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Abstract

This paper is about the characterization of the rate of best polynomial
approximation on a domain in R? by multivariate polynomials of degree n
via a suitable modulus of continuity or smoothness. We shall be concerned
with the situations: approximation on convex polytopes and approxima-
tion on (not necessarily convex) smooth algebraic domains. We shall
introduce appropriate moduli of smoothness and prove the corresponding
Jackson theorem. The usual weak converses are also true.
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One of the primary questions of approximation theory is to characterize the
rate of approximation by a given system in terms of some (computable) modulus
of continuity or smoothness. In this spirit we set out the task to characterize
the rate of best polynomial approximation on a domain in R? by multivariate
polynomials of degree n via a suitable modulus of continuity or smoothness.

We shall be concerned with the situations: approximation on convex poly-
topes and approximation on (not necessarily convex) smooth algebraic domains.
We shall introduce appropriate moduli of smoothness and prove the correspond-
ing Jackson theorem. The usual weak converses are also true, they actually au-
tomatically follow from classical converse results and from the way the moduli
of smoothness are defined.

Part 1
Approximation on polytopes

In this first part we shall be concerned with convex polytopes in any dimension.

1 The main result

Let f be a continuous function on [—1,1]. With p(z) = V1 —22andr =1,2,...
let

wl(f,0) = sup Ap oo f(x 1.1
»(f,0) 0<h§6,me[71’1]| hip(x)d (2] (1.1)

be its so called p-modulus of smoothness of order r, where

s

@) = ()1 (o Goon) (12)

k=0



is the r-th symmetric difference. In (1.1) it is agreed that A} f(z) = 0 if [z —
sh,x + 5h] € [=1,1]. See the book [6] for this kind of moduli of smoothness,
for their properties and for their applications.

With this modulus of smoothness one can characterize the rate of best poly-
nomial approximation on [—1, 1]. Indeed, if

B(f) =it | = Palli-1

is the error (in the supremum norm) of the best polynomial approximation by
polynomials of degree at most n, then the Jackson-type estimate

E,(f) < Crw;(f: 1/n),

as well as its weak converse
n

W(F1/m) < O S+ 1) B() (13)

k=0

are true (see [6, Theorem 7.2.1] and [6, Theorem 7.2.4]). Our aim in this paper
is to find the analogues of these in several variables.

In R? we call a closed set K C R? a convex polytope if it is the convex
hull of finitely many points. K is d-dimensional if it has an inner point, which
we shall always assume. The analogue of the p-modulus of smoothness on K
was defined in [6, Chapter 12], and to recall its definition we need to consider
the given function along lines in different directions. A direction e in R? is
just a unit vector e € R%. Clearly, e can be identified with an element of the
unit sphere S9!, so S9! is the set of all directions in R?. Let K be a convex
polytope, € K and e € S?! a direction. The line le,w through x which
is parallel with e intersects K in a segment A.,B. .. The role of ¢ on that
segment is taken over by

dx(e, ) = \/dist(x,Ag,x) - dist(x, By o). (1.4)

If f is a continuous function on K, then we define its r-th symmetric differ-
ences in the direction of e as
I - k(T r
hef (@) = Y (1) (o + (G—Rohe) (15)
k=0
with the agreement that this is 0 if  + Fhe or  — $he does not belong to K.
If € is a set of directions, then the r-th modulus of smoothness with these
directions is defined as (see [6, Section 12.2])
il e = s AL /@) (1.6)
If £ is the direction of the edges of K, then we shall simply write wi (f,9)
for wi(f,d)s. These moduli of smoothness share many properties of classical
moduli, in particular

Wi (f;Ad)e < CrN'wie(f,6)e



for any A > 1. We shall also frequently use monotonicity in K: if K1 C K then
Wi, (f,0)e < wi, (f,0)e, which is immediate from the definitions.

Note that when K = [—1,1], then there is only one direction (and its nega-
tive) and this modulus of smoothness takes the form (1.1), i.e.
we,(f,6) = wi_y 1)(f,9) (1.7)
Let I1¢ be the set of polynomials in d-variables of total degree at most n,
and let the supremum norm on a set K be denoted by || - || x. For a continuous
function f € C(K) we are interested in
En(f)xc = jinf |If = Pallx, (1.8)

n n

which is the error of best approximation of f by polynomials of total degree at
most n.
In the first part of this paper we prove

Theorem 1.1 If K is a convex polytope in R?, then forr=1,2,...
E,.(f)x < Cwi(f,1/n), n > rd. (1.9)

Here the constant C' depends only on K and 7.

Call a polytope K in R? a simple polytope if at every vertex there are pre-
cisely d edges. Theorem 1.1 was verified in [6, Theorem 12.1.1] for cubes/paral-
lelepipeds in all dimensions, and in [6, Theorem 12.2.3] (with an additional
term) for all simple polytopes. The somewhat weaker result

En(f)r < Cwi(f,1/n)se-1, (1.10)

i.e. when all directions are used in the modulus of smoothness, was proven in
[14, Chapters 1-10] for all polytopes in R3. In [14, Chapter 11, Theorem 1.1],
it was also stated that (1.10) holds also in R?, d > 3, but Andriy Prymak
noticed that the proof (that reduced the problem to approximation on simple
polytopes) does not give that, so the claim was wrong in the sense that the proof
in [14, Chapter 11] yields (1.10) only for special polytopes K (which satisfy the
property that the intersection of K with any hyperplane that cuts off a vertex
is a simple (d — 1)-dimensional polytope). Thus, in its generality, (1.9) (which
also covers (1.10)) is new (and actually sharper than what has been previously
proven in the special cases known in the literature).
The weak converse

n

SHelF 1) £ o 3+ 1) By

k=0

is an immediate consequence of (1.3) if we take into account how the modulus
of smoothness on the left has been defined.

The Jackson-type estimate Theorem 1.1 and the weak converse (1.3) easily
imply the following. If K3 C K is a segment and we consider f only on K;, then



we obtain a continuous function on a segment/interval, and we can consider the
approximation of this one-variable function by polynomials of the same (single)
variable. Now it follows that if a > 0 and the error of best approximation of
f on any segment of K by (one variable) polynomials of degree at most n is
< n~%, then on the whole K the function f can be approximated with error
< Cn~% by polynomials (of several variables) of degree at most n (where C
depends only on K).

Remark 1.2 We need to say a few words on the degree of polynomials. In
this work we use total degree (i.e. the degree of 7' ---a5? is aq + -+ + aq),
while the works [6] and [14] used maximal degree in the separate variables (in
which case the degree of 27 - - 25¢ is max a;). This has not much effect on the
corresponding Jackson theorem, only on the range of n for which the theorem
holds. Indeed, let E,(f) be as in (1.8) where the infimum is taken for all
polynomials of total degree at most n, and let

E,(f)k = lélf Ilf — Qnllk,

where now the infimum is taken for all polynomials @, that are of degree at
most n in each variable. It is clear that E,.q(f)x < EX(f)x < En(f)k, so a
Jackson-type estimate for either of E,, or E yields a Jackson-type estimate for
the other. Note however, that if fy is the polynomial :CTl - -:1::[1 and K is
the unit cube in R?, then EX(fo) = 0 for n > r — 1 while E,(fy) = 0 only
for n > d(r — 1). In a similar manner, if we use edge directions in forming the
modulus of smoothness, then w”(fo,d)x = 0, so when using E,,(f) the Jackson-
type estimate (1.9) cannot hold for n < d(r — 1). That is why we claimed (1.9)
only for n > rd.

2 OQOutline of the proof of Theorem 1.1

In the proof of Theorem 1.1 a special role is played by pyramids. Let Sy be a
convex (d — 1)-dimensional polytope in R?, and P € R? a point outside the
hyperplane of Sy. The convex hull of Sy and P determines a d-dimensional
pyramid S with apex at P. We call Sy the base of S, and the edges emanating
from P the apex edges of S.

Let K C R? be a convex d-dimensional polytope with vertices {Q; Py If
Q; is a vertex of K and L is a hyperplane that intersects all the edges emanating
from @;, then L cuts off a pyramid S; from K with apex at ); (and with base
KnNL).

As has been mentioned, (1.10) was proven in [14] in R®. That proof works
in any dimension for a polytope K which has the property that if we cut off
a small pyramid S; around every vertex );, then what remains (say Ky) is a
simple polytope (note that in R? any polytope is simple, so the just mentioned
property is true for any 3-dimensional polytopes). In that approach simple
polytopes are used in two essential ways.



e 1) K is simple, so for it the claim (say (1.10)) on the rate of approximation
is true by [6, Theorem 12.2.3] (with the additional term in that theorem
separately removed).

e 2) If S]?‘ is the A-shrunk copy of S; from @, then the truncated pyramid

S\ S’]f\ is simple, so for it the claim on the rate of approximation is true
again by [6, Theorem 12.2.3].

Note that if we are working in R3, then no assumption is needed, K is
always simple, so the just outlined approach yields the theorem. This is no
longer true in RY, d > 3 (an observation by A. Prymak!), so the use of simple
polytopes in 1)-2) must be avoided. The proof we give is by induction on the
dimension, but for the induction we need the approximants to be given by linear
operators, and the modulus of smoothness should involve only edge-directions.

A) In 2) the truncated pyramid is (for A < 1 close to 1) the union of well-
overlapped product sets (with the smaller base of the truncated pyramid x
the edges), so induction and simple patching gives the result for the truncated
pyramid. From there the proof in [14] gives the result for each of the pyramids
S;.

B) The problem in 1) is avoided by not looking at all on the remaining poly-
tope Ky, but rather appropriately covering the original polytope by translated
copies of the pyramids S; and patching the approximants on them (which were
established in A) together.

We start with the last tusk, i.e. by constructing an appropriate pyramidal
covering.

3 Pyramidal covering and approximation on gen-
eral polytopes

We shall write a,, < b, if there is a C' > 0 such that for sufficiently large n we
have |a,| < Cb,. If we also specify a range n > ng for n, then a,, < b,, n > ng
means that there is a C' > 0 for which |a,| < Cb, for all n > ny.

We shall prove Theorem 1.1 using bounded linear operators mapping C(K)
into I1¢ (since I1¢ is finite dimensional, it does not matter what norm is used
on I1¢). Therefore, we introduce the notation

Ey(f)x < w(1/n) (3.1)

to denote the fact that for all sufficiently large n (independent of f) there are
bounded linear operators L,, : C(K) — TI¢ such that

If = Lnflx < Cw(1/n). (3.2)

!Indeed, if V is a non-simple polytope in R4=1, d > 3, and K is the convex hull in R? of
V and the point (0,...,0,1) € R4, then for any hyperplane L in R¢ that is parallel with the
xg = 0 hyperplane that intersects K in at least two points the intersection K N L is similar
to V/, hence L cuts off a non-simple pyramid from K.



with some constant C independent of f and n. Sometimes we need to specify a
subclass C of C'(K) for which (3.2) is required, in which case we write

EX(Hx <w(l/n), fec. (3.3)

(3.1) proves Theorem 1.1 for sufficiently large n. Small n’s will be separately
handled in Theorem 5.1 in Section 5.

In this section we show that if one can approximate in the correct order
on pyramids, then the approximation on any polytope follows by a pyramidal
covering of the polytope. Then, in the next section, we show how to handle
pyramids.

We shall need some simple geometric facts.

3.1 Lemmas on geometry and polynomial partitions

Lemma 3.1 For every conver body S C RY there is a constant o > 0 with the
following property: if we represent S as the intersection of half spaces, then for
any point P in R? the distance from P to one of these half spaces is at least o
times the distance from P to S.

Proof. Let us write a ball B, of some radius r inside S about a point O of
S, and let R be such that the ball Bg about O of radius R contains S in its
interior. We show that for any 8 < 1 the number o = r/R is suitable.

Indeed, let P be any point outside S. The O P segment intersects the bound-
ary of S at a point @ (see Figure 1). Then PQ > dist(P, S), so if we select the
point ¢ on the segment PQ close to @, then Pg > Bdist(P, S) and at the same
time Og < R are satisfied (note that @ lies inside Bgr, so we may select ¢ so
that it also lies inside that ball). There is a half space K among the given half
spaces that contains S but does not contain the point q. Let H be the bound-
ary of that half space. Then H intersects the OP segment in a point A (that
lies necessarily on the segment (QQq), and consider the normal line to H at the
point A. This normal line and the line passing through O and P determines
a plane L that intersects H in a line ¢ (see below for the case when these two
lines coincide). Let B be the closest point of ¢ to O and C the closest point
of £ to P. Since L is perpendicular to H and P € L, the distance from P to
C is precisely the distance from P to the half space K. Furthermore, OB > r
(K contains the ball B,.), OA < R (A lies on the segment Qg which lies inside
Bg), and from the similarity of the triangles ACP and ABO we obtain that
PC/PA = OB/OA > r/R. Since PA > Pq > 3 dist(P,S) is also true, we
finally obtain

dist(P, K) = PC > (r/R)PA > (r/R)Bdist(P, S).

The just given proof used that the normal line to H at A and the line passing
through O and P are different (so they form a plane). If they are the same,
then dist(P, K) = PA > Pq > pdist(P, 5).

|



Figure 1:

Lemma 3.2 Let S be a convex polytope lying in the unit ball B1(0) of R, and
let € > 0. There is a constant k = k(S,¢€) such that for every n > 1 there are
polynomials Ry, of degree at most kn for which

a) 0 < Rpn(z) <1 for z € B1(0),
b) 1 — Rpp(x) < 27" forx € S,
¢) Rpn(x) <27 for x € B1(0), dist(z,S) > e.

Remark 3.3 1. The lemma is closely related to well localized polynomial par-
titions of unity. Indeed, if Si,..., 5, are finitely many closed convex bodies in
B;(0) and Uy, ..., U, are neighborhoods of them, then there is a constant § > 0
and for each large n there are polynomials P ,, ..., Py n, Pmi1,n of degree at
most n such that

e 0<P;, <1on Bi(0) for all j,

o« Y P =1,

o P, <6"onB(0)\Uj forall 1<j<mand
® Ppi1n<60"on U;-”lej.

In particular, if the S; are pairwise disjoint, then (by choosing U; to lie outside
Usx;Ss) we can also have (with a possibly large 6)

e 1-0"<P;j<lonS;foralll<j<m.



