Domains of unicity

Vilmos Totik*

In honor of Lawrence Zalcman

Abstract

The Gale-Nikaido theorem claims that if the Jacobian of a mapping F
is a P-matrix at every point of K and K is a closed rectangular region in
R™, then F is globally univalent on K. Under the more severe condition
that the (symmetric part of the) Jacobian is positive definite on K, the
same conclusion is valid on any closed convex set K. In this paper it
is shown that the closed rectangular regions are the only ones for which
the Gale-Nikaido theorem is true. In a similar fashion, it is shown that
the positive definiteness of the Jacobian implies unicity only on (closed)
convex sets.

1 Introduction

It is well known if F = (F;(z1,...,2,))", is a differentiable mapping from a
subset K of R™ into R” and if the Jacobian (0F;/0xz;) of F does not vanish at
a point, then F is univalent (1-to-1) in a neighborhood of that point. Global
univalence is more subtle, and the mere vanishing of the Jacobian at every point
of K is not sufficient. Gale and Nikaido [4] proved in 1965 that if the Jacobian
of F is a P-matrix at every point of K (meaning that all of its principal minors
are positive) and K is a closed rectangular region® [][a;,b;], (a; < b; for all i),
then F is injective. Under the more severe condition that the (symmetric part
of the) Jacobian is positive definite on K, the same conclusion is valid on any
convex set K, see [2], [4] and [5]. The problem if the Gale-Nikaido theorem is
true on any convex set has been mentioned several times in the book [6], but
counterexamples were given later in [1] and [7].

In this note we address the question on what domains are the aforementioned
two unicity theorems true. We are going to show that the closed rectangular
regions are the only ones for which the Gale-Nikaido theorem is true, which
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makes that result quite a peculiar one. In a similar fashion, we shall show that
positive definiteness of the Jacobian implies unicity only on (closed) convex sets.

Let K C R™, n > 2, be a compact set. In what follows we shall consider
continuously differentiable maps F from K to R, and in order not to worry
about the notion of the partial derivatives at arbitrary points of K, we shall
assume without mentioning that F' is defined on a neighborhood of K.

Recall that a not necessarily symmetric (real) square matrix is called a P-
matrix if all of its principal submatrices (obtained by deleting some rows and
the corresponding columns) have positive determinant. See [3, Section 5.5] or
[4] for properties of P-matrices. Recall also that a symmetric square matrix
A is positive definite if x*Ax > 0 for all non-zero vectors x, where -* denotes
transposition. By Sylvester’s criterion this happens if and only if all leading
principal submatrices of A have positive determinants (the m x m principal
submatrix of A is the one that lies in the first m rows and first m columns). In
general, a not necessarily symmetric square matrix A is called positive definite
if x*Ax > 0 for all non-zero vectors x. This is the case precisely if its symmetric
part £(A+ A*) is positive definite.

With these notations the two global unicity theorems above can be stated
as follows, where continuous partial derivatives of F' are assumed.

Theorem A If K C R"™ is a closed rectangular region [[[a;, bs], (a; < b; for all
i) and the Jacobian of a C* mapping F : K — R" is a P-matriz at every point
of K, then F is univalent on K.

Note that K may be a degenerated rectangular region.

Theorem B If K C R" is a closed conver set and the Jacobian of a C' mapping
F: K — R" is positive definite at every point of K, then F is univalent on K.

Here again, K may have empty interior.
In this paper we show that the following converses hold.

Theorem 1 Let K C R" be a non-empty compact set with the property that
any C' mapping F : K — R™ for which the Jacobian is a P-matriz at every
point of K, is univalent on K. Then K is a closed rectangular region.

Theorem 2 Let K C R” be a non-empty compact set with the property that
any C' mapping F : K — R for which the Jacobian is positive definite at every
point of K, is univalent on K. Then K is convex.

It is clear that Theorems A and B imply their variant for open rectangular
regions and for open convex sets, respectively. However, this is not the case for
Theorem 2; at the end of the paper we shall show a non-convex open set with
the property that every F is univalent on K for which the Jacobian is positive
definite at every point of K.



