
(1,+kAB) oo F=G.'G_. (5.15)
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The observation that (1, + xAB) can be realized by applying mapping (2.13) on the inverse (G,,G_)"" of a Poisson map (G,,G_) into
(GL(n,C)*,{, }") played an important role in the derivation of the trigonometric complex spin Ruijsenaars-Schneider model by Arutyunov

and Olivucci.” [To be precise, they locally realized (G,,G_) as a moment map generating a Poisson-Lie action of (GL(n,C),{, }¢,) on
(S(n,d),{, }}).] Our result (5.15) provides decoupled variables ((a%, b*) for a = 1, .. ., d) that give such a realization explicitly. These new
variables (a, b) are expected to be useful for further studies of the reduction treatment of the complex spin Ruijsenaars-Schneider model,
similarly as proved to be the case for the real form of this important integrable Hamiltonian system.’

VI. CONCLUSION

In this paper, we presented a detailed analysis of the GL(n,C) x GL(d, C) covariant Poisson structures (1.4) and (1.21) on the linear
space S(n, d) (1.1) for arbitrary natural numbers # and d. Our main results are encapsulated by Theorem 1.1 and Theorem 5.1 with Corollary
5.3 that provide new realizations of the corresponding Poisson algebras in terms of d independent copies of “elementary spin variables” living
in S(n, 1). The Appendix highlights further relevant properties of these Poisson structures, especially by giving the underlying symplectic form
on a dense open subset of S(, 1). These results may contribute, for example, to deepening the understanding of Ruijsenaars—Schneider-type
integrable many-body models with spin having hidden GL(#, C) Poisson-Lie symmetry. It is also an interesting open question to search for
their quantum mechanical analogs in the future.
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APPENDIX: ADDITIONAL PROPERTIES OF THE POISSON BRACKET ON S(n, d)

In this appendix, we show that the Poisson bracket (1.4) on S(n, 1) can be seen as a particular example of the complexification of
Zakrzewski’s U(n) covariant Poisson brackets on C".'” We also point out that the Poisson bracket (1.4) on S(1, d) is never globally symplectic
and present the symplectic form that corresponds to this Poisson bracket in a neighborhood of 0.

1. The Zakrzewski Poisson brackets
Let us introduce a real anti-symmetric biderivation on C" ~ R*", which is written on the components of u € C" as
{ui, uj} = — €i sgn(i — j)uiu;,
: (A1)
{ui, th} = — €i6yF + €iGuiiy — €18y Yy, sgn(r — i),

r=1

where € € R* and F = F(Ju|*), G = G(Ju|*) are two arbitrary functions. Denote by F/, G’ the derivatives F'(t) = %F(t), G'(t) = %G(t). We
recall the following result due to Zakrzewski.

Lemma A.1 (Ref. 12). The anti-symmetric biderivation (A1) is always Poisson for n = 1, while for n > 2, it is Poisson if and only if
FF + G(F = F'lu|*) = |uf*. (A2)
Furthermore, the action U(n) x C" — C" defined by left multiplication yields a Poisson map if U(n) is equipped with the multiplicative Poisson

bracket, satisfying {g1,& }y () = —2i€[g1g2,1"].

In complete analogy, we define an anti-symmetric, holomorphic biderivation on C*" endowed with coordinates (ai, b;) (Where we see a
and b, respectively, as a vector and a covector) by

K .. K .
{ai,aj} = Esgn(z -jaia, {bi,bj} = —Esgn(z —j)bibj, (A3a)

{anb)} = géi,F - gGa,-bl + gaﬂ S sgn(r - i)asby, (A3b)
r=1
where ¥k € C* and F = F(t), G = G(t) are two arbitrary holomorphic functions of ¢t := >, arb.. We denote by F’, G’ the derivatives of F, G
with respect to ¢. The following result can then be proved as Lemma A.1.
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Lemma A.2. The anti-symmetric biderivations (A3a) and (A3b) are always Poisson for n = 1, while for n > 2, it is Poisson if and only if

n
FF' +G(F-F't)=t,  t:=) ab,
r=1

Furthermore, the action
7:GL(n,C) x C*" - C™", 1(a,b) = (ga,bg™")

is a Poisson map when GL(n, C) is equipped with the Poisson bracket (1.6).