Indeed, to see that, we may assume that each S; is a convex polytope (just
place such a polytope in between S; and U;). Then we can apply Lemma 3.2
to each S; (with an ¢ for which the e-neighborhood of S; is part of Uj) to get
polynomials R; /., of degree at most n/m as in Lemma 3.2 (just apply the
lemma with n replaced by n/km). Now it is easy to see that

Pj,n = Rj,n/m(l - Rl,n/m) to (1 - Rj—l,n/m), .7 =1,... , M

and
Perl,n = (1 - Rl,n/m) e (1 - Rm,n/m)

satisfy the requirements. The 6§ depends on m, € and on the numbers k(S;,¢)
in Lemma 3.2.

2. To our knowledge in more than one variables polynomial partitions of
unity were created for the fist time in [7] (that paper dealt with dimension 2).
There the decrease was of power type away from the sets, and that decrease
started right at the boundary of the sets .S;. In the just given construction Pj ,
tends to 0 geometrically fast outside Uj;, though there is no information on its
behavior in U, \ S;. In patching local polynomial approximants together to a
global approximant one needs, in general, a geometric rate of convergence to 0
as just has been explained.

Proof of of Lemma 3.2. Let a > 0 be the constant from Lemma 3.1 for the
polytope S.

It is well known (see e.g. [12, Corollary VI.3.6]) that for every e > 0 there
are an s and for every n polynomials Rsn(xl) of a single variable x1 of degree sn
such that 0 < R,, <1 on [-3,3], 1 — Rsn < 37" on [—3,0] and Rsn < 37" on
[ag, 3]. We regard R, as a polynomial of degree sn of the variables (z1,. .. ,z4).

S is the intersection of some half-spaces K, ..., K,,. We may assume that
the boundary of each K contains a point of S. If ®; is an isometry of R? that
maps K; into the half-space z; < 0, then Ry, (®;(x)) is a polynomial of degree
at most sn, it is in between 0 and 1 on the unit ball (note that the unit ball
is mapped into the strip —3 < z; < 3 by ®;), it is closer to 1 than 37" on S
(S is mapped into —3 < z; < 0) and it is closer to 0 than 3™ at any point
of B1(0) \ K; which lies of distance > ae from K;. However, by the choice
of v, any point in the unit ball that is of distance > ¢ from S lies of distance
> ae from one of these K, hence, the product of the polynomials Rm(@j(az)),
j=1,...,m, is appropriate in the lemma for sufficiently large n.

Lemma 3.4 Let S C K be convex polytopes in R%, and let S° be the closed
e-neighborhood of S. Let furthermore H C K be a closed set such that for some
0 > 0 the intersection SN H contains a (d-dimensional) ball of radius §. Then
for every ly there is an | such that

Bign(f)senx <w(l/n),  Eig(fu <w(l/n),  feCO(K) (34)



imply
EE(f)sum <w(1/n), f € C(K). (3.5)

Here the constant in the last < does not depend on f, it depends only on the
diameter of K, on § and on the constants in the preceding two <. The quantity
w(1/n) is a generic term that tends to 0 as n — co — we shall use the lemma with
w(1/n) replaced by the 1/n-value of a certain modulus of smoothness. Recall
also our convention that the implication (3.4) = (3.5) is not for individual
functions, but should be read that if (3.4), i.e.

Ejgn(f)senx < Cow(l/n), B (f)r < Cow(1/n), n>mng
holds for all functions f € C'(K) with some constants Cy, ng, then (3.5), i.e.
Ep(f)sum < Cuw(l/n), n>m

is also true with some C4,n for all such f.

Proof. We may assume K C Bj(0), i.e. that K lies in the unit ball of R%.
First we recall

Lemma 3.5 [14, Lemma 4.1] If B is a ball of radius 6 lying in the unit ball
B (0), then for any polynomial Q,, of degree at most n

1@nllB1(0) < |QnllB(4/6)". (3.6)

Let Py, and P, be bounded linear operators on C(K) mapping into I |
such that

If = Praflisenx < Cw(l/n),  |[f = Ponflla < Cw(l/n)

for f € C(K). By assumption there is a ball B C H NS of some radius ¢ > 0,
and on that ball we have

||P1,nf - PQ,nf”B S ||f - P2,nf||H + ||f - Pl,nf”SEﬁK S 2Ow(1/n)7
hence, by Lemma 3.5
HPl,nf - P2,7lf||Bl(O) < 20(4/5)1071(’0(1/71). (3'7)

Choose an integer b such that (1/2)" < (§/4)! and with the polynomials
Ry, from Lemma 3.2 for S and with | = (Ip + kb) set

Llnf = Rklmpl,nf + (1 - Rkbn)PZ,nf~

This is a bounded linear operator from C(K) to II¢

in, and for it we have

e on HNSe

|f - Llnf‘ S Rkbn‘f - Pl,nf| + (1 - Rkbn)|f - P2,nf‘ S Cw(l/n)v (38)

10



o on S (see (3.7))
|f=Linfl = |f=Pinf+ 1= Rion)(Prnf — Ponf)| < [f = Prafl+
+ (1= Ripn)[Prof = Ponf| < Cw(1/n) +27"2C(4/6)"w(1/n)
< 3Cw(1/n), (3.9)
e and on H \ ¢

|f - Llnf'

|(f - P2,nf - Rkbn(Pl,nf - P2,nf)‘ S |f - P2,nf|
+  Ripn|Pinf — Ponf] < Cw(1/n) +27""20(4/8)""w(1/n)
< 3Cw(1/n). (3.10)

The inequalities (3.8)—(3.10) verify the lemma.
|

As usual, we identify a point Q € R¢ with its position vector @, where O
is the origin.

Let @, be the homothetic transformation of R? with center at @ and
with dilation factor 7, i.e. ®¢, is the linear transformation of R? for which
®g.,(P)=Q +n(P— Q) for any P € R%

Let K be a convex polytope in R? with vertices Q1, ..., Qmn.

Lemma 3.6 K is covered by the sets ®q, 4/@a+1)K, j=1,...,m.

Proof. By taking a simplicial decomposition? of K into d-dimensional sim-
plices with vertices from the set {Qi,...,Qm}, we may assume that K is
a simplex (so m = d 4+ 1). Then any point X in K is of the form X =
a1Q1 + - agp1Qar with a; > 0, > a; = 1. Here one of the «;’s, say ai,
is at least 1/(d + 1), hence from the representation

X=(01- a1)( a2 Qa2+ + /\d+11 QdH) a1 =(1—-a)Y +a1(1

11—y 11—«

we can see that X divides the segment Y () into segments with length-ratio
a1/(1 — 1) > 1/d, which implies that X belongs to ®g, q/(4+1)K because
Y e K.

|

2 Actually, all we need is Caratheodory’s theorem that any point of the convex hull of a
set H in R? lies in the convex hull of some of its (d + 1) points, so if K is a polytope in R%,
then it is the union of the simplices spanned by (d + 1) vertices of K.

11



Lemma 3.7 Let K be as in the preceding lemma and let 0 < 0 < 1/(d + 1)
be fized. If P is any point of ®q, 1-¢K and we translate @, g K by the vector

Q; ﬁ, then the translated polytope is part of K.

Proof. Indeed, if R is any point of ®q, oK and we denote the vectors Cﬁ
and Cﬁ by v and u, respectively, then Q; + (1 — 6)~'v, Q; + 6~ u belong to
K, hence so does the point (1 —0)(Q; + (1 — 0)"'v) + 6(Q; + 6~ u) on their
connecting segment. But this point is Q; +u+v=R+u =R+ Cﬁ, which
means that ®q, o K + W’ C K. This proof also gives that if P lies in the d-

dimensional interior of ®¢, 19K, then the translated polytope @, o K + Q; P
also lies in the interior of K.

What we have just proven can be applied on every lower dimensional face
of K. Indeed, let Fj be a k-dimensional face of K that contains ();. Since
F,N®g, K = ®q, ¢F, what we have just established can be applied to the
face Fj, and to <I>QJ'.’9F;€. Thus, if P € ®g, 19K is on the face Fj, then the
face ®q; o Fi + Cﬁ of the translated polytope ®¢; o K + Cﬁ lies in Fy, and
if P lies in the k-dimensional interior of @, 16 Fk, then F}, N (Pq, oK + Cﬁ)
lies in the k-dimensional interior of Fj. In the latter case if P’ lies in the k
dimensional interior of FyN (<I>Qj79K—|—Cﬁ), then we can enlarge @, o K +Q);
from P’ by a factor 1 + 7 > 1 with some small 7 > 0 so that the enlarged
polytope is still part of K. Furthermore, this enlarged polytope then contains
the intersection of a neighborhood of ®¢, g K + Cﬁ with Fj (note however,

that it does not contain a d-dimensional neighborhood of ®¢, g K + Q; P since

all points of Fj, N (®g, 0K + Q; ﬁ) lie on the boundary — actually on the
corresponding k-dimensional face — of the enlarged polytope).

3.2 Pyramidal coverings

In this section we describe a covering of a polytope K by pyramids K with
the property that there is a listing of the elements K in the covering in which
consecutive elements have relatively large intersections (the intersection of their
interiors is non-empty). This covering will then allow us in the next subsection,
by repeatedly applying the results from the preceding subsection, to obtain a
global polynomial approximant on K (to a given function f) from approximants
on the K. In this way we reduce the problem of polynomial approximation on
K to approximation on (the) pyramids (Kj).

Since the construction is rather involved with many notations, for the sake
of the reader we shall list the notations in a separate subsection at the end of
this section.

Let K and Q; as before, and fix 0 < 6 < 1/(d+ 1). Around each @, we
cut off from K a small pyramid S; with vertex at @; by a (d — 1)-dimensional

12



Figure 2: A schematic figure of the sets Sj, Sj.,, Sj,/2, Ks, Ky, (lightly shaded
figure) and K, /5 s (dark shaded figure), as well as the vectors v, w,.

hyperplane. We assume that for each j we have S; C ®q, ¢ K, and we fix these
S; in the following discussion.

For simplicity let us also write S;,, for the homothetic copy ®q, ,S;-

Let n < 1/2 be given. We shall deal with the following type of sets K, K,
and K, /25, 1 < s < T, where T will be given during the construction below.

e Each K, = §; + v, is a translated copy of some S; by a translation vector
v

Yss

o K, s C Sj1/2 + v, is the translation of the 7-size copy Sj, of S; by the
same vector v, and

o K25 € K, s is a translation of the smaller S, /5 by a possibly different
vector w,.

See Figure 2. For emphasis we use calligraphic letter in K, /5 ; to indicate that
the vertex of K, /5 s may be at a different point than the common vertices of K
and K, .

By an 7-pyramid covering of K we mean a covering K = UL, K, where
each K is a translated copy of one of the S;’s, and which has the following
properties: there are an € > 0 and related subpyramids K, s, K, /2 s of K, as
just described such that

(i) each K, is contained in K and each K, 5 , is contained in K, i,
(ii) K = Uzﬂzllcn/g’s,

iii) the intersection of the interiors of IC, /5 ; and IC,, /5 .41 is non-empty for all
n/2, n/2,5+
s=1,...,T—1,
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(iv) IC;/ZS NK C K, s, where IC;/Q’S is the closed e-neighborhood of K, /5 .

Proposition 3.8 For every nn < 1/2 there is an n-pyramid covering of K.

Proof. We say that a finite set X C K is 7-dense in K if every point of K
lies closer to some point of X than .

We define for some small 0 < 7 a 7-dense set X on K as follows. First of all,
let X, be the set of all vertices Q; of K. Then for every edge F; of K extend
Fy N X, to a 7-dense set of F;. X, and the added points for all edges form Xs.
Then for every 2 dimensional face Fy of K extend F» N X5 to a 7-dense set of
Fy, etc. keep extending the point sets Xy using higher and higher dimensional
faces. This way we get a 7-dense set X;_1 on the boundary of K, and finally
extend that to a 7-dense set on K.

First we define the sets /C,) /2 ;. If P € X and P belongs to @, 19K (there
must be such a j in view of Lemma 3.6) then let Kp be the translation of
Sjm2 = ®q,.n/25; by the vector Cﬁ If for a P there are more than one j
with P € &g, 1-¢K, then get a Kp for all such j. We show that the collection
of all these Kp generate a suitable n-pyramid covering by repeating each Kp a
few times (to meet the requirement in (iii)). According to Lemma 3.7 we have
Sj + CTP) C K (recall that S; C ®q, ¢K), and since n < 1/2 we also have

Kp CSj’l/Q"‘erj CSj‘i‘ij C K. (311)

If 7 is sufficiently small, then these Kp cover K. Indeed, from how X was
constructed it is clear that the vertices, and hence small neighborhoods (relative
to K) of them are covered (note that each @; belongs to X, so S, » is one
of the Kp’s). Then each edge F;, and hence a small neighborhood (relative to
K) of Fy is covered (this neighborhood depends only on 7 and not on 1), and
so on, we continue with higher and higher dimensional faces and their small
neighborhoods, and finally with all of K. This proves (ii).

We also get that for small 7 > 0 the interiors Int(Kp) of the pyramids Kp
cover the interior Int(K) of K. At this point we need the following simple
lemma.

Lemma 3.9 Let G be a connected set and suppose that G = U;G;, where G; are
finitely many open sets. Let {G;}; be the vertices of a graph, and connect in that
graph the vertices G; and G if for the sets G;,G; we have G;NG; # 0. Then this
graph is connected.

This lemma says that in any covering G = U;G; of a connected open set G by
open sets G;, for any index pairs k # [ there are indices g, %;, ..., i, with some
m such that ig = k, 4,, =1, and for any 0 < j <m we have G;, NGy, | # 0.

Proof. For clearer notation let us write QJV if we talk about G; as a vertex of
the graph. Let Vi,...,V, be the vertex sets of the connected components of the
graph (i.e. each V; is a non-empty set of certain QJV, Vs, NV, =0 for s; # so,
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and each g]‘/ belongs to one of the V;). Each Ugv . G; is open, and for different

components V; these sets are disjoint. Now the conclusion follows from the fact
that a connected set cannot be the disjoint union of non-empty open sets.