2 Proof of Theorem 1

First of all note that K must be connected. Indeed, in the opposite case K =
K1 U Ky, where Kq, Ko are disjoint non-empty closed sets. If P, € K; and
P, € Ko, then the mapping which is Id—P; on K; and is Id—P5 on Ky (where
Id is the identity mapping) shows that K does not have the property set forth
in the theorem.

For P = (3;),Q = (vi) € R™ we set a; = min(f;,7;), b; = max(f;,7;) and
define the closed rectangular region

T(P,Q) :={(ay)|a; <a; <b;, i=1,...,n}.

The segment PQ is one of the diagonals of T'(P, ), and the dimension of T'(P, Q)
equals the number of those ¢ for which f; # ~;.

Let K be as in the theorem, and let m be the maximal dimension of the
rectangular regions T'(P, Q) for P,Q € K. If m = 0 then K is a singleton, so
assume m > 1. Then there are points P, ) € K such that m of the corresponding
coordinates of P and @ are different, but any two points in K have at most m
different coordinates. We fix these P,Q and write P = (5;),Q = (v;). Since
simultaneous permutation of the rows and the corresponding columns of a P-
matrix results in a P-matrix again, we may assume without loss of generality
that 81 # 1, Bm # Ym, but Bm+1 = Ym+1,---50n = Yn. Set, as before,
a; = min(vy,;, 8;), b; = max(B;,7;). Then a; < b; for i < m and a; = b; = §; for
1> m.

If m = 1 then it is immediate that K lies on the line {(x;) |z; = 8; for i > 1}.
Since K is also connected, it is a segment on that line, and the theorem is true
in this case. Therefore, in what follows we may assume that m > 2.

Claim 1. T(P,Q) C K.

Suppose this is not the case. Then there is a point R = (§;) in T(P, Q) \ K,
and clearly 6; = a; = b; = §; for i > m, while §; € [a;,b;] for i < m, and
these last intervals are non-degenerate. Since K is closed, a neighborhood of
R is disjoint from K, and by changing all §; € [a;,b;], 1 < ¢ < m, a little, we
may assume that ¢; € (a;,b;) for 1 < i < m. Select a 7 > 0 such that the
(closed) ball about R of radius nr is disjoint from K, and at the same time
[0; — 7,8; + 7] C (a;,b;) for all 1 <4 < m. Note that there is no S = (o;) € K
such that o; € [6; — 7,8; + 7] for all 1 < ¢ < m. Indeed, this is clear if
Um+t1 = Bm+1y---50n = P, for then S is closer to R than n7. On the other
hand, if there is a j > m for which «; # 5;, then m + 1 coordinates of P and
S are different (the first m and the j-th one), so, by the definition of m and by
P € K, we cannot have S € K.

For each 1 < i < m select a continuously differentiable function g; with the
property that

(1) gt =0t &[5 — 7,0+ 7], 1<i<m,



(2) 9i(vi) = —vi-1, 9:(Bi) = —Bi—1, 2 < i <m,
(3) 91(’71) = —Tm, gl(ﬁl) = _ﬂm'

Since (;,; lie in different components of R\ [§; — 7, d; + 7], that is possible.
With these g; define

F(z1,...,20) = (x14+92(22), z2+93(x3), - - s T 14+9m (Tm), Tm+91(21), Tmt1, Trnga, -

(When m = n, the coordinates Ty,4+1,Tm-2, -,y are not needed.) For this
mapping we have F(P) = F(Q) = (0,---,0, Bpm+1,- - -, Bn), so F is not univalent.
On the other hand, we shall show below that the Jacobian of F is a P-matrix
at every point of K. However, this contradicts the assumed property of K, and
this contradiction proves the claim.