(A4)

(A5)

The Poisson bracket (1.4) on S(n, 1) is an example of the complex Zakrzewski Poisson brackets of Lemma A.2 since it corresponds to the

cases F(t) =2 + t and G(¢) = —

Remark A.3. The involution

1:C" > C", (ab)=(b",a"

(A6)

is an anti-Poisson automorphism. This follows from a direct verification of this property on the evaluation functions a;, b;; see (A3a) and

(A3D).

2. Degeneracy of the Poisson bracket
We note that the Poisson bracket (1.4) on S(n, d) can be written in the coordinates AY := Ajq, B{ := By as

{AI,A/;} fsgn(z—k)AkAﬁ—fsgn(zx ﬁ)AkAl,
{B?,Bﬁ} —fsgn(z k)BkBl3 sgn((x ﬁ)BZBf;,

K
{af.B)} - 3 Sk ATBE + k0 S AZBE

s>i

+ = 8,,4;A B + K(Saﬂ Z AMBH + K(Saﬁ&k

p<a
If we consider a point p € S(n, d) contained in the one-dimensional subset where

1 +A,qui, =0, A}x,B}x =0 for (j,a) # (n,1),
we directly see that the Poisson brackets (A72) and (A7b) evaluated at p are 0. Furthermore, decomposing (A7¢) as

{A?,Bf} =0, itkazp

{ALB) = SATB+x L A/, ixkoa=p
u<a

{A,,B‘B} 7AB[; kS AR, =k axp

s>i
{A?,Bf‘} = kAB! + KZA?B? +K ZA’;B? +x, i=k a=p,
$>i u<a

we get that (A9a)-(A9c¢) vanish at p, while we can write (A9d) as

(A BT} (p) = k1 - 8] [1 - 8],

Hence, at p, the rank of the Poisson structure is 2(n — 1) (d — 1) and the Poisson bracket (1.4) is not globally non-degenerate.

(A7a)

(A7Db)

(A7¢)

(A8)

(A9a)

(A9b)

(A9¢)

(A9d)

(A10)
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3. The symplectic form on a dense open subset

The holomorphic Poisson bracket (1.4) is non-degenerate on a dense subset of S(n, d) since it is non-degenerate at the origin. We now
present the corresponding symplectic form for d = 1. For d > 2, the symplectic form can be obtained around the origin by combining this

result with Theorem 1.1.

Proposition A.4. Consider S(n, 1) with the Poisson bracket (1.4), and denote its elements by (a, b). On the open subset where

G,-::1+Za,br¢0, V1<i<n,

r>i
the Poisson structure is non-degenerate, and the associated symplectic form can be written as

_ _1 daindb; Z e G (bidai - aidb;) A (bedas + asdby),

K i 113>z

where we set a1 = by =0and Gy = 1.

(A11)

(A12)

Proof. Without loss of generality, we take x = 2. We will prove using the two-form (A12) that for any 1 <j < n,

Ix, W = —daj,

where X, = {-,a;} denotes the Hamiltonian vector field of a;, which is given by

1o} 0
X =) sgn(l- ])ajalaal Za]blab 2Gjab

I#j

(A13)

(A14)

By symmetry between a and b, we will also have that X, @ = —db;. These conditions then imply that w is non-degenerate and corresponds to

the Poisson bracket on S(#, 1); hence, it is also closed.

To prove (A13), let us denote the three terms appearing in the vector field (A14) as X;, X,, X3. Contracting with the two-form, we

compute
txlw——stgn(l 7) % ldbl
l¢]
aiby
+ = sen(l- a; bsdas + asdbs
a ; gn(!-j) g GG )
- - ngn(l ) Zu] al ! (b da; — a;db;),
l#] i<l
then
1X2w——fza]bl ZZ] arbi (bsdas + asdby)
2 I#j l#j s>1 GlGl 1
albl
bida,- - a,-dbi 5
ZJ: ; i GiGin ( )
and finally
ix,0 = — daj + Z 4 =— (b;das + asdby)
s>]
a bida; — a;db;).
;,GGH( )
After summing together the last two terms from (A15) and (A16), we find
da} ajbs
ix, @ = = daj = 2 ; 5 ; G da
albl 1 albl
— Z aj (bsdas + asdbs) + = Z aj (bsdas — asdb;)
s>l>] GG 2 s<l<j sMs+1
+ = bsdas + asdbs) + = bsdas — asdbs
gaj GJ+1 ( ! ¢ ) ;a] GSGS+1 ( ¢ ¢ )