Since the just constructed graph for Int(K) and {Int(Kp)}pcx is connected,
there is a path in it which goes through every vertex. In other words, there is
a listing KCpy /2.5, s = 1,..., T, of all the Kp’s (maybe with repetition) in which
Ky 2,s Ny 2,541 contains a ball for all s < T'. This proves (iii).

We still need to define the sets K, , and K,, see Figure 2. Consider a
Kyj2,s = Kp, say it is S;, /5 + Cﬁ (i.e. the vector w, in the definition of
pyramidal covering is Q; P in this case). If P is the vertex @;, then enlarge Kp
from P by a factor 2 to get K, ;. However, if P is not a vertex of K, then there
is a smallest dimensional face Fj, of K such that P lies in the interior Inty(F},)
of Fy, (if Fy is k-dimensional, then Intg(F})) denotes its k-dimensional interior),
where we consider K itself as the d-dimensional face of K. Hence, according
to what was said after Lemma 3.7, F;, N (S;.,, + Cﬁ) also lies in Inty (F}). Let
Q € Inty(F, N S;,) be a point lying in the k-dimensional interior of Fj, N.S;,,.
Then @ + Cﬁ lies in the k-dimensional interior Inty(F) N (S, + W)) of the
face Fkﬂ(Sj,n—i-Cﬁ) of Sj,n—&—Cﬁ, and the translation of Intk(Fkﬁ(Sjm-i-Cﬁ))
by the vector QQ; will contain Fy, N Kp if @ lies sufficiently close to Q; (and
at the same time this translation is contained in F}). Thus, if we set

Ky s = Sjm + Cﬁb

(i.e. the vector v, in the pyramidal covering is mé), then this K, ; is such that
it contains the intersection of a neighborhood of K, /2 s = Kp with K, proving
(iv).

Finally, with the previous notations we set K, = S; + @, which is part of
K (see Lemma 3.7), so (i) holds.

List of notations used in the pyramidal covering construction

For the sake of the reader we repeat here in a concised form the notations used
in the pyramidal covering.
@4, — homothetic transformation with center at ¢ and dilation factor n
Q; — vertices of K
S; (C K) — small pyramids cut off from K with vertex at S
Sj.n — the homothetic copy ®q; ,5; of S;
K, —an S; + v, with a translation vector v,
K, s — S, + v, with the same translation vector v,
K2, (C Kys) = Sjpn/2 +w, with another translation vector w,
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3.3 Patching approximants on a pyramidal covering to-
gether to a global approximant

Let wg, (f,1/n) be the modulus of smoothness on S; when only the directions in
the apex edges of S; are used. We shall use again the notation Sj, for ®q, ,S;.

Proposition 3.10 If for each j =1,...,m we have
By (£)8;0, < @5, (f,1/n),  feC(S)), (3.12)
then there is an l such that
Ei(f)k <wi(f,1/n),  f€C(K).

Recall that here, on the right hand side, the modulus of smoothness uses the
edge directions of K.

Proof. Let K = Uzles be an n-pyramid covering of K as in Proposition 3.8,
and set H; = U\{_ K, /2,5 With induction we are going to prove that for every
1 <t < T there is an [ for which

B (), < Wi (f,1/n). (3.13)
The claim then follows by setting t = T'.
For t = 1 the set H1 = K, /21 is an Sj, /5 + w; for some j and some

vector w;, K; = 5; +v; with the same j and with another vector v;, and the
corresponding K, 1 is Sj, +v;. Note that K, ; is contained in S} /o +v;. By
the assumption (make a homothecy with factor 2 and a translation by v;) there
are linear operators L, : C(S; 1,2 +v;) — ¢ such that

1f = Lafllsyhu, <G5, pse, (F21/0). (3.14)

Since KCpy /2,1 = S n/2 +wy is part of Sj,, +wv; (see property (i) of the n-pyramid
covering), and the right-hand side in (3.14) is at most w} (f,1/n) (note that all
apex-edge directions of S; 4+ v, are also edge directions of K), we obtain

”f - Lnf||’Cn/2,1 = Hf - LanSj,n/eryl = W}((f, l/n)v (315)

and hence the claim follows in this case.
The induction step is a consequence of Lemma 3.4. Indeed, if (3.13) is known
fort —1 (¢t >1), say
ElLon(f)Ht—l = w;((fv 1/")7 (316)

thenlet H = H;_1, S = K, /2, in Lemma 3.4, and set w(1/n) = wi (f, 1/n) there
(note that by property (iii) of the n-pyramidal covering HNS = H; 1Nk, /2, 2
Ky j2,6-1NK; /2 + contains a ball). As we have just seen (see the argument leading
to (3.14)-(3.15)), (3.12) implies

By (f)k,. < wi(f,1/n).
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Furthermore, by property (iv) of an n-pyramid covering, for some & > 0 the
relative (with respect to K) neighborhood K:f]/2,t N K of K, /2, is part of K, 4,
hence we obtain

EE(f)k:

n/2,tﬁK = w}‘((fa l/n)a

and together with this also

Bl (e, i < wic(f,1/n).

/2.t
Now the claim follows for ¢ (i.e. for H; = H; 1 UK, /5 ) in view of this estimate,
(3.16) and Lemma 3.4.

4 Approximation on pyramids and the proof of
Theorem 1.1 for large degrees

Let Sy be a (d — 1)-dimensional convex polytope lying in the hyperplane H of
R? and S the convex hull of Sy U { P}, where P is a point outside H (so S is a
d dimensional pyramid with apex at P). Recall that the edges of S emanating
from P are called apex edges.

Assume that P = 0. Let AH be the hyperplane that we obtain from H
by a dilation with factor 0 < A < 1 and center P = 0. Then AH cuts S into
two parts, the pyramid AS and the polytope Uy := S\ AS such that Sy and
ASy are (d — 1)-dimensional similar faces of Uy. Let eq, ..., e, be the segments
connecting the corresponding points of Sy and ASy. These segments lie on the
apex edges of S, on each apex edge lying one of them. If E is the endpoint of e;
lying in ASy, then the product set (ASp) x e; is defined as the union of all the
translations e; -+ EM , where M runs through the points of A\Sy (see Figure 3).

Proposition 4.1 If X > (d—1)/d, then the product sets (ASp) xej, 1 <j<m
have a common interior and their union is Uy.

Proof. Let the vertices of Sy be Q1,...,Qmn. Then the vertices of AS are
AQ1, .., AQm, and we may assume that e; = Q;(AQ;). As before, let ®q, ,So
be the homothetic image of Sy with factor ;1 and dilation center at @Q;.

Let Z be any point in Uy, and £z be the half-line from the origin through
Z. 'This £z intersects Sp in a point X, and by Lemma 3.6 X € ®q, a—1)/450
for some 1 <j<m. If Z=0X,then A <o <1, and Z € ®,0, (a-1)/4(75)-
However, this latter set is a o(d — 1)/d size copy (<I>Q7 (d—1)/d(Sj)) of Sp trans-
lated by the vector Q;(cQ); ;, so it is contained in the A\ > o(d — 1)/d size copy
g, ASo of Sy translated by the same vector Q;(0Q;).

The translation of ASy by the vector (AQ;)Q; is g, S0, and the product
set (ASp) x e; is precisely the set of points that lie in one of the translations
of ASp by a vector (AQ;)(7Q;), A < 7 < 1. But then, in view of Q;(cQ;) =
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AS,

LS x e,

Figure 3: The pyramid .S, its base Sy and their A-dilations from the apex P = 0.
The shaded slab is the product set ASy x e;.

Q;(\Q;)+(\Q;)(cQ,), what we have just proven means that Z is in this product
set (ASp) x e;.

The claim that the product sets (ASp) x e; have a common interior point is
trivial, since if Y lies in the (d —1)-dimensional interior of ASy, then all points of
Uy = S\ AS that lie sufficiently close to Y lie in all the product sets (ASp) x e;.

Remark 4.2 Fasy modification of the proof gives that if 1 > X\ > (d—1)/d and
w <1, u\ > (d—1)/d, then for u sufficiently close to 1 even the product sets
(I)AQj,;LO\SO) x e, 1 < j < m have a common interior and their union is Uy.3
For these sets it is clearly true that for small € > 0

(®r0,.1(AS0) x €5) NULC (ASo) x 5, (4.1)

where - denotes e-neighborhood.

Proposition 4.3 Suppose that Sy is a polytope in R~ for which there are
bounded linear operators V,, : C(Sp) — I4~1 such that

Hf - an”So = wgg(fa 1/”)5’

3 Actually, the claim is true for all 1 < 1 with pX > (d—1)/d. Indeed, in view of Proposition
4.1 we need to prove only that the convex sets q’AQj,(dfl)/d)\SO have non-empty intersection.
For this the following simple argument was communicated to the author by Janos Kincses. In
view of Helly’s theorem all these sets have non-empty intersection if any d of them have non-
empty intersection (note that we are working now in a d — 1 dimensional hyperplane of R4).
However, if j1, ..., jq are different indices, then the center of mass of the ((d— 1)-dimensional)
simplex A determined by AQj,,...,AQ;, lies in all q))‘st (d—1)/dNS0, s = 1,...,d, because
the center of mass divides the segment from any vertex Q;, through the center of mass to the
opposite face of A in the ration 1: (d — 1).
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where wgo(f, 8)e is a modulus of smoothness on Sy using some directions E.
Then there is a sequence of bounded linear operators L, : C(Sy x [0,1]) — 114
such that

1f = Lnfllsox10,1] < @Weyxo,1](fs /1) euteays

where eq is the d-th unit vector in RY (perpendicular to R4™1).

Proof. In view of Remark 1.2 it is sufficient to construct the linear operators
L,, with the required properties except that L, f can be a polynomial of degree
at most n in each variable (as opposed to the claim where L,, f has total degree
at most n).

This is basically [6, Section 12.1]. Indeed, it was proven there that for every r
there are U,, : C|0, 1] — II}, such that U,, are uniformly bounded linear operators
from C[0,1] to C[0, 1] with the property that

If— Unf||[0,1] = w[ro,l](f, 1/n)

(recall also (1.7)).
Let y = (y1,...,y4-1). For a function f(y,z) define f.(y) = f(y,z) and
f4x) = f(y,z). Then

Wsyx[0,1](f,0)gufe ) = max ( sup ws, (fz,0)e, sup wio,1)(f%, 5)) .
2€[0.1] €50

When we apply V;, in the variable y € Sy, then we denote it by VZ. Let now

L,f=U%o ViZf,. The function Vi f, is of the form D ki<n aﬁ,n(x)ylfl . -yi;i’f
where k = (k1,...,kq—1), and here each ay ,(z) is continuous because V;, are
bounded linear operators. Hence, the linearity of U,, yields that L, f is of the
form 3, ., UZ (agn(z))yr - ygd:ll, which is a polynomial of degree at most n
in each of the variables y1,...,y4—1, 7. Now

Lo f(y,2) = (g, 2)| < |UZ 0 Vi fuly) = Ug £ (@) + U3 f2(y) = f2()]-
With some fixed C, Cy,Cy for all large n the first term on the right is
= Csup |Vngfz(y) - fz(y))‘

< Crsupws, (fu, 1/n)e < Crws,xjoa](f> 1/1)eUeat

N

while for each fixed y € Sp the second term is

|Uy f4z) — fLz)| < Cowpo11(fE,1/n) < Cwsyxio1)(fs 1/1)eufeq)-
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The preceding proposition says that if we can prove a Jackson-type inequality
on a set K via bounded linear operators, then a similar Jackson-type theorem
holds on the product space Ky x [0,1]. By applying an affine transformation
we obtain that the same is true for product sets of the form Ky x e, where e is
not necessarily perpendicular to the hyperspace of Ky (but lies outside it). In
particular, we can apply this to all the product sets (ASp) x e; from Proposition
4.1 above, and we obtain that if

E’r%(f)So = wgo(fvl/n)7 (42)
(which implies the same for the set ASy replacing Sy since ASy is a homothetic
image of Sp) where wg (f,6) is the modulus of smoothness on Sy using the edge
directions Sy, then for each j = 1,...,m we have
E’ﬁ(f)()\So)X@j < w'(r‘ASO)XEj (f? 1/7”’)

Let us return now to the pyramid S and to its decomposition S = AS' U Uy
from the beginning of this section. If we combine the just discussed relation
with the fact (4.1) and apply Lemma 3.4 repeatedly with w(1/n) = wy;, (f,1/n),
H =UZ1®5, u(AS) X €5, § = Prg, u(AS0) X €1, t =1,...,m, and K = Uy,
then we can conclude that (4.2) implies that there is an [ such that

By (s < wi, (f.1/n).

If this is true for all n with In > n, (where n, is some number), then we
have proved

Proposition 4.4 Under the assumption (4.2) there is an n, such that
EX(F)y, < wp, (F,1/n), n>n,.

Recall our convention that this means that for all functions F' continuous on Uy
we have

ELX(F)y, < Cowyy, (F,1/n), n>n,

with some constant Cj independent of F.
Since both sides are homothetic invariant, we also have

EbLn(F)qUA < War, (F,1/bn), bn > n,.

for any ¢ > 0 and b > 0.
In particular, if £ is the set of the apex edge directions of S and for some
function F' and numbers ¢,b > 0

Waty (F,1/bn) < ws(f,1/n)e (4.3)
also holds, then we can conclude
EL(F)qu, < wh(f,1/n)e, bn > n,. (4.4)
Now we are ready to prove Theorem 1.1 for large degrees n.

We shall prove it in the form
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Theorem 4.5 If K is a convez polytope in R?, then
Ey(f)x < wi(f,1/n).

Recall our convention from Section 3 that a,, < b, means that there is a C' > 0
such that for sufficiently large n we have |a,| < Cb,,.

Proof of Theorem 4.5. We use induction with respect to d, the d = 1 case
being covered by [6, Section 12.1]. Suppose the claim is true in R?~!, and let
K be a polytope in R?.

Let @ be a vertex of K, and cut off a small pyramid S from K by a hyperplane
going close to (). We may assume that S is as small as in the discussion after
Lemma 3.6, i.e. S C ®g 9K (where § < 1/(d+1) is a fixed number). The apex
of S is at @ and its base Sy is in the hyperplane of the cut. It was proved in
[14, Chapter 11] part A) that the cut can be made so that

a) no base edge e of S is parallel with any (d — 2)-dimensional base face not
containing e,

b) the height of S (i.e. the perpendicular segment to Sy from @) lies in the
interior of S (except for its two endpoints).