The Jacobian of F is

1 gy(x2)

g1 (z1) 1

where we showed only the (possibly) non-zero entries of the Jacobian. Note
that at each point of K at least one of the off-diagonal entries (i.e. at least one
of ¢1(x1),..., 9., (xm)) is zero. Indeed, if (z;) € K, then, according to what we
have said before, there is an 1 < i < m such that x; € [0; — 7,6; + 7], and then
gi(x;) = 0 by the choice of the function g;.

Thus, it is sufficient to show that any matrix of the form

1 (5
1 us
1

(751 1

1

with the side-condition that at least one of the u;’s is zero, is a P-matrix. Indeed,
this follows from the two facts:

s T ).



(i) any principal submatrix of M is of the same form (with m replaced by m—k
if k of the first m rows and columns are deleted from M),

(ii) the determinant of M is 1.

It is sufficient to prove (i) for the case when one row and the corresponding
column is deleted from M, for we can iterate this special case. If the j-th row
and column are deleted and j > m, then the claim is clear. If j = 1, then we
get an upper triangular matrix, while if 2 < j < m, then the j-th column of
the obtained matrix (which is otherwise of the form as M but with m replaced
by m — 1) contains only zeros except for the single 1 in the diagonal, so the
side-condition that at least one of the u;’s is zero is preserved.

Finally, (ii) is immediate, for the determinant of M is 1+ (—1)" [T, u; =
1, as can be seen by expanding the determinant according to the first column.

With this the proof of Claim 1 is complete.

Claim 2. K lies in the affine subspace L := {(x;)|z; = B; for i > m}.

Recall that (8;) is the point P that was chosen after the definition of the
number m.

The claim is immediate, for if there was a point S = («;) € K outside L,
then we could select in T'(P, Q) a point R = (6;) with §; # «; for i < m (recall
that T'(P,Q) =[]}, [a:, b;] with a; < b; for i < m). But then R and S would
be two points in K the coordinates of which differ for at least m + 1 indices
(for the first m ones and for the j-th index for which m < j <n and «; # 3;),
which is not possible by the choice of m.

Seeing that all points of K have as their i-th coordinate (; for all i > m,
for simpler notations in what follows we shall suppress those coordinates, which
amounts the same as setting m = n.

Claim 3. If all the m coordinates of the points P',Q" € K are different, then
T(P',Q') C K.

Indeed, just follow the proof given for Claim 1 by replacing P and Q by P’
and Q'.

Claim 4. If T is the smallest closed rectangular region that contains K (which
is the intersection of all such closed regions), then K =T.

Let T =[]~ ,[A;, B;]. Then A; < B; forall 1 < i < m (recall that T'(P, Q) C
K CT). Now K C T, and if we show that (4;) € K and (B;) € K, then
T =T((4;),(B;)) C K by Claim 3, hence K =T will follow.

We shall prove that (B;) € K, the proof of (A;) € K is similar. We
shall show by induction on k < m that K has a point M} of the form M =
(Bi,...,Bg,Qkt1,--.,am), and then (B;) € K follows by setting k = m.

Let Lj = {(x;) | x; = B;} be the ((m — 1)-dimensional) hyperplane of those
points that have j-th coordinate equal to B;. By the definition of T" we have
LiNK # 0 forall 1 <j <m, and for j = 1 this proves the existence of Mj.



Suppose now that My = (Bi,..., Bk, Qkt1,--.,0p,) € K exists for some
k < m. If a1 = Bjy1, then we can set Mjy1 = M. Hence, we may assume
that ag+1 < Bgg1. Let R € K N Lgyq, and choose a point S € T(P,Q)
(where T'(P, Q) is the closed rectangular region considered in Claim 1) such
that S and R have different coordinates (this is possible, since T(P, Q) is the
product of non-degenerate intervals). Then, by Claim 3, we have T(R, S) C K,
and T(R,S) N Li11 is a non-empty (m — 1)-dimensional closed rectangular
region lying in Liy1 (note that R € T(R,S) N Lk11). So there is a point
Nit1 € T(R,S)N Lk C K such that My and Ny41 have different coordinates.
This is so because only the (k + 1)-st coordinate of a generic point Ni41 from
T(R,S) N L4 is fixed to be Bj41 — the other coordinates can vary in some
non-degenerate intervals —, and we have assumed that the (k + 1)-st coordinate
41 of My is smaller than Byy1. Now Claim 3 asserts that T'(My, Ny+1) C K,
and the right upper corner of T'(My, Ni11) is suitable as M1, for its i-th
coordinate is the maximum of the i-th coordinates of M}, and Ni,1, and that
is B; for all i < k+ 1.