(A15)

(A16)

(A17)

(A18)
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For fixed s, j, we note the following identities:

oab 1 1 i1
e, Y abi=Gui -G, (A19)
I5j+1 GG Gs Gin I=s+1
which allow us to write the line in the middle of (A18) as
1 1 Gs1 — GJ
+ =) agj bsdas + asdbs) + = bsdas — asdbs). A20
2 g ](Gs G]+1 )( ’ * ) ; g G5G5+ ( ) ’ ) ( )

This can be simplified with the last line of (A18), and we get

1 aias 1 aib;
lXajw:*daj*EZSgn(S*]) 12 db, -y ]G das

s#j 2 s#j s (AZI)
1 Z (% 5) sy (% _ %)
S>] J Gg as s<] J Gs as bs ’
which is just —da; as the other four terms cancel out. o

Remark A.5. Tt can be shown that the Poisson tensor corresponding to the bracket (1.4) on S(n, 1) is degenerate precisely on the zero
set of the function []i; Gi, which is the complement of the set considered in Proposition A.4. If in (A12), we put b; = a; and x = 2i, then we
recover the real symplectic form on C" ~ R*" given by Ref. 3, Proposition A.6, from which our formula was obtained by complexification.

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were created or analyzed in this study.

REFERENCES

'1. Krichever and A. Zabrodin, “Spin generalization of the Ruijsenaars-Schneider model, non-abelian 2D Toda chain and representations of Sklyanin algebra,” Russ.
Math. Surv. 50, 1101-1150 (1995).

2G. E. Arutyunov and E. Olivucci, “Hyperbolic spin Ruijsenaars-Schneider model from Poisson reduction,” Proc. Steklov Inst. Math. 309, 31-45 (2020).

3M. Fairon, L. Fehér, and I. Marshall, “Trigonometric real form of the spin RS model of Krichever and Zabrodin,” Ann. Henri Poincaré 22, 615-675 (2021).

“G. Arutyunov, Elements of Classical and Quantum Integrable Systems (Springer, 2019).

5L.D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons (Springer, Berlin, 1987).

6. L. Korogodski and Y. S. Soibelman, Algebras of Functions on Quantum Groups: Part I (American Mathematical Society, 1998).

7M. A. Semenov-Tian-Shansky, “Dressing transformations and Poisson group actions,” Publ. RIMS 21, 1237-1260 (1985).

8M. A. Semenov-Tian-Shansky, “Integrable systems: An r-matrix approach,” Kyoto preprint RIMS-1650, 2008, www kurims kyoto-w.ac.jp/preprint/file/ RIMS1650.pdf.
9The multi-valued inverse of the map y is closely related to the Gauss decomposition (Ref. 11, Chap. VI, Sec. 1) of regular matrices. If we Gauss decompose any
g € GL(4,C) as g = g-gog< and have gy = hé for the diagonal constituent, then g = heh”h, with by = g>ho and hl = hoge, so that (hy,h-) € GL(4,C)*. The
subtlety is that we have to take the square root of the diagonal matrix go.

19].-H. Lu, “Momentum mappings and reduction of Poisson actions,” in Symplectic Geometry, Groupoids, and Integrable Systems (Berkeley, CA, 1989), Mathematical
Sciences Research Institute Publications Vol. 20 (Springer, New York, 1991), pp. 209-226.

M. A. Naimark and A. 1. Stern, Theory of Group Representations, Grundlehren der Mathematischen Wissenschaften Vol. 246 (Springer-Verlag, 1982).

125, Zakrzewski, “Phase spaces related to standard classical r-matrices,” J. Phys. A: Math. Gen. 29, 18411857 (1996).

J. Math. Phys. 62, 033512 (2021); doi: 10.1063/5.0035935 62, 033512-14
Published under license by AIP Publishing


https://scitation.org/journal/jmp
https://doi.org/10.1070/rm1995v050n06abeh002632
https://doi.org/10.1070/rm1995v050n06abeh002632
https://doi.org/10.1134/s0081543820030037
https://doi.org/10.1007/s00023-020-00976-4
https://doi.org/10.2977/prims/1195178514
http://www.kurims.kyoto-u.ac.jp/preprint/file/RIMS1650.pdf
https://doi.org/10.1088/0305-4470/29/8/030