We may assume that @ = 0, and that Sy lies in the plane 1 = 2 (implying
that the height is the segment 0 < x1 < 2, 9 = ---24 = 0), and let K, =
aS\ (a/4)S. Properties a)-b) are enough to prove (see [14, Chapter 6]) that for
a < 1/4 we have

wi, (F,1/nva) < wg(f,1/n)e (4.5)
where & is the set of the apex edge directions of S and where
F(l'l,...,md):f($1+L/TL2,I27...,$d) (46)

with some large but fixed L (in [14, (6.18)] this was stated with a different
modulus of smoothness on the right which was needed there, but the proof
also gives the inequality with wg(f,d)g). As a consequence, we get the same
conclusion if K, is replaced by aS \ (Aa)S = aU, with any 1/4 < A < 1, where
U, is the set from Proposition 4.4, i.e.

wau, (Fy1/nv/a) < wg(f,1/n)e (4.7)

also follows.

Now this is then a situation when (4.4) can be applied with ¢ = a, b = v/a
since (4.2) is guaranteed by our induction hypothesis and (4.7) is the same as
(4.3), so we can conclude

B} a(Flav, <ws(f,1/n)e  nva>n,. (4.8)

Recall that here F' and f are connected via (4.6). These local approximants
can be patched together to a global approximant exactly as in [14, Chapter 8].
Namely, if

Sr=8n{M/n* <z <1/16}
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with some appropriate large but fixed M, then (4.8) implies that for some [ we
have

B (F)s; < ws(f,1/n)e.

The only difference here compared to [14, Chapter 8] is that there A = 1/4 was
used (in which case aU) = K, with the K, from (4.5)), but for any 1 < A <1
the argument is the same.

Since wg(f,1/n)e < w5(f,1/In)g, it follows that

EX(f)(s/60)+((M+L)/n2ye < ws(f,1/n)e, (4.9)

where v = (1,0,...,0) is the unit vector pointing in the x;-direction. This
conclusion is immediate, since EX(F)s: = EF(f)ss4(L/n?)0, and the set S +
(L/n*)v contains (S/64) + (M + L)/n?)v for large n.

Now we invoke

Proposition 4.6 (4.9) implies

EE(f)s/12s < w5(f,1/n)e. (4.10)

The proof of this will be given after we complete the proof of Theorem 4.5.
Thus, we can see that

EX(f)sy, < ws(f,1/n)e (4.11)

with any 2 < 1/128 (recall that Sy, is the dilation of S from its apex by
the factor 27), and this is precisely (3.12) for the vertex @ and the pyramid S
attached to Q.

Since this can be done for all vertices Q of K, the claim in the theorem
follows from Proposition 3.10.

We still need to prove Proposition 4.6.

Proof. Recall that £ is the direction of the apex edges of S and v is the vector
(1,0,...,0). It is enough to show that if p,, is any polynomial such that

If = pull(s/6a)+(m/m2yw < Cows(f,1/n)e (4.12)

with some fixed M, then automatically

Ilf = pulls/ies < Crws(f,1/n)e (4.13)

with some C that is independent of n (in the Proposition apply this with M + L
instead of M and with p,, = L, f). As before, let Sy be the base of S, Q1,...,Qm
the vertices of Sy and € = (TQ; the vectors from the apex 0 of S (which is at
the origin) to the base vertices. The vector pointing from the origin to the apex

of $/64 + (M/n?)v is (M/n?)v = (M/n?,0,...,0), and first we express this in
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S'=S-(M/m’)y

S**=S/(128)-(M/r)y

S/64

Figure 4: A schematic figure of the sets S/64, S* := S — (M/n?)v and S** :=
S/128 — (M /n?)v (shaded area)

terms of the vectors e;. Recall that the base of S is on the ¥y = 2 hyperplane,
and the point (2,0,...,0) is a point of the base (because the height of S was

lying inside S). Thus, with some numbers «; € [0, 1] with total sum 1 we have
arey + -+ ame,, = (2,0,...,0),
hence
(May/2n*)e, + -+ (May, /2n%)e,, = (M/n?,0,...,0). (4.14)

Thus, if we translate S/64 successively by the vectors (Maj/2n2)§j, i=1,...,m,
then we obtain the pyramid S/64 + (M /n?)v, and during these translations we
never leave S.

For simpler notation we shift everything by —(M/n?)v. Under this shift
(S/64) + (M/n?)v becomes S/64, S becomes S* := S — (M/n?)v and S/128
becomes S** := (5/128) — (M /n?)v (see Figure 4).

What we have just established can also be formulated in the following way:
if we translate S/64 successively by the vectors —(Mozj/ZnQ)gj, j=m,...,1,
then we obtain a pyramid (which is twice the size of S**) with apex at the
common apex of §* and S**, and during these translations we never leave S*.

If we also define F(z) = f(x+(M/n?)v) on S* and P, (x) = p,(z+(M/n?)v),
then (4.12) is the same as

| F' = Pplls/ea < Cows-(F,1/n)e, (4.15)
and from here we want to conclude (4.13), which is the same as

I1F = Py

g < Crwg. (F, 1/71)5. (4.16)

It will be proven in Lemma 7.3 (see also [14, Proposition 9.1]) that if L > 0,
then for any function g € C(]0, 1]) and for any polynomial ¢, of a single variable

23



and of degree at most n with n? > 2L, we have

g — gullo) <C (Hg = qnllip/n21) + wio 11 (9, 1/”)) : (4.17)

where C' depends only on L and r. This statement implies that a given rate of
Jackson-type polynomial approximation, say

g — anllio1] < Cowfo 14 /m2)(9,1/7) (4.18)

on the interval [0, 1] automatically holds on a 1+ D/n?-dilation of the interval,
ie.
19 = anllj0,14D/n2) < D1Cowio 14 p /n2y(9,1/10),

with some D; depending on D, provided in the Jackson estimate (4.18) the
modulus of smoothness is measured on the larger interval as is indicated in
(4.18). On applying a linear transformation from [0, 1] to a segment, we get
from (4.15) that if I = [A, B] is a segment in S/64 parallel to one of the apex
edges of S and I' := ® 4 14 p/p21 is its dilation from A with factor 1 + D/n?,
then we have

[F' = Ppllrnse < D1Cows-(f,1/n)e, (4.19)

and here D depends only on D. This allows us to extend the rate of approxima-
tion on S/64 given in (4.15) to points lying outside S/64. The set S**\ (S/64)
in (4.16) consists of points lying close to S/64 (they are of distance O(1/n?)
from S/64), and we are going to use the just described extension process to
cover these points. However, in this extension we must use the directions of the
apex edges, and this creates problem, since not every point of S** is directly
reachable from S/64 using segments in the apex edge directions (for example,
the apex of S** cannot be reached). Therefore, we shall need to use repeated
extensions in different directions.

We shall use the product sets from Proposition 4.1. Let us denote S/64 by
S’ and its base by Sj. If Q1, ..., Qm are the vertices of Sy (the base of S), then
Q) = Q;/64 are the vertices of Sy = Sp/64. Let 1 > X\ > d/(d + 1) be fixed
so that A™ > 1/2. With an edge e; that connects the corresponding vertices of
Sh and AS{) consider the product set (ASh) x €} (so €} is in the direction of the
apex edge e¢; and its length is (1 —\)|e;|/64). This is part of S” (see Proposition
4.1), which means that from every point A of <1>ng A5 we can draw a segment
I4 parallel with e’ to a boundary point B of S’, and the length of this segment
is > lef] > (1 —A)lej]/64 > (1 — \)/32 (because ¢; points from the origin to a
point of the hyperplane z; = 2, so its length is at least 2). Since I4 lies within
S, we can use (4.19) and conclude that if I, is the dilation of I4 from A by a
factor 1+ D/n?, then on I’y N S* we have the bound

| = Pullr,ns < Da2Cowg (f,1/n)e, (4.20)

where D5 depends only on D.
Since |ej| > (1 — A)/32, it is immediate that all these I’;, A € ¢Q;’,\S{)
cover the translation of XS’ by the vector —(D(1 — X)/32n?)e;/e;| and for

24



sufficiently large D (depending on A and M), this will cover the translation of
AS’ by the vector —(Ma;/2n?)e; from (4.14). In later steps we shall use smaller
copies (namely A\*S’, k = 1,...,m) of S’ instead of S’ itself, and for them the
corresponding translation vectors will be —(D(1 — )\))\k/32n2)§j/|gj|, but for
sufficiently large D (depending on A and M), this is still at least as long as
—(Ma;/2n?)e; from (4.14) because we selected A so that \™ > 1/2.

We apply this first with ;7 = m, and recall that we said in connection with
(4.14) that the translation S’ — (May,/2n?)e,, lies inside S*, so (4.19) yields

[ = Pallxs/—(Mam/2n2)e, < D2Cows.(f,1/n)e.

Let us denote the transformation from S’ to AS” — (M« /2n?)e; by W;(S").
What we got can be written as

||F — Pn”\l;m(sl) S DQCO(JJE* (f,]./ﬂ)g

Note that here W¥,,(S’) is a A-size copy of S’ with apex at —(Ma,,/2n?)e,,.
Now apply the same procedure to ¥,,(S"), but with the edge e,, replaced by
e to conclude

Zm—1>
I = Pallw,, s (w,.(s7)) < D3Cows. (f,1/n)e,
and here U,,,_1(¥,,(S5")) is a A%-size copy of S’ with apex at —(May, /2n?)e,, —

(May,—1/2n%)e,,_;. Iterate this further with the edge directions e, o,-..,€;-
After m iterations we obtain for H = Uy (--- (¥,,(5") )
IF = Pallsr < DI Cowle(/,1/n)e. (421)

and here H is a \"-size copy of S’ with apex at

f(Mam/an)gm — (Mam_1/2n2)g cee— (Ma1/2n2)§1.

m—1 "

In view of (4.14) this last point is precisely the apex of S*, so H is a homothetic
copy of S* of size A\ /64 (recall that S’ was a 1/64 size copy of S) placed so that
its apex coincides with the apex (—M/n?,0,...,0) of S*. Since A™ > 1/2, this
H then covers S** = §/128 + (—M/n?,0,...,0), hence (4.16) is a consequence
of (4.21).

|

In the next section we use the following modification of Proposition 4.6.

Corollary 4.7 Let £* be any set of directions that include the apex edge direc-
tions of S and let S C K. Then for any fired M

Ey(f)s+(mmyp < wic(fi1/n)e- (4.22)
mmplies
Ey(f)sj2 < wi(f,1/n)e-. (4.23)
Furthermore, in this conclusion v can be any fixed vector pointing from the apex
of S to an inner point of S.
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The proof of this is the same that was given for Proposition 4.6 (just replace
in that proof S/64 by S), since in that proof we only used apex edge directions of
S and the fact that the vector v was a convex combination of the corresponding
apex edge vectors (e; in the proof of Proposition 4.6).

5 Small degrees

In this section we show that the Jackson type estimate that we are discussing on
convex polytopes holds for every fixed n > rd (by a bounded linear operator),
so in the previous part of the paper we could concentrate only on large degree
polynomial approximation.

Theorem 5.1 If K is a convex polytope in R%, then for every n > rd there is
a bounded linear operator L,, : C(K) — I1% and a constant C independent of f
such that

|f = Lo fllx < Cwi(f,1/n). (5.1)

Here C may depend on n (and of course, on K).

Proof. Take a vertex of K and d+ 1 independent edge directions ey, ...,e4,
at this vertex. With these directions form a parallelepiped H C K as its edge
directions inside K. We may assume that the origin is in the interior of H, and
let 6K be a dilation of K from the origin with some small dilation factor 6 such
that K lies in the interior of H.

The claim is true on parallelepipeds, see [6, Theorem 12.1.1] (there the degree
of a polynomial was the maximal degree in each variables, and the result was
for all polynomials with that degree > r; but now we use total degree, so we
can claim the result for parallelepipeds for polynomials of total degree > rd).
Thus, we have for some L,

If = Lafllu < Cowr (f,1/n) < Cowi (f,1/n),

hence

If = Lnfllox < Cowie(f,1/n), (5:2)
is even more true. Thus, all we need to show is that (5.1) is a consequence of
(5.2).

For simpler notations we write K instead of 6 K and (1/0)K instead of K,
and what we are going to prove is that if P, is any polynomial of the fixed
degree n and

If = Pullx < Cowieso(f,1/n), (5.3)
then

If = Pullijo < Crwijp(f,1/n). (5.4)
To this end it is sufficient to show that there is a 1 < g < 1/6 depending on
K such that for every 1 < XA < \g

If = Pullx < Cowig(f,1/n) (5.5)
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implies
If = Pallag < Cowig (£, 1/n). (5.6)

Indeed, then choose such a A with \¥ = 1/6 with some k, and iterate (5.5)
= (5.6) k-times (with K replaced by A'K, [ = 0,1,...,k — 1, successively) to
obtain (5.4). (The iteration is legitimate because any A K is a homothetic copy
of K and wyig(f,1/n) <wke(f,1/n) for I < k).

For the implication (5.5) = (5.6) we have done most of the work in the proof
of Proposition 4.6. Let S be a small pyramid with apex at a point ) such that
the apex edge directions of S are among the edge directions of K, and let S, be
the n-dilation of S from its apex. Let also 56/7 be a translation of Sg,7 so that
it lies in the interior of S. In the proof of Proposition 4.6 and Corollary 4.7 we
verified that if K is a polytope such that S C K and the apex edge directions
of S are among the edge directions of K, then

If = Pulls,,, < Cowgr(f;1/n) (5.7)

implies
If = Pulls,» < Crwg(f,1/n) (5.8)

with some C; that depends on Cy and n. In fact, in that proof we worked with
translations of size 14+ D/n?, but if n is fixed, then this can be of any size if D is
sufficiently large. So Proposition 4.6 and its proof gives, indeed, the implication
(5.7) = (5.8).

