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Abstract

Barthe proved that the regular simplex maximizes the mean width of convex bodies
whose John ellipsoid (maximal volume ellipsoid contained in the body) is the Euclidean
unit ball; or equivalently, the regular simplex maximizes the /-norm of convex bodies whose
Lowner ellipsoid (minimal volume ellipsoid containing the body) is the Euclidean unit ball.
Schmuckenschlédger verified the reverse statement; namely, the regular simplex minimizes
the mean width of convex bodies whose Lowner ellipsoid is the Euclidean unit ball. Here
we prove stronger stability versions of these results. We also consider related stability results
for the mean width and the /-norm of the convex hull of the support of centered isotropic
measures on the unit sphere.

1 Introduction

In geometric inequalities and extremal problems, Euclidean balls and simplices often are the
extremizers. A classical example is the isoperimetric inequality which states that Euclidean
balls have smallest surface area among convex bodies (compact convex sets with non-empty
interior) of given volume in Euclidean space R", and Euclidean balls are the only minimizers.
Another example is the Urysohn inequality which expresses the geometric fact that Euclidean
balls minimize the mean width of convex bodies of given volume. To introduce the mean width,
let (-, -) and || -|| denote the scalar product and Euclidean norm in R", and let B" be the Euclidean
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unit ball centred at the origin with x,, = V(B") = 7"/2/T'(1 4+ n/2), where V() is the volume
(Lebesgue measure) in R™. For a convex body A in R"”, the support function hx : R® — R of
K is defined by hy(r) = max,ex (z,y) for x € R". Then the mean width of K is given by

W(K) = — /Snl(hK(u)—irhK(—u))du,

Nky,

where the integration over the unit sphere S"~! is with respect to the (n — 1)-dimensional Haus-
dorff measure (that coincides with the spherical Lebesgue measure in this case).

A prominent geometric extremal problem for which simplices are extremizers has been dis-
covered and explored much more recently. First, recall that there exists a unique ellipsoid of
maximal volume contained in /K (which is called the John ellipsoid of K'), and a unique ellipsoid
of minimal volume containing /K (which is called the Lowner ellipsoid of K). It has been shown
by Ball [4] that simplices maximize the volume of K given the volume of the John ellipsoid
of K, and thus simplices determine the extremal “inner” volume ratio. For the dual problem,
Barthe [10] proved that simplices minimize the volume of K given the volume of the Lowner
ellipsoid of K, hence simplices determine the extremal “outer” volume ratio (see also Lutwak,
Yang, Zhang [53, 55]). In all these cases, equality was characterized by Barthe [10].

In this paper, we consider the mean width and the so called /-norm. To define the latter, for a
convex body K C R" containing the origin in its interior, we set

|z||xk = min{t > 0: x € tK}, x € R".

Furthermore, we write -, for the standard Gaussian measure in R" which has the density function
x> V21 e =P/ 5 e R7, with respect to Lebesgue measure. Then the /-norm of K is given
by

) = [ Nl i) = EIX I,

where X is a Gaussian random vector with distribution +,,. If the polar body of K is denoted by
K°={z eR": (z,y) <1Vy € K}, then we obtain the relation

UK) = LW (K°) (1)

with
(B
n—00 \/ﬁ o

In addition, the /-norm of K can be expressed in the form (see Barthe [11])

1.

(%) = / (Xl > 1) di = / T = altK)) @)

Let A,, be a regular simplex inscribed into B", and hence A; is a regular simplex circum-
scribed around B™. Theorem 1.1 (i) is due to Barthe [11], and (ii) was proved by Schmucken-
schldger [62].



Theorem 1.1 (Barthe ’98, Schmuckenschliger ’99) Let K be a convex body in R™.

(i) If B D K is the Lowner ellipsoid of K, then ((K) < ((A,,), and if B C K is the John
ellipsoid of K, then W (K) < W(A?). Equality holds in either case if and only if K is a

regular simplex.

(ii) If B™ C K is the John ellipsoid of K, then ((K) > ((A?), and if B D K is the Lowner
ellipsoid of K, then W (K) > W(A,,). Equality holds in either case if and only if K is a
regular simplex.

It follows from (1) and the duality of Lowner and John ellipsoids that the two statements in
(i) are equivalent to each other, and the same is true for (ii).

The classical Urysohn inequality states that (W (K)/2)" > V(K)/k, with equality exactly
when K is a ball. While a reverse form of the Urysohn inequality is still not known in general,
we recall that Giannopoulos, Milman, Rudelson [33] proved a reverse Urysohn inequality, for
zonoids, and Hug, Schneider [43] established reverse inequalities of other intrinsic and mixed
volumes for zonoids and explored applications to stochastic geometry. A related classical open
problem in convexity and probability theory is that among all simplices contained in the Eu-
clidean unit ball, the inscribed regular simplex has the maximal mean width (see Litvak [51] for
a comprehensive survey on this topic).

Let us discuss the range of W (K) (and hence that of /(K') by (1)) in Theorem 1.1. If K is a
convex body in R" whose Lowner ellipsoid is B", then the monotonicity of the mean width and
Theorem 1.1 (i) yield

W(A,) <W(K)<W(B") =2,

where, according to Boroczky [19], we have

2lnn

W(A,) ~ 4

as n — oQ.
n

In addition, if K is a convex body in R™ whose John ellipsoid is B", then
2= W(B") < W(K) < W(A2)
with W (A?) ~ 4v/2nInn.
An important concept in the proof of Theorem 1.1 is the notion of an isotropic measure on

the unit sphere. Following Giannopoulos, Papadimitrakis [34] and Lutwak, Yang, Zhang [55],
we call a Borel measure ;. on the unit sphere S™~! isotropic if

/ u @ up(du) = I, (3)
gn—1

where I, is the identity map (or the identity matrix). Condition (3) is equivalent to

(x,z) = /Sn_l(u,x>2 p(du) forz € R™.
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In this case, equating traces of the two sides of (3), we obtain that x(S™ 1) = n. In addition, we
say that the isotropic measure y on S™~! is centered if

/Snl up(du) = o.

We observe that if 1 is a centered isotropic measure on S™ !, then for the cardinality |supp | of
the support of 1 it holds that [supp | > n + 1, with equality if and only if y is concentrated on
the vertices of some regular simplex and each vertex has measure n/(n + 1) (see [20, Lemma
10.2] for a quantitative version of this fact).

We recall that isotropic measures on R" play a central role in the KL.S conjecture by Kannan,
Lovasz and Simonovits [46] as well as in the analysis of Bourgain’s hyperplane conjecture (slic-
ing problem); see, for instance, Barthe and Cordero-Erausquin [13], Guedon and Milman [42],
Klartag [47], Artstein-Avidan, Giannopoulos, Milman [2] and Alonso-Gutiérrez, Bastero [1].