With this the proof of Claim 4 is complete, and Theorem 1 follows.

3 Proof of Theorem 2

For every large M we construct an auxiliary mapping F; : R" — R" for which
the Jacobian is positive definite on a large part of R"™. The mapping Fj; will
be the gradient of the function

Dpr (1.0, 20) = ((a:l —1)? —&-Mixf) ((a:l +1)2 —&—Mix?),

=2

i.e.

Fy(zy,...,zn) = (4z§'—4x1+4x1M fo, oy AM (z41) 2 +4M P 2 Z x2 .. .),
=2 i=2

where the generic term is for j = 2,...,n. Then the Jacobian of Fj; is the
Hessian )
0?0y \"
HM:( M) .
8xi8xj ij=1

Proposition 3 The Jacobian Hy; is positive definite outside the set

fosﬂz}. 1)

First we prove

1 1
Ey=|-1+—,1— —
M + 128’ 128:| X {(x27 71'»@)




Proof. By Sylvester’s theorem we need to show that the principal submatrices
of Hjs have positive determinant. The m x m principal submatrix H(m) of Hys
is

h171 SM.’Ell’Q 8M$137j 8Mx1xm
8Ml‘11‘2 hg,g tee 8M2$2.13j e 8M2$21‘m
SM{L‘ll‘j,l 8M2$2.’1?j,1 8M2.%'j,1$j 8M2.’13j,1$m
8Ml‘1.13j 8M2$2$j s hj,j s 8M2$j.13m ’
8MCL‘1£E]'+1 8M21‘2$j+1 e 8M213j213j+1 e 8M2Ij+1$m
SMx1x,, SM3zoxy, - 8M2xj_1xm+1 Pomm

where the diagonal elements are:

hiy =1227 —4+4M Y a7,
1=2

and for j > 2

hjj =AM (2} + 1)+ 8M?23 + 4M* Y a7,
i=2
Even though the positivity of det(H (m)) can be shown using standard row and

column operators, some care has to be exercised since det(H (m)) is not (cannot)
be positive on the whole R", so we give some details.

First assume that none of the numbers x;, 1 < i < n is zero.

Divide the j-th row and j-th column of H(m) by z; for all 1 < j <m. We
obtain a matrix A = (a; ;) for which the determinant is of the same sign as the
determinant of H(m), so it is sufficient to consider A, which is of the form

ai.1 8M s 8M 8M 8M s 8M
8M az,2 8M2 8M2 8M2 8M2
SM 8M? .- aj_1;, SM?> 8M? ... 8M?
sM 8M?* ... 8M?  a;; 8M* ... s8M?* |’
8M 8M2 8M2 8M2 541,541 8M2
8M 8M? ... 8M?* 8M?* 8M?> Amm

where now

4 AM &
a1 =12 — - + — x%
ERE DY



and

241 n 2
am:8]\/‘/2+4]\/j$1;r +4M2E’:§xz, Jj=>2.
x; €T
Subtract the last row from rows 2,3,. .., (m—1) to obtain the matrix B = (b; ;)
of the form
by SM .- 8M  SM  8M .- 8M
0  byy - 0 0 0 o bam
0 0 bj—l,j—l 0 0 bj—l,m
0 0 e 0 bj,j 0 e bj,m
0 0 e 0 0 bj+1’j+1 e bj+1,m
SM S8M? ... SM?2 8 M2 8M? bm,m