Take now an n-pyramidal covering of K (with some small but fixed 7) as
in Section 3. Recall that this was a covering by some pyramids K, /5 ;, where
ICyy /2,5 is a 1/2-scaled version of a larger pyramid K, , (still lying in K) scaled
from its apex. Fix for each K, s a vector u, from its apex pointing to an inner
point of K, . Let A > 1. Then {AK, 5} is an n-pyramidal covering of A\K,
and from the construction of n-pyramidal covering in Section 3 it follows that
if A > 1 is sufficiently close to 1, then each A, /5 s +u, lies in K. Imagine now
that the above 5’6/7 is one of these AK, s + u, and Ss/7 is precisely A, 5 .

(5.7) for K = AK is then a consequence of (5.5), and in the conclusion (5.8) the
right hand side is at most as large as C1w% (f,1/n) = C1w}k(f,1/n), so

1 = Paliag, o, < Craige(£1/n) (5.9)

follows. Since the sets MK, /2 s for all s cover AK, we obtain (5.6).
This completes the proof of the implication (5.5) = (5.6) for all A > 1 lying
sufficiently close to 1, and that finishes the proof of Theorem 5.1.
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Part II
Approximation on algebraic
domains

In the second part of this paper we shall deal with domains with smooth (ac-
tually algebraic) boundary — see Definition 6.3 for the precise concept. So far
in the literature the rate of approximation has been characterized in details via
appropriate moduli of smoothness only on balls, see [3] and [4] by F. Dai and Y.
Xu. Balls exhibit a large degree of symmetry, and in this paper we shall break
this symmetry, and prove the characterization for a large family of domains.

6 Domains and moduli of smoothness

In this section we shall be primarily concerned how to define appropriate moduli
of continuity/smoothness on smooth domains and how the geometry influences
the construction.

6.1 Domains in R?

We start with two-dimensional domains. Let G C R? be the closure of a
bounded, finitely connected domain (connected open set) with C? boundary
I'. For simpler discussion we shall sometimes identify R? with the complex
plane. Since I' is C? smooth, there is an ro such that a circle of radius 8ry can
be drawn (from the inside) to every point of I" which stays inside G together
with its interior.

The modulus of smoothness on a circle C,(zp) C G about a center zp and of
radius p is defined as in classical trigonometric approximation theory, namely

WO, (20 (f10) = sup | f(z0 + pe!HD) — f(zq + pe'?70/2)] (6.1)
»(20) 0<s. o

(here and in what follows in such expressions, § < § means that 0 < 6 < §), and
the higher order moduli of smoothness as

Wo, ooy (f+8) = sup |AGf(z0 + pe'(FF)] (6.2)
»(20) 0<s. o

T

- o [ (s i)

0<4, ¢ j=0

If I = AB C G is a segment, then the modulus of smoothness is defined on I
as in (1.6):

GHF8) = s (A )
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—  sup i(—l)j@f(w(r/z—j)hczf(e,z)), (6.3)

h<6, z€I =0 J

where e is the direction of I = AB and d;(e, z) = \/|z — A[|z — B|. Recall the
usual convention that here AZJI(e z)ef(z) is defined to be 0 if either of the points

z %+ (r/2)hd; (e, z) does not belong to I. Finally, we set

wT(fv 6)G’ = max ( sup wg'p(zo)(fv 5)a Sl}pu‘ﬁ(;ﬂ 6)) ) (64)

Cp(ZO)

where the suprema are taken for all circles C,(z0) that lie in G, and for all
horizontal or vertical segments I C G.

We shall not deal with the various properties of these moduli, but we shall
frequently use that

W (fiA0)g < CN'W'(f,0)q, A> 1.

Indeed, this inequality is well known (see [5, Chapter 2, (7.8)] and [6, Theorem
4.1.2]) for both w} and WE, (z9)» from which the claim follows.

We shall also often use that if G; C G, then w"(f,d)q, < w"(f,0)q, which
is clear from the definition.

Remark 6.1 1. One could request the second supremum in (6.4) only for
(horizontal or vertical) maximal segments I that are contained in G, the value
of w"(f,0)q would not change.

2. In (6.4) the supremum is take for all circles C,(29) that lie in G. For first
order, i.e. for modulus of continuity, it would be sufficient to take the supremum
in (6.4) only for circles C, of the fixed radius p = 7o, but it is not clear if that
is sufficient when proving Jackson type theorems via higher order moduli. A
careful examination of the proof of Theorem 6.5 below shows, however, that in
the case of r-th order modulus of smoothness there is a py < r¢ such that it
is sufficient to take the supremum in (6.4) only for circles C, lying in G with
po/2 < p < po.

3. The way they were defined, the moduli of continuity/smoothness in (6.4)
depend on the position of G in the coordinate system (since horizontal/vertical
segments are used in them). If the second supremum in (6.4) is taken for all
segments in G, then the so obtained (larger) moduli would already be isometry
invariant, and everything in what follows would work for these modified moduli
exactly as for the w”(f,d)q-

4. On domains in R? for a different modulus of smoothness based on averages
see the paper [8] by K. G. Ivanov. With that modulus the correct order Jackson
theorem was announced in [8] for domains with piecewise C? boundary, as well
a corresponding weak converse in some special cases. One should also mention
the works [7] and [9] that contain the first results on approximation on domains
by polynomials in several variables.
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6.2 Domains in R?

Now let G C R? be the closure of a bounded, finitely connected domain (in short
“closed domain”) with C? boundary I'. Since the boundary I' is C? smooth,
there is an ro such that a (d — 1)-dimensional sphere of radius 4dry can be
drawn (from the inside) to every point of I" which stays inside G together with
its interior.

We say that a circle C), is parallel with a coordinate plane if its plane is
parallel with one of the planes spanned by two of the coordinate axes. The
modulus of smoothness on such a circle C, C G is defined as before in (6.2),
and the modulus of continuity on a segment I C G as in (6.3). Finally let

W' (f,0)¢ = max (sgpwgp(f, 5),s1}pw}"(f, 5)) ,

P

where the suprema are taken for all circles C, C G (of arbitrary radius p > 0)
which are parallel with a coordinate plane and for all segments I C G that are
parallel with one of the coordinate axes.

Remark 6.2 Saying that C, is parallel with a coordinate plane and using the
modulus of smoothness on C, is pretty much the same as using the so called
Euler angles as in [3], [4], so our w"(f, d)¢ is close to the moduli of smoothness
used on the unit ball in R? in those works.

We shall work with domains in R? bounded by algebraic surfaces. So let
I'y,..., 'y be the connected components of I' = dG, and we assume that there
are polynomials ®;(z1,...,zq) of d variables such that I'; is part of the surface
®;(z1,...,2q4) = 0. We shall also assume that on I'; the gradient V®; does not
vanish. Then this gradient is a normal to I';.

Definition 6.3 We say that G is an algebraic domain if all these properties are
satisfied.

Examples include balls, domains enclosed by thori, etc., but there are many
more exotic examples like the one* in Figure 5. Note also that if G is as ex-
plained and we remove from the interior of G disjoint simply connected domains
G1,. .., G} satistying similar conditions, then G\ (Int(G1) U---UInt(Gy)) also
satisfies the conditions set forth.

Remark 6.4 We emphasized that we do not assume that I'; is the whole surface

Q;(z1,...,2q4) =0, it can be just as well one of its components.

6.3 The Jackson theorem and its converse

Let G be a closed domain as described before and let

E, — inf ||f-P,
(e = int I1f = Pull

4Courtesy of Janos Karsai, who used Mathematica 11.3 to create the figure
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Figure 5: The domain enclosed by the so called Banchoff surface 22 (3 —422)2 +
y2(3 — 4y?)? + 22(3 — 42%)%2 = 3/2

be the error of best polynomial approximation to f € C(G) by polynomials of
d-variables of total degree at most n. We have the following Jackson theorem®

Theorem 6.5 If G is a (closed) algebraic domain, then for r =1,2,...
En(f)e < Cw"(f,1/n)a,  n>rd, (6.5)

with a constant C independent of f and n.

The standard weak converse is true:

Theorem 6.6 With the assumptions of Theorem 6.5

n

e < S (k) o, (6.6

k=0

with a constant C' independent of n > rd.

Since the restriction of a polynomial P,(z1,...,24) to any line segment is
an algebraic polynomial of a single variable, and its restriction to any circle C),
say to CP(ZO) = {(xvya C?a LR Cd)}v 20 = ($07y03 C27 cey Cd)v T = To+pcos 03 Yy =
Yo+psinb, x3 = (3,...,xq = (g, is a trigonometric polynomial of degree at most
n in 6, the inequality (6.6) is an immediate consequence of the corresponding
inequalities on [—1,1] and on the unit circle (see [6, 7.2.4] and [5, Theorem
7.3.1]) if we take into account the definition of the modulus of smoothness wg,.
Therefore, in what follows we shall only concentrate on (6.5).

We also state

5See also the note at the end of the paper
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Corollary 6.7 Let 0 < a. If f € C(G) can be approzimated with error < 1/n®
by algebraic polynomials of degree at most n on every segment of G parallel to
one of the coordinate axes, and on every circle lying in G parallel with one of
the coordinate planes, then f, on the whole of G, can be approximated with error
< C/n® by polynomials of d-variables of degree at most n.

This corollary says that in certain cases d-variable polynomial approximation
can be reduced to ordinary one-variable trigonometric and algebraic approxi-
mation.

The major steps in the proof of Theorem 6.5 are as follows. First of all,
in the next section it is shown that all difficulties arise around the boundary
of the domain: we shall decompose a relative neighborhood of this boundary
into small pieces, and if approximation can be done in the correct order on
the individual pieces, then the global result follows. The different pieces can
be handled the same way, so the problem will be to prove the correct rate
of approximation on a small part around the boundary. This small part is
the image of a cube under a polynomial mapping, and the problem will be
transformed into a corresponding approximation problem on the cube. The
case of a cube is well-known and classical, however, the transformation used is
not linear, and a major effort will be to establish how the moduli of smoothness
change under the given transformation. This is a highly non-trivial problem
(to be done in Sections 8 and 10) because the distance from the boundary
plays an important role in the definition of the moduli of smoothness. The
r = 1 case shows all the difficulties coming from the geometry and of the just
mentioned transformation, and this case will be dealt with separately in Section
8. The general » > 1 case will involve estimates for derivatives of composed
functions (detailed in Section 10), as well as the special case when the domain
is a disk (detailed in Section 9). This approach gives the required estimate
for the moduli of smoothness of the transformed function on the whole domain
except for points that lie too close to the boundary (closer than C/n? for n-th
degree approximation). Finally, Section 11 establishes that that is sufficient to
have the same estimate on the whole domain, and that section contains also the
completion of the proof.

7 Reduction to approximation close to the bound-
ary

In this section we start the proof of Theorem 6.5. We show that if we can
prove a Jackson-type bound on suitable sets attached to the boundary (with
the modulus of smoothness on the whole domain), then Theorem 6.5 follows.

The Jackson-type estimate (6.5) can be proven for each fixed n by a constant
that may depend on n (we do not give details, they are similar — actually
simpler — to what was used in Section 5), so in what follows we may concentrate
only on approximation for large n.
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Let e, ...,e,4 be the unit vectors in R? pointing to the positive directions of
the corresponding coordinate axis. If P is a point on I and np is the unit inner
normal to I at P, then there is a j for which the dot product [np-¢;| is maximal.

Then we must have |np - e;[ > 1/ Vd (the square of the left hand sides for all j

sums up to 1), and for all other k the inequality |np-e,| < 1/v/2 is a consequence
of the definition of e;. Then there is a small neighborhood of P such that for all

@ € I in that neighborhood we have |ng - ¢;| > 1/2v/d, and for all other k the
inequality |ng - ;| < 3/4 is true, and call the part of I' (more precisely the part
of the connected component of T" that contains P) that lies in that neighborhood
an x;-surface. Since x;-surfaces for different j can be similarly handled, in what
follows we shall assume that j = d, and that close to P the domain G lies above
I' (in the direction of the z4-axis). Around P the boundary I' is part of a level
surface ®; = 0, hence the normal vector to I' is just the normalized gradient
(or its negative) V®,. Therefore, |0®,/0z4| > ¢/2v/d in the neighborhood in
question with some ¢ > 0. Thus, by the implicit function theorem, there is a
cube Ip € R?! such that in a neighborhood of P the boundary I is given by
the graph of a function Fp(z1,...,24-1), (1,...,24—1) € Ip. Call this graph
I'p — it is part of I'. By shrinking Ip if necessary, we may assume that P
is the image of the center of Ip under the mapping Fp. Since we are dealing
with algebraic domains with nonzero gradient of the functions that define the
boundary, it is easy to see that this Ip can be chosen so that its diameter is
bigger than a positive number independent of P: diam(Ip) > §p > 0.
Consider the set

Gp = {($1,...7l‘d)‘(1‘17...7$d,1)EIP,
xq € [Fp(x1,...,24-1), Fp(21,...,0q9-1) + 0]} (7.1)

(recall the definition of 7o from Section 6), i.e. we place a segment of length
ro parallel with the z4-axis “above” every point ) € I'p, see Figure 6. For a
Q@ € I'p let Sg be the sphere of radius 4dry which lies on the side of I'p as G (in
a small neighborhood of I'p) and touches I at the point @ (i.e. Sg goes through
Q and at @ it has the same tangent hyperplane as I'). Using the fact that Sq lies
inside G together with its interior (this follows from the definition of (), we can
conclude that Gp is a subset of G. Indeed, the condition |ng-e,| > 1/2V/d is the
same as saying that the projection of the segment in between ) and the center
of Sg onto the line through @ in the e, direction is at least 4drq/ 2V/d > 2rg, so
the e, directional segment of length ¢ placed to @ lies inside the sphere Sg.

We claim that f can be approximated on Gp in the order w”(f,1/n)c by
polynomials of d variables of degree at most n, i.e.

En(f)e, < Cw™(f,1/n)c. (7.2)

This is the hard part of the proof, and in this section we only show how the
proof of Theorem 6.5 can be completed from (7.2).