The emergence of isotropic measures on S™! arises from Ball’s crucial insight that John’s
characteristic condition [44, 45] for a convex body to have the unit ball as its John or Lowner
ellipsoid (see [3, 4]) can be used to give the Brascamp-Lieb inequality a convenient form which
is ideally suited for many geometric applications (see Section 2). John’s characteristic condition
(with the proof of the equivalence completed by Ball [6]) states that B" is the John ellipsoid
of a convex body K containing B" if and only if there exist distinct unit vectors uy, ..., u; €
OKNS"landc,...,c, > 0such that

k

Z cu; @ u; =1, “4)

=1

k
Z C;u; = O. (5)
i=1

In particular, the measure y on S™~! with support {u,, ..., uz} and p({w;}) = ¢;fori = 1,... .k
is isotropic and centered. In addition, B" is the Lowner ellipsoid of a convex body KX C B" if and
only if there exist uy,...,u; € 0K N S" tand cy,...,c, > 0 satisfying (4) and (5). According
to John [45] (see also Gruber, Schuster [40]), we may assume that & < n(n + 3)/2 in (4) and
(5). It follows from John’s characterization that B" is the Lowner ellipsoid of a convex body
K C B"if and only if B" is the John ellipsoid of K°.

The finite Borel measures on S™~! which have an isotropic linear image are characterized
by Boroczky, Lutwak, Yang and Zhang [21], building on earlier work by Carlen, and Cordero-
Erausquin [23], Bennett, Carbery, Christ and Tao [17] and Klartag [48].

We write conv X to denote the convex hull of a set X C R"”. We observe that if p is a
centered isotropic measure on S"!, then o € int Z,(u) for

Zoo (1) = conv supp fi.

For the present purpose, the study of Z.,(u) can be reduced to discrete measures, as Lemma 10.1
in Boroczky, Hug [20] states that for any centered isotropic measure u, there exists a discrete
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centered isotropic measure 1, on S™~! whose support is contained in the support of 1 (see
Lemma 2.1). It follows that Theorem 1.1 is equivalent to the following statements about isotropic
measures proved by Li, Leng [49].

Theorem 1.2 (Li, Leng *12) If 1 is a centered isotropic measure on S™, then ((Z, (1)) <
(D), W(Zoo ) < WAL, UZos()?) > ((AS) and W(Zoo(ps)) > W(A,), with equality
in either case if and only if |supp p| = n + 1.

Results similar to Theorem 1.2 are proved by Ma [56] in the L,, setting.

The main goal of the present paper is to provide stronger stability versions of Theorem 1.1
and Theorem 1.2. Since our results use the notion of distance between convex bodies (and to fix
the notation), we recall that the distance between compact subsets X and Y of R" is measured
in terms of the Hausdorff distance defined by

0 (X,Y) = max{maxd(y, X), maxd(z,Y)},

where d(z,Y) = min{||z — y|| : ¥y € Y'}. The Hausdorf distance defines a metric on the set of
non-empty compact subsets of R".

In addition, for convex bodies K and C', the symmetric difference distance of K and C'is the
volume of their symmetric difference; namely,

Seol(K,C) =V (K \C)+V(C\ K).

Clearly, the symmetric difference distance also defines a metric on the set of convex bodies in
R™. Both metrics induce the same topology on the space of convex bodies, but are not uniformly
equivalent to each other (see [63, p. 71] and [64]).

Let O(n) denote the orthogonal group (rotation group) of R™.

Theorem 1.3 Let B™ be the Lowner ellipsoid of a convex body K C B™ in R", let ¢ = n**" and
lete € (0,1). If0(K) > (1 — e)l(A,), then there exists a'T € O(n) such that

(1) 5V01(K7 TATL) S C%,
(ii) 65 (K, TA,) < c/z.

Theorem 1.4 Let B" be the John ellipsoid of a convex body K O B" in R" and let € > 0. If
UK) < (14 ¢)l(As), then there exists a T € O(n) such that

() dvol(K,TA°) < ¢ /e for c=n?™,
(ii) 0p(K,TAY) < ¢ /e for c=n*".

Let us consider the optimality of the order of the estimates in Theorems 1.3 and 1.4. For
Theorem 1.3 (i) and (ii) we use the following construction. We add an (n + 2)nd vertex v,,,5 €
S™~1 to the n + 1 vertices vy,...,v,4; of A, such that v; lies on the geodesic arc on S™~!
connecting v, and v, 19, and such that Z(v,12,v1) = ci€ for a suitable ¢; > 0 depending on
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n. The polytope K = conv{vy,...,v,2} satisfies /(K) > (1 — ¢)¢(A,) on the one hand, and
dvol (K, TA,) > coe and 0y (K, TA,) > cye for a suitable ¢; > 0, depending on n, and for any
T € O(n), on the other hand. Similarly, using the polar of this polytope K for Theorem 1.4 (i),
possibly after decreasing c;, we have ¢(K°) < (1 + ¢)l(A?) while 0y (K°, TA?) > c5¢ for a
suitable c3 > 0 depending on n and for any 7" € O(n). Finally, we consider the optimality of
Theorem 1.4 (ii). Cutting off n + 1 regular simplices of edge length ¢, {/< at the vertices of A?,
for a suitable ¢, > 0 depending on n, results in a polytope K satisfying ((K) < (1 + €)0(A2)
and 0 (K, TA%) > ¢5/z for any T' € O(n) for some suitable ¢5 > 0 depending on n.

We did not make an attempt to optimize the constants c that depend on n, but observe that
the c is polynomial in n in Theorem 1.4 (ii).

In the case of the mean width, we have the following stability versions of Theorem 1.1.

Corollary 1.5 Let K be convex body in R".

(i) If B™ is the John ellipsoid of K O B™ and W (K) > (1 — )W (AY) for some € € (0,1),
then there exists a T € O(n) such that 65 (K, TA?) < cy/e for c = n*™.

(i1) If B™ is the Lowner ellipsoid of K C B™ and W (K) < (1 + )W (A, for some € > 0,
then there exists a T € O(n) such that (K, TA,,) < ¢ /e for c = n*.

For the optimality of Corollary 1.5 (i), cutting off n + 1 regular simplices of edge length
c1€ at the vertices of A? for suitable ¢; > 0 depending on n results in a polytope K satistying
W(K) > (1 —e)W(AS) and dy (K, TAS) > cee for suitable c; > 0 depending on n and for
any T' € O(n). Concerning Corollary 1.5 (ii), let vy, ..., v,41 be the vertices of A,,, and let K
be the polytope whose vertices are v;, —(% + c3/e)v; fori = 1,...,n + 1 for suitable c3 > 0

depending on n in a way such that W (K) < (1+¢)W(A). It follows that § 5 (K, TA,) > ¢4 {/e
for any 7" € O(n) and for a suitable ¢, > 0 depending on .

We also have the following stronger form of Theorem 1.2 in the form of stability statements.

28n

Theorem 1.6 Let ;i be a centered isotropic measure on the unit sphere S"~1, let ¢ = n®*", and

let e € (0,1). If one of the conditions
(@) (Zoo(p)) = (1 = €)l(An) or
(b) W(Zu(p)°?) = (1 —e)W(A}) or
(©) £(Zoo(p)?) < (14 )U(A) or
(@) W(Zoo(p) < (1+)W(An)

is satisfied, then there exists a regular simplex with vertices wy, . .., Wy, € S™ ! such that

NI

dp(supp p, {wy, ..., wpi1}) < cet.



The proofs of Theorem 1.3 and Theorem 1.6 (a), (b) are based on Proposition 7.1, which is
the special case of Theorem 1.6 (a) for a discrete measure. In addition, a new stability version
of Barthe’s reverse of the Brascamp-Lieb inequality is required for a special parametric class
of functions, which is derived in Section 6. In a similar vein, the proofs of Theorem 1.4 and
Theorem 1.6 (c), (d) are based on Proposition 9.1, which is the special case of Theorem 1.6 (c¢)
for a discrete measure. In addition, we use and derive a stability version of the Brascamp-Lieb
inequality for a special parametric class of functions (see also Section 6).