The off-diagonal entries in B are zero except for those in the first and last
rows and in the last column. In the first row all off-diagonal elements are 8M,
in the last row they are 8M,8M2 8M?,--- 8M?, respectively, and the b; mn,
2 <j <m—1, element in the last column is

iI+1 na?
by =AML _pp iz gap 2)
' z3 a7
Finally, the diagonal entries are
4 AM
b1,1=al,1:12—7+7gzx57 (3)
RN
241 nx?
by — AT Ll s e gcicmo1, @)
a? a2
and , ,
1 " x?
b = G = SM2 + AM LTS 4 4M2@. (5)
x2, x2,

If 0 , o7 > 1/M, then by ; > 12. Now subtract (8M /b 1)-times the first
column of B from the j-th column for all 2 < j < m to get the matrix C = (¢; ;).
For it ¢1,1 = b1,1 > 12, and this is the only non-zero element in the first row. In

the last row of C' the j-th element is
Cmj = 8M? —8M(8M/by 1) > 8M? — 8M(8M/12) = 8M?/3 > 0

for 2 < j <m —1, while

241 " x?
Cm,m - 8M2 + 4M‘r;j + 4M2 27:;2 mz — 8M(8M/b171)

> 8M? —8M(8M/12) = 8M?/3 > 0,



and of course, in the last column we have ¢, = bj ., < —4M? for 2 < j < m—1.
Thus, if C4,; is the matrix that we obtain from C' by deleting the first row and
first column, then Cy 1 is an (m — 1) x (m — 1) matrix of the form

+ _
+ _
+ -
+o o+ 4+

where + indicates a positive element and — indicates a negative element, and all
other elements are zero. Every such @) has positive determinant — just eliminate
the off-diagonal elements in the last row by subtracting appropriate multiples
of the first (m — 1) rows from the last row to get an upper diagonal matrix with
positive diagonal elements.

This proves that det(C') > 0, and hence also det(H(m)) > 0 if > 1" , 2?7 >
1/M.

Next, assume that 23 > 1 — e with e = 1/64. We distinguish two cases.

Case 1. 31" ,x? > 4e/M. In this case

—4 + 16
bi1=c11 > 12-1—% > 8+ 4¢e

(see (3)). Hence in the matrix C' in the last row we have
Cm.j = 8M? — 8M(8M /by 1) > 8M> — 8M(8M/(8 + 4¢)) > 0

for 2 < j <m—1, so C}; is again of the form (6), and we get the positivity of
det(C) = det(B) = det(A) as before.

Case 2. >°1" , a2 < 4e/M (still assuming x% > 1 —¢), which implies 2? < 4¢/M
for all 4 > 2. In this case (3) yields by 1 > 4, while (4) and (5) give

ijZi, QSJSm
Now subtract (b, ;/b; j)-times the j-th row of B from its last row for all 1 <

Jj < m—1 to get the matrix D = (d; ;). D is upper diagonal with diagonal
entries d; ; = b, ; >0 for 1 <j <m —1 and (see also (2))

— m bml 8M M2 2
d m mmfi’b mzbmm 8M>7*16M >0
; b J = ) bl,l 1, )

Thus, D, and hence also the matrices B and A have positive determinants also
in this case.



In summary, if none of the x; is zero and either Z?:z x? > 1/M or if
22 > 1 —1/64, then det(H(m)) > 0, which proves the positivity of det(H (m))
outside the set Ejy;.

Finally, consider the case when (1, ..., 2,) ¢ En but [[7_; 2; = 0. Ifan x;,
2 < j < n, is zero, then in the matrix Hj; the j-th row and j-th column is zero
except for the positive diagonal element h;; > 4M in them. For 2 < j < m in
this case by expanding the determinant H(m) according to the j-th row (during
which the contribution of the non-zero element h; ; is positive), we can just omit
that variable during the analysis of the determinant of H(m). Thus, we may
assume that xo----- xn # 0. But then necessarily 1 = 0 and Z?:z :z:f >1/M.
In this case the first row and first column of H}; is zero except for the entry

hiy=1207 —44+4M Y o} = —4+4M > 2} >0,
i=2 i=2
and then the preceding proof works with the modification that in creating the
matrix A we do not divide by z; (but do divide with all other x;).