Let I} be the dilation of Ip from its center by a factor 1/2, and let I'y, be
graph of the function I'(z1,...,x4—1) over I}. Then I'}, is part of I'p.. Over I'}
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Figure 6: The domains G, Gp and G

form the corresponding set G5, with the difference that now use e -directional
segments over the points of I'%, of length 7¢/2 (see Figure 6). Then Gp contains
a relative neighborhood of G5 with respect to G. Since diam(I}) > dp/2 and
the functions Fp are uniformly C? (actually, C*°) smooth, there is a §; > 0
independent of P € I' such that G} covers the relative §;-neighborhood of P
(relative with respect to G), i.e. Bs, (P) NG C G5, where Bs(P) is the ball of
radius ¢ about P. Let {P;}¥_; C T be a finite set such that every point of I'
is of distance < ¢;/4 from some P;. It is clear that Ul'p, covers I, furthermore
U; Bs, (P;), and hence also U;G, , covers the (open) d;/2-neighborhood O of T'.
Cover the rest of G by the interiors of finitely many d-dimensional closed cubes
U, 1 <i<I, so that if U; is the dilation of U} from its center by some factor
(1 + 6) with some small § > 0, then even U; lies in G. We can choose these U;
so that their edges are parallel with the coordinate axes. On each U; we have
the analogue of (7.2):

Bu(f)o, < Cw"(f,1/n)a. (7.3)

Indeed, this follows from [6, Theorem 12.1.1] (or from Theorem 1.1 in the first
part of this paper) and from how w”(f,1/n)c has been defined. Since the
interiors of G, ¢ = 1,2,...,k and of U}, i = 1,2,...,l cover the interior of
G, we can invoke Lemma 3.9 and conclude that from (possibly repeated) copies
of the U} and from (possibly repeated) copies of the sets G, we can form a
sequence of sets K}, 1 < s < T, and the corresponding sequence of sets K
(which is U; if K7 = U and it is Gp, if KJ = G}) that satisfy

(i) each K, is contained in G,
(i) G = UT_, K2,

iii) the intersection of the interiors of K* and K, is non-empty for all s =
s s+1 y
1,...,T—1,

(iv) for some € > 0 we have (K})* NG C K, where (K7)¢ is the closed e-
neighborhood of K.
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Note that (iv) is the consequence of (i) and the fact that each K contains a
(relative to G) neighborhood of K.

This is now the analogue of the n-pyramid covering from Proposition 3.8,
and note that on each K, we have

En(f)r, < CW'(f,1/n)c (7.4)

by (7.2)—(7.3). So we can combine local approximants as in Section 3, and to
that we shall only need the following analogue of Lemma 3.4.

Lemma 7.1 Let S5* be one of the sets K} and S the corresponding set K, and
let H C G be a closed set such that for some § > 0 the intersection S* N H
contains a ball of radius 6. Then for every ly there is an | such that

Eign(f)s =w"(f,1/n)a,  Ein(fla <w"(f,1/n)e,  feC(G) (7.5)
imply
Eu(f)s-um < w (f,1/n)¢, feC(G). (7.6)

If we repeatedly apply this with H = U;;}Kj and S* = K}, S = K, then
for s =T we can conclude from (7.6) the Jackson estimate (6.5) for large n.

Proof of Lemma 7.1. We may assume that G lies in the unit ball B;(0) of
R¢, and follow the proof of Lemma 3.4. It is clear that all we need to prove is
the following variant of Lemma 3.2.

Lemma 7.2 Let S* be one of the K and S the corresponding set Ks. There
is a constant k = k(S) such that for every n > 1 there are polynomials Ry, of
degree at most kn for which

a) 0 < Rpn(z) <1 for z € B1(0),
b) 1 — Rypp(x) <27 for x € S*,
¢) Ripn(z) <27 forz e G\ S.
Proof. If K, is a cube Uj;, then this follows from Lemma 3.2, so let K be one
of the sets Gp,, say Gp.

Cover S* = G} by cuboids Vi*,..., V> as depicted in Figure 7 so that for
some € > 0 it is true that if V; is the (1 + ¢)-enlarged copy of V;* enlarged from
its center, then V; also lies in B1(0) and V; N G lies in Gp. By Lemma 3.2 for

some ! and all n > 1 there are polynomials 7, ; of degree at most < In that
satisfy

1) 0<ry (zx) <1for z e Bi(0),
2) 1 =7 (z) <37" for x € VT,

3) riny(@) <377 for o € Bi(0)\ V5.
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Figure 7: The sets V"

With Py =0, for j = 1,...,m set Pj(x) = Pj_1(2)(1 — 71n,j()) + rin; ().
These are polynomials of degree at most kn with k£ = Im, and induction on j
gives that

A) 0 < Pj(z) <1 for x € B1(0),
B) 1 - Pj(z) <37" for z € U_, V7,
C) Pj(z) <33~ for x € By(0) \ U _, V..

On applying this for j = m we obtain a)—c) for all sufficiently large n for the
polynomials Ry, (z) := Py, () .

In some cases we cannot directly do the approximation up to the boundary,
just if we stay off it at least L/n? distance (for n-th degree approximation).
However, in such situations the missing range (closer than L/n? to the bound-
ary) is automatically covered by the same approximants. This will follow from
the next lemma.

Lemma 7.3 Let g € C[0,1] and let L > 1 be fized. Then for any polynomial
gn of a single variable and of degree at most n with n? > 2L, we have

g = @allio.n < € (g = ullizjme. 1 + @i 1y(9. 1/m)) (7.7)
where C' depends only on L and r.

Remark 7.4 The lemma implies for any fixed 0 < a < 1/2 and for all g, of
degree at most n the inequality

o~ gallon) < € (19~ gallio) + <o 1/m)) . (78)

with a C' that depends on a and n. By iteration we obtain from here (7.8) for
all 0 <a < 1.
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Lemma 7.3 is Proposition 9.1 in [14], but since it plays a vital role in some
of our reasonings, we give a new proof for it.

Proof. For all Lr/2n? < o < 1 — Lr/2n? the r-th difference A7 jn29(x) is
defined and

|AL/n29(@)] < wio 11 (9, VAL/n) < Cupg y1(g,1/n)

(note that on the right we have the p-modulus of smoothness) since L/n? <

VAL\/x(1 — x)/n. Thus, for 2Lr/n? <z <1 — 2Lr/n? we have

AL 2 (@) < AL 2 (@0 = 9)(@)] + AL 29 ()]

A

< 29 = anlliz/mz.ay + Cwio (g, 1/n) = M, (7.9)

so the norm of the left hand side over [2Lr/n?,1 — 2Lr/n?] is bounded by the
right hand side, i.e. by M. But A’L'/ng gn(z) is a polynomial of degree at most
n, so it follows from Remez’ inequality [11] ([1]) that then

AL 2@l < C1M

is also true with some C; > 1 that depends only on L, and so for Lr/2n? < x <
1/2 we obtain
|A2/n2(g - qn)($)| <2C1 M.

But
AL 2 (9 = an)(x) = (=1)"(g(x — Lr/2n%) — gu(z — Lr/2n%))
# 3 C1 (7) ate = 212 0)/1) — aale — L2 = /),
§=0
and since all arguments z — L(r/2—j)/n?, j = 0,1,...,7—1, in the sum belong

to [L/n?,1], we can conclude (see also the definition of M in (7.9))
lg(z — Lr/2n?) — gu(z — Lr/2n?)| < 20, M + M,

which completes the proof, since x — Lr/2n? can be any point in [0, L/n?] by
appropriately selecting z € [Lr/2n?,1/2].
|

Thus, Theorem 6.5 follows if we can prove (7.2). Our approach will be to
map Gp into a cube, approximate on that cube (this was done already in 1987
in [6]) by some polynomials Q,(x1,...,2Z4_1,u), and then go back to Gp via
the mapping

(1, Tag—1,u) = (T1,. ., Tg—1, P(x1, ..., 24q))-
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Since ® is a polynomial, this latter mapping will result in a polynomial approx-
imant on the original Gp.

Before turning to details in connection with (7.2), we would like to make
one more remark which simplifies things later. First of all, without loss of
generality we may assume that the cube Ip in the construction of I'p is [0, 1]9~*
(this can always be achieved by rescaling). We have defined Gp by attaching
an e, directional segment of fixed length ry to any point of I'p, but it is clear
that the only thing we need of Gp is that it covers a neighborhood (relative to
G) of I'p. So instead of fixed length segments we can define Gp by attaching
an e, directional segment to any () € I'p of some positive length Ig < 79, where
lg is a continuous function of Q). This modified G p can serve the same purpose
as the originally defined Gp, in particular, it will be enough to prove (7.2) for
any such domain Gp.

It will be convenient to select this Gp as follows. Let ® be the polynomial
that describes the boundary I around P € T via ®(z1,...,24) = 0. We have
assumed that in a neighborhood of P, the domain G lies “above” T" in the sense
that if (21, ...,24-1,24) € I'p, then for small ¢ > 0 the point (x1,...,24-1, 24+
¢) belongs to G (and then (z1,...,24-1,2q4—¢) does not belong to G). We have
also seen that 0®/0xy # 0 on I'p, and we may assume that 0®/0xq > 0
(otherwise replace ® by its negative). Then in a neighborhood of P the domain
G is given by the inequality ® > 0, so for small § > 0 all the points (z1,...,24)
with 0 < zq1,...,24-1 < 1 and 0 < ®(zy,...,24) < ¢ belong to G, and we
choose G p as the set of all these points:

Gp ={(z1,...,2q) ‘ (z1,...,2q-1) € [0,1]971, 0 < B(xy,...,24) <5} (7.10)

This choice works just as well as the original one in (7.1), and actually in it
4 > 0 can be as small as we wish.

8 The r =1 case

In this section we prove (7.2) in the special case r = 1. Although later we shall
give the proof for higher order moduli of smoothness, we feel it is instructive to
separately give the proof for this simplest case because in that proof we may
concentrate on the geometry involved in the problem, and the » = 1 case holds
all the necessary geometric reasoning without the technical details needed for
higher order moduli. Later we will not repeat this geometric part in the more
technical proof involving higher order smoothness.

So let Gy be the part of G which contains the points (z1,...,x4) with
(21,...,mq—1) € [0,1]% ! and 0 < ®(xy,...,74) < § (with the polynomial ®
that defines the boundary I") for some 0. By replacing ® by ®/§ we may as-
sume § = 1. As we have seen, in this domain 90®/9z, > 0, and we have the
natural mapping X = (x1,...,24) = Y = (21,...,24-1,u) from Gy onto [0, 1]¢
where u = ®(z1,...,24). We can go from Y to X by setting g = Xu, ... 24, (0)
for which

D(z1,. -, Td—1s Xay,..owq_1 (W) = U. (8.1)
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Clearly (use the inverse function theorem), this x is real analytic in x1,...,2q-1,u
with strictly positive derivative for v € [0,1]. In fact, the assumed prop-
erties of ® and the inverse function theorem imply positive upper and lower
bounds for the derivative Oxq,,... .o, ,(¢)/0u Of X4, ..z, , that are independent
of z1,...,24—1. Another way to see that is to differentiate the equation (8.1)
with respect to w.

If for fixed (1,...,(q—1 we denote ¢, . ¢, , the line {z1 = (1,...,24-1 =
Ci—1} in the z4-direction, then the mapping ¥ — X maps the segment

JC17---,Cd71 = [05 1]d N ECh---,Cd—l

onto the segment
Ieycas = GoN by, gams

We also set F(Y) = f(X), so F is defined on [0,1]¢. On J¢, . ¢, , we have

F(Cla e aCdflvu) = f(Cla .. '7Cd717XC1 ..... Cd_l(u))v

ie.
F(zy,...,2q-1,9(21,...,2q)) = f(x1,...,24q),

so we obtain from the from the aforementioned properties of x¢,,... ¢, , that

uniformly in (C1,...,¢s—1) € [0,1]¢71, i.e., the u-directional modulus of conti-
nuity of F' is bounded by the z4-directional modulus of continuity of f. We
emphasize that this is no longer true for higher order moduli of smoothness, for
a nonlinear substitution does not preserve the size of those moduli (for example,
the second order modulus of smoothness of g(t) = ¢ is identically 0, but if we
make any nonlinear substitution into g then the second order modulus will not
be 0).

Consider now another coordinate direction, say the xi-directional modulus
of continuity of F'. Note that the mapping ¥ — X does not change the 2nd,
3rd,. .. (d—1)st coordinates of a point. For fixed (a,...,(4—1,¢ € [0, 1] the image
of the segment {(z,(2,...,Ca—1,¢) |z € [0,1]} under the mapping ¥ — X is the
intersection of GGy with the polynomial curve

VeaiCaor ¢ = (@1, 2q) | B(21, oy, a1, 2q) = C}

in the plane {x5 = (a,...,24-1 = (4-1}, and the mapping in between them
is given by & — (2,¢1,.-+,Ci—1, Xz.¢1,....car (C)). There is a cg > 0 such that
the distance from v, . ¢, ,.c N Go to the boundary I' of G is > ¢o¢ (because
0®/0x4 > 0). Since Y — X is a Lipshitz map, it follows that if Y7,Y5 are two
points of distance < 1/n apart on the segment {(z,(z,...,(s-1,¢) |z € [0,1]}
and X7, Xo correspond to them under the mapping Y — X, then X7, X5 are of
distance < D/n, and if { > L/ n?, then their distance from the boundary of G is
> coL/n?. Let rg be the radius from the beginning of Section 6 and C,., the circle
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Figure 8: The points X, Xo on the curve v = ~v¢,,.. ¢, ,,¢c and the circle C,,
through them

in the plane {z2 = (o,...,24-1 = (4—1} of radius r¢y which passes through X;
and X, and which has its center above the curve v¢,,.. ¢, ,.¢ in that plane. We
claim that for sufficiently large L the circle C,, lies inside G. Indeed, if ox, x,
is its shorter arc in between X; and X,, then ox, x, is of distance < Dl/n2
— with some constant D; independent of n and (s, ...,(43—1,( — from the arc
of Y¢,,....ca_s,¢ lying in between X; and X5. On the other hand, this latter arc
lies of distance > coL/n? from the boundary, so for large L the arc oy, x, lies
inside G, see Figure 8. Furthermore, for large n the other (longer) arc of C,,
in between X; and X5 lies inside G by the definition of r¢ from Section 6, and
these prove that C), lies, indeed, inside G.
Thus, by the definition of w!(f, ), we have

[F(Y1) = F(Y2)| = [f(X1) = f(X2)| S wg, (f, D2/n) < w!(f,1/n)c-

This can be done with the other, xo,...,z4_1 directions, as well, and it fol-
lows that w[lo,l]d—lx[L/n2,1] (F, 1/n){§j};¢:l, the directional modulus of continuity
of F on [0,1]971 x [L/n? 1] in the coordinate directions, is bounded by an ab-
solute constant times w!(f,1/n)g. Now we can invoke [6, Theorem 12.1.1] for
the rectangular parallelepiped [0,1]9~! x [L/n?, 1], according to which there are
polynomials @, (z1,...,24—1,u) of degree at most n such that

[F' = Qnl

0,141 x[L/m?,1] < CWjg 1ja-1 (1 /m2,1] (> Un)geye < Cw'(f,1/n)c-
On substituting here u = ®(z1,...,z4) we obtain
If(z1,...,2q) — Qu(z1,...,xq 1, ®(x1,...,24))] < Cw'(f,1/n)q (8.2)

on the part of Gy which satisfies ®(z1,...,24) > L/n? Here the function
Qn(z1,...,24-1,P(x1,...,24)) is a polynomial of degree < n-deg(®). On every
x4-directional segment I = I¢, ¢, , C Go we have u = ®(z1,...,2q) > L/n?
for all points but those lying on a segment of the “lower” part of I (in the x4
direction) of length < CyL/n? (with some Cj independent of L and n), so (8.2)
is true for all such points, and from that we can conclude from Lemma 7.3 that
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(8.2) pertains to hold on the whole of Gy. This proves (7.2) in the special case
when r = 1.