We note that our arguments are based on the rank one geometric Brascamp-Lieb and reverse
Brascamp-Lieb inequalities (see Section 2), and their stability versions in a special case (see
Section 6). Unfortunately, no quantitative stability version of the Brascamp-Lieb and reverse
Brascamp-Lieb inequalities are known in general (see Bennett, Bez, Flock, Lee [16] for a certain
weak stability version for higher ranks). On the other hand, in the case of the Borell-Brascamp-
Lieb inequaliy (see Borell [18], Brascamp, Lieb [22] and Balogh, Kristaly [8]), stability versions
were proved by Ghilli, Salani [32] and Rossi, Salani [60].

2 Discrete isotropic measures and the (reverse) Brascamp-
Lieb inequality

For the purposes of this paper, the study of Z.. (1) for centered isotropic measures on S ! can

be reduced to the case when p is discrete. Writing | X | for the cardinality of a finite set X, we

recall that Lemma 10.1 in Bordczky, Hug [20] states that for any centered isotropic measure

1, there exists( a 3c)liscrete centered isotropic measure jio on S™~! with supp 1o C supp p and
n+

supp po| < “5— + 1. We use this statement in the following form.

Lemma 2.1 For any centered isotropic measure | on S™', there exists a discrete centered
isotropic measure jiy on S"~1 such that

supp o C supp i and |supp po| < 2n°.

The rank one geometric Brascamp-Lieb inequality (7) was identified by Ball [3] as an impor-
tant case of the rank one Brascamp-Lieb inequality proved originally by Brascamp, Lieb [22]. In
addition, the reverse Brascamp-Lieb inequality (8) is due to Barthe [9, 10]. To set up (7) and (8),

let the distinct unit vectors u, ..., u; € S" tandcq,...,c; > 0 satisfy
k
d i @ui=1,. 6)
i=1
If fi,..., fr are non-negative measurable functions on R, then the Brascamp-Lieb inequality

states that i

[T fiG ) de < li ( /R f) , )

n "
=1

J



and the reverse Brascamp-Lieb inequality is given by

* k k Ci
[ s IIs@r =] < / fi) , ®)

k
=370 cifiug =1

where the star on the left-hand-side denotes the upper integral. Here we always assume that
01,...,0; € Rin (8). We note that 64, ..., 0 are unique if £ = n and hence uq,...,u, is an
orthonormal basis.

It was proved by Barthe [10] that equality in (7) or in (8) implies that if none of the functions
fi 1s identically zero or a scaled version of a Gaussian, then there exists an origin symmetric
regular crosspolytope in R" such that w4, . . ., uj lie among its vertices. Conversely, we note that
equality holds in (7) and (8) if either each f; is a scaled version of the same centered Gaussian,
orif £k =n and uq, ..., u, form an orthonormal basis.

For a detailed discussion of the rank one Brascamp-Lieb inequality, we refer to Carlen,
Cordero-Erausquin [23]. The higher rank case, due to Lieb [50], is reproved and further explored
by Barthe [10]. Equality in the general version of the Brascamp-Lieb inequality is clarified by
Bennett, Carbery, Christ, Tao [17]. In addition, Barthe, Cordero-Erausquin, Ledoux, Maurey
(see [14]) develop an approach for the Brascamp-Lieb inequality via Markov semigroups in a
quite general framework.

The fundamental papers by Barthe [9, 10] provided concise proofs of (7) and (8) based on
mass transportation (see Ball [7] for a sketch in the case of (7)). Actually, the reverse Brascamp-
Lieb inequality (8) seems to be the first inequality whose original proof is via mass transportation.
During the argument in Barthe [10], the following four observations due to K.M. Ball [3] (see
also [10] for a simpler proof of (i)) play crucial roles: If & > n, ¢y, ...,cp > 0and uy, ..., u; €
S satisfy (6), then

(1) for any ¢4, ...,tx > 0, we have
k k
i=1 i=1

(i) for z = Zle ciO;u; with 61, ..., 0, € R, we have

k
207 <) e, (10)
i=1
(iii) fori =1,..., k, we have
C; S 17
(iv) and it holds that
L+ -+ =n. (11)

Inequality (9) is called the Ball-Barthe inequality by Lutwak, Yang, Zhang [55] and Li, Leng
[49].



3 Review of the proof of the (reverse) Brascamp-Lieb inequal-
ity if all f; = f and f is log-concave

Let g(t) = V 27r_1 et/ 2 t € R, be the standard Gaussian density (mean zero, variance one),
and let f be a probability density function on R (here we restrict to log-concave functions to
avoid differentiability issues). Let 7" and .S be the transportation maps which are determined by

z T(x) S(y) Y
[ef s i ["r=f

Henceforth, we do not write the arguments and the Lebesgue measure in the integral if the mean-
ing of the integral is unambiguous. As f is log-concave, there exists an open interval / such that
f is positive on I and zero on the complement of the closure of /,and7 : I — RandS: R — [
are inverses of each other. In addition, for x € [ and y € R we have

f(x) =g(T(x))T(x) and  g(y) = f(S(y)) S (v) (12)
For
C={zeR": (u,x)el fori=1,...,k},
we consider the transformation © : C — R™ with

k

O(z) = Zcﬂf((u,,x)) U, x e,

=1

which satisfies .

dO(z) = Zci T ((ug, ) u; @ .
i=1
It is known that dO© is positive definite and © : C — R" is injective (see [9, 10]). Therefore,
using first (12), then (i) with ¢; = T"({u;, x)), and then the definition of © and (ii), the following
argument leads to the Brascamp-Lieb inequality in this special case:

I i]if«ui,x»% "
Z/Cﬂf«uiawﬁ dx
:/c (QQ(T(<U¢,93>))”> (QT’(@,Q;))%) dr
< (2;) /C (ﬁ e_ciT«ui,m))Z/?) det (i CiT/(<ui7$>)ui®ui> du

=1

V|3
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¢ 1@/ et (dO(x)) da

< b / eIl?/2 gy — 1.
T Jen
We note that the Brascamp-Lieb inequality (13) for an arbitrary non-negative log-concave func-
(13)

~ (2m)2

tion f follows by scaling; namely, (iv) implies
k

[ sty < (1)

E ciS'((ug, ©

For the reverse Brascamp-Lieb inequality, we observe that

holds for the differentiable map ¥ : R" — R" with
) u, r eR".

E ciS({ug, ©

In particular, dW is positive definite and ¥ : R™ — R" is injective (see [9, 10]). Therefore (i) and
(12) lead to (for the first inequality, observe that W is injective, but ¥ need not be surjective)

/* sup Hf
_Ez 1 cibiug =1
Hf

)det (d¥(y)) dy

k

T

AP (Y) =0 cibivi =1

k
/ (H ((us, y )det (ZCZS/ Uz, Y
k
(i) o)
=1

1 / e WIP/2 gy — 1.

R

/ (Hg(m,y))”) dy =
(14)

R™ \i=1
Again, the reverse Brascamp-Lieb inequality (14) for an arbitrary non-negative log-concave func-

tion f follows by scaling and (iv); namely,
Lo as=(f )"
R

/ SU.p
" _Z —1 Cifiuq j=1
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We observe that (i) shows that the optimal factor in the geometric Brascamp-Lieb inequaliy
and in its reverse form is 1.