After these preparations the proof of Theorem 2 is immediate.

Proof of Theorem 2. Suppose K is not convex. Then there are points
P, Q" € K such that the segment connecting P’ and Q' has a point R that lies
outside K. Since K is compact, if P,Q) € K are the two closest points to R on
that segment such that R lies on the segment PQ), then this latter segment PQ
lies outside K except for its endpoints. We can apply a translation, dilation
and rotation (orthogonal transformation) to get a 7' : R™ — R™ which maps
P into the point (—1,0,...,0) and @ into (1,0,...,0). Since these operations
do not change the positive definiteness of a Jacobian, we may consider instead
of K the set T(K), and instead of the mapping F the mapping T o F o T~! of
T(K) into R™.

Thus, we may assume that (—1,0,...,0) and (1,0,...,0) are in K, but no
other point on the segment connecting these points lies in K. But then, using
again the compactness of K, there is an M > 0 such that the set Ej; from (1)
lies outside K. So Fj; is a C' mapping that has positive Jacobian at every
point of K. But Fp/(—1,0,...,0) = (0,...,0) = Fp(1,0,...,0), hence Fy; is
not univalent in K. Since this contradicts the assumption in Theorem 2, the
proof is complete.

We have already mentioned that Theorem B implies its variant for open
convex sets. But in that form the converse is not true, for there are non-convex
open sets on which every mapping with positive definite Jacobian is univalent.
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Example 1. Let K = (—1,1)"\ {(0,...,0)} (where n > 2). We claim that
even though K is not convex, every C' mapping F on K with positive definite
Jacobian is univalent. To prove that, let x,y be two distinct points in K, and
consider the function

9(t) = (y = xJ F(x + t(y — x))

(where we consider the vectors as column vectors and the product is dot prod-
uct). If the segment connecting x and y does not pass through the origin, then
g is defined for all t € [0,1]. Its derivative is

g'(t) = (y =xJ J(x + Ly —x))(y — x),

where J denotes the Jacobian of F. So, by the assumed positive definiteness of
J, this is positive for all ¢ € [0, 1], hence g(1) > ¢(0). In particular, F(x) and
F(y) must be different.

If the origin lies on the segment connecting x and y, then g is not defined
for some ¢t € (0,1), but it is defined for all ¢t € [0, ] with some a > 0. Let
z =x+ a(y — x). As we have just seen,

(z—x)F(z) — (z —x)F(x):=b>0 (1)

with some b > 0. Apply a small translation so that the origin does not lie on the
translation of the segment connecting x and y, and let x’,y’,z’ be the images
of x,y,z under this translation. As above, we get

' —2VFy) -y —xVF() >0,
and since y’ — z’ is a positive constant multiple of z — x, this is the same as
(z—x)F(y') — (z — x)F(z') > 0. (8)
Finally, if the translation is small, then we have

(z —x)F(z') — (z — x)'F(z) > fg,

and
(2~ XV E(y) ~ (2~ xJE(y)) > 0.

If we add together the last two inequalities and (7) and (8), then we obtain
(z —xJF(y) - (z —xJ'F(x) >0,

which proves that F(x) and F(y) are different.
A similar proof works if K = (—1,1)" \ Ky, where K is any compact set
which is disjoint from a dense set of segments (i.e. for every segment with

11



endpoints in (—1,1)™ there is arbitrarily close to it another such segment which
is disjoint from Kj). Note that for a Cantor-type set Ky such a K is very far
from being convex. But its closure is convex, and this is the only thing one can
claim for an open connected K on which every mapping with positive Jacobian
is univalent (the proof that in such a case the closure of K must be convex
follows the proof of Theorem 2).

Acknowledgement. The author has learned from B. Nagy the problem raised
in the book [6] if the Gale-Nikaido theorem is true on convex sets.
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