9 Approximation on disks

In this section we consider the special case when G is the disk
G = {(z1,22) | R§ — (21— 1/2)* — 23 > 0},

i.e., d =2 and ®(r1,22) = R%Z — (v1 — 1/2)? — 23, and prove Theorem 6.5, more
precisely (7.2), in this case.

This section is devoted solely to disks. This special domain will be used in
an essential way when proving the general case. Furthermore, several estimates
on the moduli of smoothness of transformed functions that we do in this section
work also for general domains and they will not be repeated (just mentioned
with reference to this section) in final part of the proof.

A typical boundary domain from Section 7 for this G is

{(z1,29) |a <y <b, RE— 0 < (z1 —1/2)? + 23 < R2, 1 <0}

with some 1/2 — Ry < a < b < 1/2+ Ry and small 6 > 0, and it is sufficient
to show the possibility of Jackson type approximation on such a domain. For
simplicity we set [a,b] = [0,1] and § = 1 (the reasoning in the general case
would be the same), and again for convenience we assume Ry > 1. So let

Go = {(x1,22) \O <z <1, R(Q) —1< (2 —1/2)2 —&—x% < R(Q), x9 < 0},

see Figure 9.

Under the mapping X — Y, (z1,72) = (21,u), u = RZ — (z1 — 1/2)? — 23,
discussed in Section 8 this G is mapped into [0, 1]2, and if we set F(Y) = f(X),
then we are going to show that

w[%,lP(Fvl/n){gj}?:l = Wr(fvl/n)(} (91)

Recall that on the left the modulus is the directional modulus of smoothness
(defined in (1.6) on [0, 1]?, see also (1.7) and (1.1)) using the z1 and z2(= u)
directions on [0, 1], while on the right w”(f, 1/n)¢ is the modulus of smoothness
defined in Section 6. First we discuss the directional modulus w"(F,1/n). of
F'in the x; direction.

For simplicity, in what follows we write w(1/n) for w"(f,1/n)q.

Let Cr be the circle about (1/2,0) and of radius R < Ry with R? > R2 — 1.
By the definition of the modulus of smoothness, the 27-periodic function

9(0) = f(1/2+ Rsinf, —Rcos0)

has r-th modulus of smoothness < w”(f,d)q, hence it can be approximated by
trigonometric polynomials T, of degree at most n in the order w(1/n): |lg —
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G,

Figure 9:

Tl < w(1/n) (see [5, Theorem 7.2.3]). Then we also have w”"(T,,1/n) < w(1/n)
(here w" is the classical modulus of smoothness of the trigonometric polynomial
T,), and since, by Stechkin’s theorem [13], HT,(lr)H < nw"(Ty,1/n), it follows
that |73 < n"w"(1/n).

If r—1>1, then T,S’“‘”, being a trigonometric polynomial without a con-

stant term, vanishes somewhere, say TT(LPI)(QQ) =0, 6y € [0,27]. But then for
all other 6 € [0, 27] we have

4
T (6)] = / T (u)du| < 2w T < nw(1/n).

0o

Repeating this argument using 7" " in place of T\" we get ||T7§T72)|| =<

n"w(1l/n), and so on, we can infer for all 1 <j <r
1T < n"w(1/n). (9.2)

Now consider F(z1,u) on the horizontal segment u = R% — R? of [0, 1] x [0, 1].
It has the form

F(x1,R2 — R%) = f(z1, —/R2 — (21 — 1/2)2) = g(arcsin((z, — 1/2)/R)).
Thus,
|ALF(z1, RG — R?)| < |AL T, (arcsin((x1 — 1/2)/R))| + 2" |lg — Tl

which can be estimated as (see e.g. [5, Chapter 2, (7.10)])

|h|" + O(w(1/n)).

[0,1]

(Tn(arcsin((ajl ~1/2) /R))) )
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Since, by Faa di Bruno’s formula (cf. [10, Theorem 1.3.2]) the norm on the right
is at most C' >0, ||T7(LJ)||7 for h < 1/n we obtain from (9.2) that

|ALF (21, R — R?)| < w(1/n),
which is stronger than
wio, 12 (Fy 1/n)e, < w(1/n) (9.3)

(recall that the modulus of smoothness on the left of (9.3) was defined in (1.6)
and it involves a quantity smaller than 1 in the step-size - of ATF).
Before going on, let us record here the following consequence:

Corollary 9.1 Let G be any domain in R? as discussed in Section 6, and
let Cr be any circle that lies in G together with its interior which is parallel
with a coordinate plane. If Py and P> are any two points of Cr, then for any
n=12...,

F(PL) — F(Py)| < Crn"o(f,1/n)a,

and here the constant Cr depends only on G and the radius of the circle in
question.

Proof. We have essentially proved this above: choose a T, as before with
| f = Tu| < w"(f,1/n)c on Cr, and use that

T (P1) = Th(P2)| < Crn'w"(f,1/n)a

is a consequence of || T} || < n"w"(f,1/n)qc (see (9.2)).
|

Next, we consider the modulus of smoothness of F in the e, (i.e., u = z2)
direction. For a (; let ¢, be the 1 = (; line, and, as in Section 8, let J = J¢, =
le, N[0,1]? and I = I, = £, N Go, and in what follows we keep the notations
established there. We have seen that the mapping Y — X, when restricted to
J, is given by a real analytic function x(u) = x¢, (v) with positive derivative in
w (which is uniformly bounded from below and above in (7).

By definition, wj(f,1/n) < w"(f,1/n)q, and by the equivalence of the ¢-
modulus of smoothness with the K-functional (see Theorem [6, Theorem 2.1.1])
there is a g defined on I such that

wr(f,1/n) < f =gl + %”‘P?Q(T)”I <wi(f,1/n) <w(1/n), (9-4)

where @y is the ¢ function for I (i.e., if the endpoints of I are ({1,a) and ({1, b),
then o;(¢1,u) = /|u — a|lu — b]) and the differentiation in ¢(") is understood
in the 2o-direction, so g(") = 9"g/dx%. Furthermore, the < in (9.4) is uniform
in 1. This g will be used only on I, so we shall think of it as a function of a
single variable.
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Let 71,...,7, be equidistant points in the middle third of I of consecutive
distance |I]/3r. Any two consecutive points 7;, 741, lie on a circle of radius
|I]/67 that lies in G, so, by Corollary 9.1, we have | f(7j41) — f(75)| < n"w(1/n).
Then, in view of (9.4), the same is true for g: |g(7j+1) —g(7;)| < n"w(1/n). But
then the mean value theorem gives that g’ = dg/0x2 is < n"w(1/n) somewhere
in between 71 and 7. Using higher order mean value theorems (i.e. that AJw =
hrwW) (€) for some &) we can conclude the same way that for all 1 < j < 7 there
is a £; in the middle third of I such that

gV (&) < n"w(1/n).

Now if £ € I lies below v € I (in the x5 direction) and at the same time
v lies below &,._1, then ¢ (§) < Cpr(v) with an absolute constant (actually,
C = 3/2v/2 works). Here we used that &._; belongs to the middle third of I.
Therefore, we obtain for £ lying below &,_1

Sr—1
/ ¢ (v)dv
£

57‘71
/f 1)1 (v) o

er(©)1g" O < er(§)” +01(8) 19"V (o)

=< +n"w(l/n) < n"w(l/n),

where we used (9.4), and the choice of & _;. A similar estimate is true if
€ lies above &,_;. Since the same reasoning can be given for ¢g("—2) (using
g2 (&_9) < n"w(1/n) and the just proven relation), we obtain ¢75|g("=2)| <
n"w(1/n), and in general, for all j = 1,2,...,r we have

prlg?| < n'w(1/n). (9.5)

On the segment J the function F is given by f(¢1,x(w))), so it is natural to
consider G(u) = g(x(u)). For it we have

I =Glls=1f—gll (9.6)

Since pj(u) ~ ¢r(x(u)), it follows from the Faa di Bruno formula ([10, Theorem
1.3.2]) that

where the last relation follows from (9.5). Thus, using the equivalence relation
between the K-functional and the p-moduli of smoothness (see [6, Theorem
2.1.1]) we obtain from (9.4), (9.6) and (9.7)

1

n"

G

r
ou”

oy

<3 ertara |, < wuta/m), 07)
J =1

,0'G
v our

< w(l/n).
J

wy(F,1/n)e, < ||F =Gll; +

Here J = J¢, with ¢; € [0, 1] arbitrary, so we can conclude
wio, 12 (F,1/n)e, < w(1/n). (9.8)
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Remark 9.2 Before going on with the discussion of approximation on the disk
let us remark that the preceding proof for estimating w{o’l]g(F ,1/n)e, did not
use that the boundary was a disk, it works for any polynomial curve as in Section
8 (just note that the small circles through the points 7; are available also in that
case, as well). What is more, the dimension need not be 2, either. Indeed, if the
dimension is d, then the segments I¢, . ¢, , and J¢, . ¢, , (see Section 8) lie in
the plane {2 = (2,...,24-1 = (4-1}, and the preceding proof can be carried
out in that plane using circles and directional moduli belonging to that plane.
So we have (9.8) in general:

Wfb,1]d(Fa 1/”)gd <W'(f,1/n)g. (9.9)

Now we return to the proof of (7.2) for the disk that we are considering in
this section. From (9.3) and (9.8) we can conclude, using Theorem [6, Theorem
12.1.1] (or Theorem 1.1 from the first part of this paper) for the square [0, 1],
that there are polynomials Q,, (1, u) of degree at most n such that for all (z,u) €
0,12

I, 0) = Q)] < C (e (F 1 /), + (B 1/m)e, ) < w(1/n).

On substituting here u = ®(z1,72) = R3 — (z1 — 1/2)? — 23, we obtain

|[f (21, 22) = Qu(z1, R — (21 = 1/2)* = 3)| < w"(f,1/n)c

on Gy. According to Section 7, this is enough to conclude E,, (f)¢ < w"(f,1/n)q.

10 A detour on the derivative of composite func-
tions

Let P(x,y) = P,(z,y) be a polynomial of two variables and o(t) a one-variable
infinitely many times differentiable function. For j = 0,1,... we set

d (g) QI P(t,o(t))

Dj(Pa t) = Dj(P’ g, t) = Z s) Oxi—sy (al(t))sa

s=0
where Do(P,t) = P(t). For these straightforward differentiation yields

dD;(P,1)

e t)o" (t), (10.1)

oP
=D, 1 P,t +jD'_1 -,
o1 (PA) 43D,

and hence the derivative with respect to t of an expression of the form

o'P

PGy

£)(o" ()2 (" (1)) - (a1 (1)) (10.2)
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is the sum of the terms

!
Dm(%f, (0" () (0™ (1)) - (o) (1)),

. otp " ko+1/ 111 ks (r) k

]Dj—l(Wat)(o ()= (™ (@)™ -+ (0 (2)"™
and

or 1/ r
D;(Gr ) (Rala )@ @) (@)
o (@O 0D () e ().
Since 4Pt o(1))
, O
—a Dy (P, t)

is also true, it follows by induction on m = 1,2,... that every derivative

d™P(t,o(t))/dt™ is a linear combinations of terms of the form (10.2) with
j + 2l < m. Furthermore, the only terms of the form (10.2) with j + 2 = m
that appear in d™P(t,0(t))/dt™ are the terms (see (10.1))

OP 0%P
Dm(P,t), Dm_g(—,t)a”(t), Dm_4(87y2,

5 D" (),

and since there is no cancellation above in the differentiation (c.f. (10.1)), these
terms do appear with some positive coeflicients.

Suppose now that for some r > 1 we have, besides o, infinitely many times
differentiable functions oy, ..., 0, with the property that at some point t, we
have o’ (tg) = o'(to) for all 7 = 1,...,r, but the second derivatives of the o,’s
at t = tg are all different: if ¢”(tg) = p,, then p, # p, if 7 # v. Suppose also
that for some polynomials P, (z,y), n =1,2,... we have the bounds

d™P,(t,0.(1))

<Q, 10.3
dtm t=tg (103)

forall 7 =1,...,r and 1 < m < r with some sequence {2, }. We claim that
under these assumptions we also have

d"P,(t,o(t))

< Q, 10.4
dtr t=tg (104)

and here the < depends only the < in (10.3) and on the numbers p1, ..., p,.
Indeed, since we have ol (tg) = o'(tg), the expressions Dj(aal%, Oryto), T =

0,...,r, are all the same if we set 0y = 0. Therefore, in view of what has been

said before, to prove (10.4) it is sufficient to show that for all j,1 with j+ 2l <r

we have

o'P,

oyt ’

Dj( to) < Qn, (10.5)
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which we are going to prove by induction on j + 2[. First of all, when j+2] =1
then necessarily j = 1 and [ = 0, and in this case (recall that o = o9)

o'P,
Dj(i@yl yto) = D1(Pp,to) = Di1(Py,00,t0) = D1(Pp,01,10)
dP,(t,o1(t))
_— Q
dt b=t "

by the assumption (10.3).