4 Observations on the stability of the Brascamp-Lieb inequal-
ity and its reverse

This section summarizes certain stability forms of the Ball-Barthe inequality (9) based on work
in Boroczky, Hug [20]. The first step is a stability version of the Ball-Barthe inequality (9) proved
in [20].

Lemmad.d Ifk>n+1,t,....,t, >0,¢1,...,c. > 0and uy, ..., u, € S" ! satisfy (6), then

k k
det <Z tiCﬂLi (%9 Uz) > 0 H tfiv
=1 i=1

where

1 . L 2
0" = 1—1—5 Z Ciy - ¢, detfug, ..., )? (%—1) ,

1<ir<...<in<k

to = Z tiy - ti Ciy - e ¢ det[ug, oo g ]2

1<ir<..<in<k
In order to estimate #* from below, we use the following observation from [20].

Lemma 4.2 Ifa,b,x > 0, then

(a® — )

(:m—l) (b—l) m

The combination of Lemma 4.1 and Lemma 4.2 implies the following stability version of the
Ball-Barthe inequality (9) that is easier to use.

Corollary4.3 Ifk >n+ 1, t1,...,t, >0, c1,...,¢c, > 0and uq, ..., u, € S™ ! satisfy (6),
and there exist § > 0 and n + 1 indices {i1,... i1} C {1,...,k} such that

Ciy - G, det[uil, Ce ,Uin]Q Z B,
2
Ciy =+ Cipyy dettgy, .o w7 > 6,

then

k
6( - z
det ticiu; @ u; 1 s1) t5.
) (Z - ®“) > ( +4<t“+tw Il

=1
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We may assume that k < 2n? (see Lemma 2.1), and thus the following observation from [20]
can be used to estimate 3 in Corollary 4.3 from below.

Lemmadd Ifk > n, c1,...,c;, > 0and uq,...,u, € S™ ! satisfy (6), then there exist 1 <
i <...<1, <ksuch that

1\ L
ciy ¢, det[ug,, ... ug, |2 > (n) )

S Discrete isotropic measures, orthonormal bases and ap-
proximation by a regular simplex

According to Lemma 3.2 and Lemma 5.1 in Boroczky, Hug [20], the following auxiliary results
are available.

Lemma 5.1 Let vy, ..., v, € R\ {0} satisfy S5 v; @ v; = L, and let 0 < n < 1/(3Vk).
Assume forany i € {1,... k} that ||v;|| < northereis some j € {1,...,n} with Z(v;,v;) <.
Then there exists an orthonormal basis wy, . . . , w,, such that Z(v;, w;) < 3k nfori=1,... n.

Lemma 5.2 Lete € S"7 %, and let T € (0,1/(2n)). If wy, ..., w, is an orthonormal basis of R™

such that
1

1 :
%—T< (e,w;) < ﬁ—i-T fori=1,...,n,
then there exists an orthonormal basis Wy, . . . , W, such that (e, ;) = \/iﬁ and /(w;, w;) < nt
fori=1,... n.

Since Vk(n 4 1) < knif k > n > 2, and | cos() — an\ < |B — af if a = arccos n;ﬂ,

we deduce from Lemmas 5.1 and 5.2 the following consequence.

Corollary 5.3 Let k > n > 2, let y,...,ux,e € S™ in R" and &,,...,¢, > 0 satisfy

Zle Gty @ ;= L1 and (e,@;) = ——— fori = 1,...,k, andlet 0 < n < 1/(6kn). Assume

n+1
foranyi € {1,... k} that ¢; < n? or there exists some j € {1,...,n+ 1} with Z(u;,a;) < n.
Then there exists an orthonormal basis w1, . .., W, 1 of R™™ such that (e,w;) = \/ﬁ and
L, w;) < 3knnfori=1,...,n+ 1
For @y, ..., Wy41 € S™ with (e, w;) = \/n1T1 fori =1,...,n+ 1, the vectors w0y, . .., Wy+1
form an orthonormal basis of R"*! if and only if their projection to e* form the vertices of a reg-
ular n-simplex. Therefore Corollary 5.3 provides information on how close conv{y, . .., @,+1}

is to some regular n-simplex. Lemma 5.2 in Bordczky, Hug [20] formulated this observation as
follows.
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Lemma 5.4 Let Z be a polytope, and let S be a regular simplex circumscribed to B". Assume
that the facets of Z and S touch B™ at uy,...,u; and wy, ..., w,y1, respectively. Fix n €
(0,1/(2n)). Ifforanyi € {1, ..., k} there exists some j € {1,...,n+ 1} such that Z(u;, w;) <
7, then

(1—=nn)S C Z C (14 2nn)S.

Finally, we need to estimate the difference of Gaussian measures of certain polytopes Z C S.
Since in our case, S C nB", it is equivalent to estimate the volume difference up to a factor
depending on n. Our first estimate of this kind is Lemma 5.3 in Boréczky, Hug [20].

Lemma 5.5 Let Z be a polytope, and let S be a regular simplex both circumscribed to B".
Fixa = 9-2""2n?"2 and n € (0,a™'). Assume that the facets of Z and S touch B"™ at
Upy .. ug, bk >n+1andwy, ... w,q, respectively. If Z(u;,w;) <nfori=1,...,n+1and
Llug,w;) > anfori=1,... ,n+ 1, then

o Z(u , Wi
V(Z) < (1 - ’2n+§;2n( k )) V(5S).

Secondly, we prove another estimate concerning the volume difference of a convex body and
a simplex.

Lemma 5.6 Let S be a regular simplex whose centroid is the origin, and let M, C S and
My O S be convex bodies. Suppose that there is some € € (0, 1) such that M, 2 (1 —¢)S for (i)
and (1 +¢)S M, for (ii), respectively. Then

(i) V(S\ M) > iy e V(S) > ¢ & V(9);

- (77,+1)"
(i) V(M \ §) > 15 e V(S).

Proof. Let R be the circumradius of S, let vy, ..., v, be the vertices of S, and let uy, ..., U,i1
be the corresponding exterior unit normals of the facets, and hence

v;=—Ru; fori=1,...,n+1and S={z €R": (z,u) <& fori=1,....,n+1}.

For (i), there exists a v; such that (1 — )v; & M;, and hence there exists a closed halfspace
H* with (1 —e)v; € H" and HT N M; = (). We observe that (1 — €)uv; is the centroid of the
simplex S; = (1—¢)v;+eS C S. Using Griinbaum’s result [41] on minimal hyperplane sections
of the simplex through its centroid, we obtain

n n

(n+1)»

n

V(S\ M) > V(S.nHY) > (n+ 1)

V(S.) = eV (S).

For (ii), there exists an 2y € M, \ ((1+¢)S), and hence there is a u; such that (z, u;) > &,

n

We write F to denote the facet of S with exterior unit normal u;, and |F}| to denote the (n — 1)-
volume of F;. It follows that

€

V(My\ S) > T

cR €
. V(S),

1R
F.| = N——|F;| =
|J’ n+1(n+ )nn’J‘

S|

13



which completes the proof. O

Remark The estimates in (i) and in (ii) are optimal in the sense that there exist convex bodies
My and M, such that V(S \ M;) and V (M, \ S) are arbitrarily close to the first lower bound in
(1) and the right-hand side in (i1), respectively. However, this will not be used in the following.

Finally, we provide some rough estimates that will be used repeatedly in the sequel.

Lemma 5.7 Let A,, be a regular simplex inscribed into B", and let A} = —n/\,, be its polar.
Then

(@) ((A,) < VA% UA7) < Vi,
(b) V(Ay) <1.3and V(A,) < 1forn >3,
© V(AY) =n"V(A,) > (1+1)2 > 1,
() V(D) > n=HUA,).
Proof. (a) Since %B” C A, and by an application of [66, (7)], we get

ny _ _ ()
(a0 <nt(B) =n [ Ll i) = oty < Vi

For (b) and (c), we have

L<V(An): (1_'_1)2 ,/nn;l—l < Vevn+1

n" = n n!

<1

Y

where the upper bound on the right side only holds for n > 3.
(d) follows from (a) and (c). O

6 On the derivatives of the transportation map

Let f and h be probability density functions on R that are continuous and differentiable on the
interiors of their supports, which are assumed to be intervals /¢, I, C R. Then there exists a
transportation map 7" : Iy — I}, determined by

=]

For x € I it follows that

T (x) = (15)

14



yor_ J@P (fl@)  H(T@)
T = Ry (f<x>2 h(T(x»z)‘ (10

Let g be the standard Gaussian density g(t) = v/ o et 2,t € R, and for s € R, let g, be
the truncated Gaussian density

o -1
</ g(t —s) dt) glx —s), ifz>0,
gs(x) = 0
0, if 2 < 0.

We frequently use that if s > 0, then

§/ g(t—s)dt < 1.
0

N | —

We are going to apply (16) either in the case when h = g and f = g,, for some s € R, or when
the roles of f, g are reversed. In particular, we consider the transport maps ¢, : (0,00) — R and
s : R — (0, 00) such that

x @s(x) Yy ws(y)
/ gs = / g and / g= / s
0 —00 —00 0

Clearly, ¢, and ), are inverses of each other for any given s € R.

Lemma 6.1 Let s € [0,0.15].
() Ifz € [0.74,0.77), then 0 < p,(x) < 0.16, 1.3 < ¢’ (z) < 2.05 and ¢"(z) < —0.25.
(ii) Ify € [0,0.15], then 0 < t,(y) < 0.85, 0.49 < 1 (y) < 0.77 and ¥"' (y) > 0.07.

Proof.  We define «, 3,7,9,& > 0 by the following integrals. The estimates for the values of
a, B,7,6,& > 0 can be computed numerically.

> 7
/ 9=33 thus 0.77 < 6 < 0.78,

|

—, thus 0.68 < ¢ < 0.69,

[e.o]

S,

g , thus 0.67 < a < 0.68,

/
[
[

8]

, thus 0.57 < 8 < 0.58,

7
16’ thus 0.15 < v < 0.16,

15



and therefore

o(0) = «

o(y) =90 > 0.77, (17)

Uy (0) =7+ 8 <0.74, (18)

by (7) =y + € < 0.85. (19)
First, we show that if y > 0, then the map s — 1(y) — s, s > 0, is strictly decreasing and

Ys(y) —s > 0.
In fact, by definition we have

Y s (y) 0o \ 1 ps(y)-s
/ g = / gs = (/ g) / g,
—00 0 -8 -s
Y 00 [e's) 00
[ o[ o], 0
—0o0 —s —s s(y)—s
/ g / 9= / g (20)
—S$ Yy s(y)*s

The left-hand side of (20) is monotone increasing in s, hence the right-hand side is also increas-
ing, which, in turn, implies that 1)s(y) — s is monotone decreasing as it is in the lower limit of
the integral. Moreover, since the left side of (20) is less than 1/2, it follows that ¢s(y) — s > 0
fory > 0.

and hence

or

Now, we show that if y € [0, ], then
1s(y) is a monotone increasing function of s > 0. 21

For the proof of (21), we show that if 0 < s < &/, then the inequality

Ys(y) bs(y) )
/ gs < / gs = / g (22)
0 0 —00

holds. The inequality (22) implies (21) because, by the positivity of gy, ¥y (y) > 1s(y) must

hold for
Yo (y) Y
/ gs’ _/ g
0 —00

to be true. We set z := ¢5(y), A := s’ — s > 0 and define

A::/Oxg(a—s)da, B::/Ooog(a—s)da

16



and . .

a::/ g(o — s)do, b::/ g(oc —s)do

YN z—A
a+A—b

ff;Ag(T —s8)dr B
a+ B

Note that
gs/ _— ) _—
/0 f_A g(T —s)dr

and the right-hand side of (22) equals A/B. Hence (22) is equivalent to

at+A—-b A a 1
- < or - < }
a+B — B b_l—g
Since
A_/y >1
B~ ) 9=

it is sufficient to show that a/b < 2.
By the symmetry of g, translation invariance of Lebesgue measure and inserting again A =

s'—s(y)

CL:/ ga b:/ g
s s—1s(y)

s — sand x = 14(y), we get

Thus it remains to be shown that
' S—vsly)
2e /2 dt (23)

/ e_t2/2dt§/
s s—s(y)

for 0 < s < s and y € [0,~]. To see this, we distinguish two cases.
If &' — 1,(y) < 0, then 2e=*/2 > 1fort € [s — ,(y), ' — ¥s(y)] C (—o0, 0], since

Vs(y) — 5 < Yo(y) — 5 < Po(y) — 0 =1o(y) < 0.78

and 2 exp(—0.5 - 0.78%) > 1.4 > 1. Since e /2 < 1 for t € [s, s/, the assertion follows in this

case.
If s — 1s(y) > 0, then by the previous reasoning and since s — ¥5(y) < 0, we have
¢s(y) 5 0 5
/ e /2t < / 2712 dt, (24)
s 5_"/’3(9)
and since t — et/ 2, ¢ > 0, is decreasing, we have
S S-vsly)
/ e 12 dL < / e U2 dt, (25)
P (y) 0

so that (24) and (25) again imply (23). Thus, we have proved (22), and, in turn, (21)
17



We continue by proving the statements in (ii). We deduce from (17), (18) and (21) that

s(0) < s(y) < 0.74, s(v) > 1o(7y) > 0.77, and hence

[0.74,0.77] € ,((0,7)) if s € [0,7].

We note that if y € [0, 7], then

/
q(y) Vor yeyQ/Q > /27 -0.17.

gy)?
On the other hand, if 0 < s <~y and y > 0, then

N —

s

and therefore

v (") ) - e

9s(¥s(y))? s

2 2
< ——”2%@% < /27 -0.33.

Combining (27) and (28), for s,y € [0, ] we get

9y g(Ws(y)) —
7 wlmw)p 2 Y0

If s,y € [0,7], then

2/
) < -2 and gl > L
2T V2

Hence, for s,y € [0, ] we deduce from (16), (29) and (30) that

W) > 0.982

In addition, (19) and (21) imply that if s,y € [0,~], then

Ys(y) < 0.85.

To estimate the first derivative ¢, we use that (15) yields

-0.15 > 0.07.

b gly)
W) = )

If s,y € [0,7], then (30) and (33) yield

, 0.98/v2mr
Vs(y) > W = 0.49.