Suppose now that (10.5) is true for all j + 21 <m (< r). As we have seen,
d™P,(t,o-(t)) 0P, /
2 =3 90) = Dy(Po,t) + cmt Dona( 2 0)0" (t

T N (Past) + em1 Dm—2(5 =, )7 (fo)
2P o
+ cm,gDm,4(W, 0)(a7(t0))* + - - - + terms with j + 21 < m,
Y

where the coefficients ¢, s are non-zero. By the induction hypothesis here all
the terms with j 4+ 2] < m are < €, and by assumption the left hand side is

also < Q,, for 7 = 1,...,r. Therefore, in view of the notation o/ (t9) = p,, we
have
0P, %P,
Dm(Pna t0)+cm,1Dm*2(87yn7 tO)pT+Cm,2Dmf4(W2n7 tO)p72—+ = Qna T=1...,m
Using the firstS [m/2] + 1 of these relations we obtain an ([m/2]+1) x ([m/2] +
1) size linear system of equations for cm75Dm_25(86y:',0), =0,...,[m/2],
with non-zero determinant (a Vandermonde determinant in p1, pa, ..., Plm/2]+15

which numbers are different by assumption) and with right hand side con-
sisting of numberb < Q,. Solving this system we obtain that all the terms
cmyst_gg( 3ys n to) are < £2,. Since ¢, s # 0, this completes the induction
step, and the proof of (10.4) is complete.

What we have just proven, we shall use in Section 11 in the following sit-
uation. Suppose that D,, is a disk on the plane. Let o := (t,0(t)) be a C®
curve that lies in D,, and suppose that D, C D,, is a disk that touches (i.e.
its boundary touches) o at some point (tg,0(tp)). For a given r > 1 fix r dif-
ferent radii p/2 < R; < p, 1 < 7 < r, and let Cg_ be the circle of radius
R, that lies in D, and touches o at the point (to,o(to)). If Cr, is the circle
(xr —2,)% + (y — y-)? = R2, then in a neighborhood of the point (to, o (t)) it
has parametrization (¢,0,(t)) with

or(t) =yr — VR — (t — a:)?

(note that by the form of o, the common tangent line to ¢ and D, at (¢, o (o))
is not vertical) with possibly + replacing — in front of the square root sign, but

6[] denotes integral part
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in what follows we shall keep the — sign. Now

t—x,
RZ— (i —,)?

o7 (to) =

b

" _ R72- _ 1 / 2\3/2
ol (to) = (B2 = (=22 RT(I + ol (tg)*)*/=. (10.6)
These o, touch o at (to,o(tg)), so they have the same derivative at ty as o:
o'(to) = ol (to) (this follows from the fact that the tangent direction to o, at
or(to) is (1,0%(tp))). But then (10.6) shows that the second derivatives are
different at to: o (to) # ol (to) because the R,, 7 =1,...,r are different.

Let now f be a function on a domain G that contains D,,, and let P, (z,y)
be polynomials (of degree n = 1,2, ...) of two variables such that || f — | p,, <
w(1/n), where w(1/n) is the r-th modulus of smoothness of f on G. In Section 9
it was shown that for every r > 1 there are such polynomials P,,. The polynomial
P,,, when restricted to either of the circles C'g_, gives a trigonometric polynomial

T.(0) = P,(xr + Rrsinf,y, — R, cosb).
For this T, it was shown in Section 9 (see (9.2)) that
I TP < n"w(1/n) forall j =1,2,...,7, (10.7)

and here < depends only on R,. The expression P,(t,o,(t)) is T, (arcsin((t —
x,)/R;), so from (10.7) and from Faa di Bruno’s formula (cf. [10, Theorem
1.3.2]) we obtain
d™P,(t,0.(t))
dtm t=to

for all 1 < m < r. Since this is true uniformly for all 7 = 1,...,r, we are in the
situation of (10.3) with Q, = n"w(1/n), so from (10.4) we can conclude

<n"w(l/n) (10.8)

d"P,(t,o(t)) -
|t =t <n"w(l/n). (10.9)

11 Proof of Theorem 6.5

According to the general setup in Section 7, it is sufficient to prove (7.2), i.e.
the possibility of Jackson-rate approximation on the sets Gp. So let Gy be such
a set, and without loss of generality we may assume that Gy is positioned as
in the discussion leading to (7.2), i.e. it is the union of some z4-directional
segments over a small part of the boundary G. As in Section 8, the closed
domain Gy corresponds to [0, 1] under the mapping X — Y, and f corresponds
to F(Y) = f(X).

As in Sections 8-9 it is sufficient to show that the directional modulus of
smoothness

oo (P g2, = s ofoags (PO
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of F satisfies
(P /)0, < O (1),

for then we can use Theorem [6, Theorem 12.1.1] (or Theorem 1.1 from the first
part of this work) to find polynomials @, (x1,...,24—1,u) with

||F - Qn”[O,l]d < er(.ﬂ 1/71)@,

and then the substitution u = ®(z,...,24) will lead to

”f - QnHGo < C’wr(f,l/n)(;

for the polynomial Qn(xl, e xg) = Q1. a1, P(21, ..., 24)).
Thus, everything boils down to proving

Ww'(F,1/n)e, < Cw"(f,1/n)c (11.1)

for each i =1,2,...,d. For i = d this was done in Section 9, see Remark 9.2, so
here we shall only consider ¢ = 1,2,...,d —1 (note that because of the assumed
positioning of G, the directions e;,...,e;_; have a different role with respect
to Go than the direction e;), and since these cases are completely similar to
each other, we shall assume 7 = 1. Thus, let (s,...,{4-1,( € [0,1] be fixed,
and consider the segment V = {(z1,¢2,...,C4-1,¢) | x1 € [0,1]}. We need to
estimate the r-th difference of F' on that segment. As we have seen in Section
8, under the mapping Y — X the segment V' is mapped into the intersection of
G with the polynomial curve

Yz,oonCam1,¢ T {(271,4-27 cee 7<d*17xd) ‘ q)(xh <27 ) Cd*l; xd) = <} (112)

lying in the plane {zo = (a,...,24—1 = (4-1}, and the mapping is given by
(z,¢2,.5Ca=1,¢) = (,C1,- -, Ca—15 Xa,ca,....ca_1 (¢)) With a real analytic func-
tion Xa.¢y ... .cor (€). If we write o(t) for x¢.¢,,....cu_, (¢), then we need to estimate
the r-th difference A} of the composed function

f(tv <17 ey Cd*la U(t))

We shall show that this can be done using the modulus of smoothness of f in the
intersection of Gg with the plane {x3 = (3,...,24—1 = (4—1}, which is clearly
smaller than the modulus of smoothness of f on the whole G. Thus, everything
is happening in the plane xo = (2,...,24-1 = (4—1, S0 we may suppress the
fixed coordinates (o, . .., (41 and we may assume that d = 2, and G is a domain
on the plane. Let us also write v =+, for the curve (11.2) in this case. This is
the same as the curve {(t,o(t)) |t € [0,1]}.

The information on the r-th modulus of smoothness on f is given on circles
and straight segments, and we need to bound

sup sup A} f(z,o(x)) (11.3)
h<1/n z€[0,1]
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To be more precise, we should bound

sup sup A7 f(z,0(z)),
h<i/nazef0] "Vzl-z)

but that is at most as large as the expression in (11.3), so it is sufficient to deal

with (11.3). Thus, we need to prove that

T

AL f(a,o(2) = 3 (-1 <]>f( C(rj2— Dol + (12— )))

=0

are < w'(f,1/n)g for 0 < h < 1/n and = € [0,1]. Here the points U; =
(x+ (r/2 = j)h,o(x + (r/2 = j)h)), 5 = 0,...,r, lie on the curve v and only
their z-coordinates are equidistant. Our strategy will be the following. First
of all, we shall use some polynomial approximant P, to f on some large disk
D that contains the points U; which satisfies || f — P,||p < w"(f,1/n)c. Then
it is enough to consider A} P,(z,o(x)), which can be bounded by A" times an
estimate on the r-th derivative of P, on the smallest arc of v that contains all
the points U;. Thus, we have to find a bound for the r-th derivative of the
composed function P, (z,o(x)), which was done in Section 10.

Thus, we have to estimate A} F(z,() = A} (f(z,7¢(x)) for 0 < h < 1/n
with a fixed ¢ € [0,1]. For simplicity we do the estimate for h = 1/n (the
h < 1/n case can be similarly handled). Recall that v = v, with ¢ € [0, 1], and
first assume that ¢ > L/n? for some fixed, but large L. Let z € [0, 1] be such
that the points = + (r/2 — j)/n belong to [0,1] for j = 0,...,r. These points
correspond to the points U; = (z+(r/2—j)/n,0(z+(r/2—s)/n)), j =0,...,r,
on 7, which are of distance > c¢L/n? from the “lower” boundary of G, which is
just the curve (¢,7(¢)). Recall now the ry from the definition of the domain
G from the beginning of Section 6.2, let C,, be the circle of radius ro that lies
inside G together with its interior and touches the boundary curve 7 at the
point (z,7vo(x)), and let D,, be the closed disk enclosed by C.,. It is easy to
see (see Figure 10) that if L is sufficiently large, then (for large n) the points
Uj belong to D,, (recall also that Gy was a small part of G). The points U; lie
on the part {(u,y(u)) |z —7/2n < u < z+7r/2n} of v, and there is a p > 0
depending only on ry and ® such that to every point (u,~(u)) of that portion
of v we can draw a disk of radius p that lies in D,, and touches v at the given
point.

According to what has been shown in Section 9, for n = 1,2,... there are
polynomials P, (z1,22) of degree at most n such that they approximate f on
D,, with error < Cw"(f,1/n)g. Then, for fixed ¢ € [0, 1],

where F,,(Y) = P,(X) (i.e. Fn(z,() = Pu(x,7¢(x))). The first term on the
right is bounded by (see [5, Chap. 2, (7.12)])

1

max
n" z—r/2n<u<Lz+r/2n
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(67,(x)

Figure 10: The points Uy, ...,U, on the curve v = ¢, ¢y 1,¢

so it is sufficient to show that for each u in the specified range
o"F,
ou”
But on the left we have with o(t) = v¢(t)
d"P(t,o(t))

dt” t=u

(u,()‘ <Cn"W"(f,1/n)¢c. (11.4)

: (11.5)

and at the end of Section 10 in (10.9) it was shown that this is < n"w(f,1/n)
(set in (10.9) tg = u). Furthermore, here the < depends only on the radius p and
on the radii p/2 < Ry < Ry < -+- < R, < p used in the proof of (10.8), and it is
easy to see that these can be selected independently of x —r/2n < u < x+r/2n,
0 <z <1, if L is sufficiently large (recall that now we are dealing with the
situation ¢ > L/n?). Therefore, we can conclude that this < is independent of
w€lx—r/2n,x+r/2n], x, x+r/2n € [0,1]. Thus, we have

d" P (u, ¢ (u))
du”

‘ <n"w(l/n),

which is the same as (11.4). This completes the proof of the estimate (11.1) for
1=1.

In this reasoning we have assumed ¢ > L/ n?. Now we show that the required
estimate for A;’ /nF (z,¢) in the missing range follows from what we have proven
before. Indeed, for a ¢ € [0, L/n?], with some large but fixed A, let us choose
w so that w — rA\/w(l —w)/2n = ¢. Then ( is the smallest point in the set
{ws}i_g, ws = w+ (r/2 = $)Ay/w(l —w)/n, (we have ( = w,), and if A is
sufficiently large, then all these w,, except ( itself, are bigger than L/n? (note
that w ~ 1/n?). Now for each x + (r/2 — jh)/n, 0 < j < r, consider the points
(x + (r/2 —j)/n,ws), s = 0,...,7, on the vertical segment I, (/2—j)/n- By
definition,

S (1) (Z)F(m +(r/2 = §)/n,ws)| < W (F,A/n),,,

s=0
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and above we have already seen that the right hand side is < w"(f,1/n)g (see
(9.8)). Furthermore, for each s < r

17 () Fat /2=y

=0 J

J

is the Aq/nF(x, ws) that we have just estimated (for s < r we have wy, > L/n?),
so it is < w"(f,1/n). But Aq/nF(a:, ¢) can be expressed by these:

r

(C1) AT F(r,0) = (—1>TZ<—1>J‘(;)F<x+<r/2—j>/n,<>

7=0
- §<_1y () g—l)s (0)r+6/2=ip/mw
- :z:(:l](—l)s (Z) g(—l)j (;) F(x+ (r/2 = j)/n,w,),

so we have a bound < n"w(1/n) for it, as well. With this the proof of (11.1),
and together with it also the proof of Theorem 6.5, is complete.

ok ok ok okokok ok

Note added before final production. Feng Dai and Andriy Prymak have recently
prepared the manuscript [2] on polynomial approximation on C?-domains. In
it they defined a new type of modulus of smoothness with which they proved
Jackson and converse theorems (exactly as Theorems 6.5 and 6.6) for polynomial
approximation on C? domains in any dimension. Their definitions and results
are valid for L? spaces, as well. Their modulus is close in spirit to the average
moduli of Ivanov [8] mentioned in Remark 6.1,4, and in particular Dai and
Prymak were able to deduce both the direct and the converse theorems on any
C? domains that were announced in [8]. The main method of [2] is to use
Whitney-type local approximation by polynomials of the fixed degree (r — 1)d
(when one works with r-th order of smoothness in R%) in conjunction with
polynomial partitions of unity similar to the one in the paper [7]. The results
and methods in the second part of the present paper allows one to get similar
quasi-Whitney local approximants (of fixed degree < 2(r — 1)d) involving the
moduli of smoothness of the present paper, and from there the procedure used
in [2] gives Theorem 6.5 for all C? domains, not just for algebraic ones.

The author is grateful to Zeev Ditzian and Andriy Prymak for valuable and
stimulating discussions on the topic of this work.
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