18
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On the other hand, if s,y € [0,7], then 0 < ¥(y) —s < ¥o(y) — 0 < ¢o(y) = § < 0.78, and

hence . )
e_(d)s(y)_s) /2 1 6_0'78 /2 1

1
Vor o [0 Var [Co69  V2m

Hence we deduce from (33) that

9s(¥s(y))

Yi(y) < 1/V2r

— < 0.77.
1.3/V2rm

-1.3. (35)

(36)

We conclude (ii) from (31), (32), (34) and (36). This finishes the proof of Lemma 6.1 (ii).

Finally, we prove part (i) of Lemma 6.1. Turning to ¢, (26) yields
©s([0.74,0.77]) C (0,7v) ifs € [0,7].

It follows from (29) and (37) that if s € [0,~] and x € [0.74,0.77], then

@) @) _ o
2@ ge@) S VIO

Now if s € [0,7] and = € [0.74,0.77], then we have

1 ,—0.77%/2

> Nor o 1.3

gs() fj)_mg > NeTE g(ps(r)) <

Hence, (39), (16) and (38) imply that
¢! (r) < —1.3%-0.15 < —0.25.
To estimate the first derivative ¢/, we use that (15) yields

/ . gs(I)
#o(w) = g(ps(x))’

If s € [0,7] and = € [0.74,0.77], then we conclude from (37) that

—%/2
‘ > 08 gs(x) <

g(SOS(x)) = \/ﬁ \/ﬂ

and hence (41) implies that

R
)

w’(x) < M

< 2.05.
= 0.98/v2r

51-
ﬁ-

(37)

(38)

(39)

(40)

(41)

(42)

On the other hand, if s € [0,7] and z € [0.74, 0.77], then we deduce from (39) and (41) that

1.3/V2r
1/v2r

19
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We conclude (i) from (40), (37), (42) and (43). O

In Proposition 6.2, we use the following notation. We fix an e € S™ C R"*!, and identify
et C R withR™ Fork >n+1,letuy,...,u; € S" 'andcy,...,c, > 0be such that

k
Zizl Ciu; Qup = Ina

) (44)
Yo Gu = o.
For each u;, we consider
7. = ﬂ . 1 mn
U = Jeguit n+1€ES’ 43)
T ntl C;

and hence (44) yields that

Proposition 6.2 With the above notation, let k < 2n?, let s € [0,0.15] and let ¢ € (0,n=°%"). If

k
/ Hgs(<x, ;) dr >1—c¢, or (46)
Re+t o

k

*

/ sup H gs(0;)dxr < 1+¢, 47)
RO o=370 ) @bt =1

then there exists a regular simplex with vertices w1, ..., w,1 € S" Land i, < ... < i,41 Such

that Z(u;;, w;) < nrelt forj=1,...,n+ 1.

Proof. According to Lemma 4.4, we may assume

—1
ér.@mldam%.njuﬂsz(nil) . (48)

For np = n'"¢/* < 1, we claim that if s € {1,...,k}, then
¢ < n?, or there exists some j € {1,...,n+ 1} with Z(a;, a;) < n. (49)

We suppose that (49) does not hold, hence we may assume

Cnyo >n° and Z(i;, lipyo) >n fori=1,... . n+1.

We can write o = Z?:’Lll Aiti;, where A1, ..., \,41 € R are uniquely determined and satisfy
A+ -+ A\pr1 = 1. Hence we may assume that Ay > n+r1 Therefore ¢, > 1%, ¢, < 1 and
(48) imply

EY (n+1!
) 7

N N - ~ 2
Co++* Cpio det[ug,...,un+g] > (n_|_1 n 4+ 1)2 > (2n2)n+1 (n—|-1)2.
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(TL+1) nn_l
Here (1) > (n+1)en > %77, and thus

2 2

" . . 1 U
C - Cupp detlily, .y lngo]® 2 sy > (50)

In addition, Z(1y, U,42) > 7 yields
|1 = Tnal| > n/2. (S1)

We prove (49) separately for (46) and (47).
We start with the Brascamp-Lieb inequality; namely, we assume that (46) holds. We observe
thatif; = 1,..., k, then

0.74 < (z,u;) < 0.77 forz € 0.755v/n + 1e + 0.01B",

which can be checked by directly computing the inner product (x, @;) using the definition of the
vectors u; in (45).
Define

= 0755y T Te 4 0.005 LUt 00187 07557 T Te 4 0.01B".

|1 —Un+2||

It follows using also (51), (e, @1 — i, 12) = 0 and V(B") = 2 Qem: —7 that

T(241) ~ nn/2/2mel/©6m)
(z,@1),...,(z, @) € [0.74,0.77] forz € =, (52)
(2,11) — (2, Upe2) > 0.002n > 279 forx € Z, (53)
E Cc C={zeR": (4,z)>0Vi=1,...,k}, (54)
1

V(Z) = 0.001"V(B") > (55)

nlln’

where (54) is a consequence of (52). In addition, we consider the map © : C — R"*! with

k
Z uza ia T € Ca

=1

which satisfies
p) =Y ety ) i ® ;.

As we have seen, d© is positive definite and © : C — R"™™! is injective (see [9, 10]). Therefore,
applying first (46), then (12), and after that the definition of © and (10), we obtain

k k
1—¢e< \/RH_H Hgs(<x,qu>>éz dr = /cHgs(<:L’,aZ>>5z dx
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< ﬁgm«x,a»»@ f[c,o;«a:,améi da
[T (o)
— (%)T/c (lel eéms«mi)ﬁ/?) (Zﬁ@;(@’@méi) dx

n+41

ol k
< (%) /Ce—|®(x>||2/2 (H 90;(<[B,’L~Li>)éi> dx. (56)

=1
We deduce from (9) that
k k
[T @ i) < det (Z &0l ((z, ;) s @ u> = det(dO(x)) (57)
i=1 i=1
forany x € C.

If s € [0,0.15] and x € =, then we can improve (57) using Corollary 4.3, based on (48) and

(50) with
2
By = —

nAn+6 :

Hence, applying first Corollary 4.3, then Lemma 6.1 (1), (52), (§3) and finally < 1, we get

2

ﬁ@l«w,ﬁi))éi < (1 + BO<90;(<1’,7,~L1>) — 90;<<I,7:Ln+2>)

4,5, 1) T 7, (0, Toga))? ) det (d0())

< <1 [ o0 ) ) ) det (46

4 269—18 -1
7°0.25%2
<
< (1 + e g0 ) et (49())

(1 + n4774+35> " det (d0(x)) < (1 _ W%i%) det (d0(z)) .

Moreover, if s € [0,0.15] and z € = we deduce from (57) and Lemma 6.1 (i) that

k
((z, ;) EZH

det (dO(z

IISw

Thus if s € [0,0.15] and = € =, then

4

[T (@)™ < det (@0 () — — . (58)
=1
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In addition, if s € [0,0.15] and x € =, then (z, @;) € [0.74,0.77] by (52) and hence ¢, ({z, @;)) C
(0,) by (37). Therefore, the definition of O(x), (10) and (11) imply

k k
1e(2)|? < Zé pol{iin2))? < 3 0.16% = 0.16%(n + 1),
=1 i=1

and hence
n+1 n+1

1y e-le@IP/2 > 1y (101622 o 03
2T 2

Applying first (54), using (57) and (58) in (56), then the substitution z = ©(x), and finally also
(55), we get

n+1

1) 2 _ nt

1 TLTH 1 4 4
- —Nel?/2 g, _n _ N
< <27T) /Rn+1 € dz Tin a1 T T

10n_1/4

This contradicts n = n
inequality.

, and hence we conclude (49) in the case of the Brascamp-Lieb

Now we consider the reverse Brascamp-Lieb inequality; namely, we assume that (47) holds.
We observe thatif i € {1,...,k}, then

0< (z,%) <0.15 forz €0.1y/n+ e+ 0.05B",

and define

= —01\/n+1e+003——|—001B”COl\/n—i—1€+005B”

|1 —Un+2||

It follows using again (51), (e, tiy — @in42) = 0 and V(B") > —L that

(i), (y, i) € [0,0.15] fory € = (59)
(y,11) — (y, lpss) > 0.01p>2"Tp fory € 2 (60)
= n n 1

In addition, we consider the map ¥ : R"™! — R"*™! with
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which satisfies .
dU(y) =Y &b ((i, ) i @ ;.

As we have seen, d¥ is positive definite and ¥ : R"*1 — R"™! is injective (see [9, 10]).
Therefore, applying first (47), then the definition of W imply

1+62/ SUP gs(0
: 11

e _Z —1 Gifiti =1

Z/IR* ( sup Hgs ; )det (d¥(y)) dy

et \I](y) Z 101 iU j=1
k
/ (H 9 ({5, y ) det (Z (T, y)) s u) dy.  (62)
R+ G i=1
Using (9), for y € R™*! we can bound the determinant in (62) from below by
k k
det (Z E ((y, ) il; ® u> > [ty @)™ (63)

If s € [0,0.15] and y € =, an application of Corollary 4.3 with 3, = 12 /n*"*, Lemma 6.1 (ii),
(59) and (60), allow us to improve (63) to get

= Bo(vs({y, @) — ¥i((y, nt2)))? -
det (ZC’ o “’®ui>z(”4<¢;<<ml>> i) Ll

+ @D (<ya un+2

~ 2 k
> (1 4+ (0'07(%(’;% 77<)y7un+2> ) 111#2 (y, ;)%

4 20—14 k

7*0.0722 o
> | | )
- (1 + n4n+616 -0.772 P %((y, uz>)

4 k
> (14 o) Ittt
=1

Moreover, if s € [0,0.15] and y € = we deduce from Lemma 6.1 (i1) and (11) that

k

k
¢y a))™ = J]0.49% = 0.49"" > nn.

i=1 i=1
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Thus if s € [0,0.15] and y € Z, then

k k 4
-~ > 7 ~ ~ C; n
Further in (62), if s € [0,0.15] and y € E, then (59), Lemma 6.1 (ii), (11) and (35) imply
~ 1.3 n+1
s\Ws uza C. — > 2—n—1 > n_n_l- 65
ng (w%> =c 0 C ©

Applying first (63), (64) and (65) in (62), and then (12) and (61), we deduce that if s € [0,0.15],

then
k 774
1—|r<52/+ <Hgs(¢s Ui,y ><H1/1 Ui,y )dy—l—/mdy
R =1
. 7)4
> [ (ot ) an+ s
4

1 _ n? 7
> (— W2 gy 4 —— =1+ ——.
— (\/%) /]R’H'l Y 31n n31n

10n_1/4

This contradicts n = n
Brascamp-Lieb inequality.

, and hence we conclude (49) also in the case of the reverse

Now we return to the proof of Proposition 6.2. Since ¥ < 2n? and ¢ < n %", we
have n < 1/(6kn). Since (49) is available now, we can apply Corollary 5.3, which yields
the existence of an orthonormal basis w0y, ..., w, 1 of R"™! such that (e, w;) = \/ﬁ and
|a; — wy|| < A(fci,@bi) < 6n’nforn = n'c/*andi = 1,...,n + 1. Now we consider
the vertices wy, ..., w,4; € S™ ! of the regular simplex which are defined by the relations
w; = nHwZ—l—w/?eforz—l .,n + 1. Therefore

1
Ll w0) < Gl =l = 54/ W ] < 180 < e
for: =1,...,n + 1. In turn, we conclude Proposition 6.2. O

We will actually use the Brascamp-Lieb inequality and its reverse for the function

gxw==1{tz(nexp(—(t_sy) (66)

@:(4@)%.
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We note that if s > 0, then

/észgn. (67)
R

From Proposition 6.2 and (11) we deduce the following strengthened version of the Brascamp-
Lieb inequality and its reverse for g;.

Corollary 6.3 Using the same notation as in Proposition 6.2, let k < 2n?, let s € [0,0.15] and
let p € (0,1).

If for any regular simplex with vertices wy, . .. ,w,+1 € S"~! and any subset {iy, . .., ini1} C
{1,...,k}, there exists j € {1,...,n+ 1} such that Z(u;;,w;) > o, then

: C n+1
[ty <a-n=([a)
Rn+1 paiey .
k

* n+1
/ sup [ 3:(0:)% dx > (1+n""0") (/ §s) .
Rn+1 55:2?:1 €i0;0; =1 )

7 An almost regular simplex for Theorem 1.3 and Theo-
rem 1.6 (a), (b)

The entire section is devoted to proving the following statement.

Proposition 7.1 Letn +1 <k <2n% uy,...,u, € S tandci,...,c;, > 0 be such that

k

Zizl ciu; Qu; = Iy,
Y = o,
and ((C) > (1 — e)l(A,) holds for C = conv{uy,...,u;} and e € (0,n=5).
Then for n = nldnei ¢ (0,1), there exists a regular simplex with vertices wy, ..., W41 €

S Yand {iy, ... ,in1} C{1,..., k} such that
L(u;,wi) <m forj=1,...,n+1.
We fix e € S* C R™"*, and identify e C R™"! with R™. As before Proposition 6.2, for each

u;, we consider
= Vn

u; = \/n—ﬁui—l—ﬁeebm,
&G = g,
and hence
k
> G @t =T, (68)



k

i=1

Indirectly, we assume that Proposition 7.1 does not hold, and we aim at a contradiction. We
deduce from Corollary 6.3 and (67) that if s € [0, 0.15], then

* k n+1 n+1
/ sup [ 3s(0:)% dy > (1+n7""n?) ( / gs> > < / gs) +n 7t (70)
RAHL y=5% | &65it; j—1 R R

Next we provide the following general auxiliary result (which holds independently of the
indirect assumption).

Lemma 7.2 Ifs € R and C is defined as above, then

*

” 1) s2 oo )
o Cmte 8 [Tetemmeyns [ Lo

0 Rrt+1 72 " G0ty =1

2 o8] n+1
(i) (2m)Fe "2 / e~ HVATLy (1 AL dr ( / gs) :
0 R

Proof. We consider the convex cone

k
C(]:{Z&ﬂz ngOfOI'Z:]_,,k}
=1

i=1

k k
= {Zr\/ﬁ)\iui+r6:r >0,\ € [0,1],2)\i = 1}.
i=1

Then we clearly have © + re € Cy for z € R™ and r € R if and only if » > 0 and z € r/nC.
Ify = Zle ¢i0;u; for 0y, ...,0, > 0, then (y,e) = (Zle ¢:i0;)/v/n + 1, and hence we deduce
from (10), (68) and (69) that

/ P Hgs i) dy_/ sup e~ 3 Lim1 G5+ i &0 i—5 S & dy
R C

n+1y Z 101 iU j=1 0 y:ZleéﬁiﬁiﬂiZO

SG—W/ o~ Sl sty VAFT g

R / / o~ HlalPr2)rsr VA TT g g
fc

n (n+1)s

= emte S [T e T, i) an
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w,11 be the vertices of A,,, and let
1

thus we have obtained (1).
For (ii), let wy, .. .,
UN)Z‘ = \/ﬁ w; + e
vn+1 vn+1
n + 1. Then 4y, . . . W, form an orthonormal basis of R"*!, and hence
n+1
Z W @w; = L
9n+1 e R
,n+1.

fori =1

| JIAC

11in th1s case). Moreover for any y € R""!, there exist unique 0,
" O,4;, in fact, we have 6; = (y, ;) and 377 02 = ||y||> fori = 1,
n+1

satifying y = >0
By the preceding argument we deduce
n _ins? [ —f-&-sr Vn+1 "
e 2 e 2 Yo (rv/nA,) dr = sup
0 ROy O5is =1
n+1
()
R
O

(2m)?

where we used Fubini’s theorem for the second equality
We apply the change of parameter 7 = sy/n(n + 1) and substitution ¢t = r+/n in Lemma 7.2
and conclude with the help of the reverse Brascamp-Lieb inequality (14) that if 7 € R, then
-7 sty tT (7’\/_ C )

—9271
(2+1)\/ﬁ/
0
sup Hgs

/ =307 o (410 dit
0
vn /*
Rn+1y Z 1Cz il =1

> n
~(2m)2
n+1
)
(271')5 R
_ / e IR o (1A, dt.
0

Hence, we get

/ ez (1=, (tA, ))dtz/ e 2N (1, (8C)) dt.
0 0
(n+1)],sothat s = 7/y/n(n+1

: C [0,0.15
using (70), instead of the reverse Brascamp-Lieb inequality (14), we obtain
T )

In addition, if 7 € [0,0.15n]
/ e 2a(t7) (tC)dt>/ e (tA,) dt +
0 0

28

(71)

[0,0.15), then

NG
—56n, 4
= 1 5,



and therefore
B (L (1A dE > [ e (1 (1)) dt 4+ LT g,

7 7 T n
0 0 (2m)2

Integrating (71) for 7 € R\ [0, 0.15n] and (72) for 7 € [0,0.15n], we deduce that

/ / B (1 (1A,)) dt dr
—00 J 0

/ / e~ 22" (1 — ~,(tC)) dt dr + 0.15n

Since for any ¢ € R, we have

(72)

(2\7/7—;3 n—56nn4 (73)

/ e~ dr = /21

[e.e]

we deduce from (2) and (73) that

(o) = [ - (eoyar

3 (t=7)? L(tC)) dt d
rgm/ /6 ~ (i) dedr

0.15
—00 J 0

2m) 2

<
A 2mn
0.15n 56m.4

— A, 0yt 74
(A,) — (%)2% 7 (74)

Hence, Lemma 5.7 (a), (74) and the hypothesis yield
(1 —e)l(A,) < C) < (1 —n"He(A,).

15n

This contradicts 7 = n e1, and in turn implies Proposition 7.1.

8 Proof of Theorem 1.3 and of Theorem 1.6 (a), (b)

For Theorem 1.6, let 1 be a centered isotropic measure on S =1 andlet K := 7, (1), and hence
supp p = 0K N S~ 1. In particular, under the assumptions of Theorem 1.3 and of Theorem 1.6

(a), we have ((K) > (1 — €)¢(A,,). First, we assume that
0<e<n 00

It follows from Lemma 2.1 and John’s theorem that there exist & > n + 1 with & < 2n?,
Ur,...,us € OKNS" tandey,...,c; > 0such that

k
Yo cu Qup = 1,
k JR—
E i=1 GUWi = O.
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We write /1 to denote the centered discrete isotropic measure with supp pg = {u1, . ..

po({u;}) = ¢ fori =1,... k, and define

C = Zoo(mo) = conv{uy, ...

Since ((C) > U(K) >
may assume that the vertices wy, . . .

L(u;, w;) <n forn = nlonei

For the simplex

So = conv{uy,...

we deduce from (75) and Lemma 5.4 (where we use 7 < 1/(2n)) that S§ C

,uy } and

7uk:}‘

(1 —¢)l(A,) and 0 < & < n~9" it follows from Proposition 7.1 that we
, Wy of A, satisfy

and i=1,....n+1. (75)

7un+1} C K7

(14 2nn)Ag, and

hence B
A, = (1+2nn)7'A, C Sy C K. (76)
We note that
0< (A, / lll5, dm(z) — €(A)
(14 2nn)l(A,) — L(A,) = 2nnl(A,). (77)
Proof of Theorem 1.3: Let ¢ > 0 be minimal such that
KC(1+8A, =1+ +2nm) A,
Then Lemma 5.6 and Lemma 5.7 (d) imply that
VIENEY > S V@A) = (A) > oA, (8)
“n+1 (n+1)(1+ 2nn)» n2nt4

It follows from K C B", (76) and (78) that

Y (tK) > ’Vn(tﬁn) fort > 0, and

Yn(tK) > %L(tzn) <

+2

e

1
2
(271.); n2n+4

((A,) fort € (0,1],

where we used that e~z > ¢~ 2 for t € (0, 1], and in turn we deduce from (2) that

(A,
We conclude from (77) that
(1—e)l(A,) < UK) < (1
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)= U(K) > /1%(1%() %(tﬁn)dtz/l

e

0 nAn+4

to(A,) dt > n~ (A, €.

— U L onn)0(A,),



1. .
and hence 1 = n'®"c implies

£ <5 (2nn + £) < n®rei,
It follows from (76) and the definition of £ that
(1—=2nn)A, C K C (1+&A,. (79)

Since A, C B", 1 = n!™c1 < n2nz1 =: £ and € < &, we conclude for the Hausdorff distance
that 0 (K, A,) < n¥net.

To estimate the symmetric difference distance of K and A,,, Lemma 5.7 (b), (79) and £ <
£ < n 2" yield

5vol(K7 An) < ((1 + g)n - (1 - é)n) V(An) < 2577’(1 + g)n—lv(An) < n25n€%,

which finishes the proof of Theorem 1.3 if ¢ < n 19", However, if ¢ > n~1%", then Theorem 1.3
trivially holds as 0y, (M, A,,) < K, and 0y (M, A,,) < 1 for any convex body M C B" by the
choice of the constant ¢ = n?%". O

Proof of Theorem 1.6 (a), (b): We assume that ((Z,,(u)) > (1 — €)¢(A,,) is available.
Let g = 9 - 2"72n?"*2 be the constant of Lemma 5.5. If for any u € supp p there exists a
w; such that Z(u, w;) < agn, then

2n

dp (supp p, {wq, ..., wpi1}) < aen < 9- o222y 5n g 22 oy (80)
Therefore we indirectly assume that
= B it AL ) > o
and hence there is some 1 € supp p such that min"*' Z(ug, w;) = ¢. Let
L := conv{ug, uy, ..., Unt1}
Lemma 5.5 and (75) imply
V(L) < (1 - m) V(A2).
Since L 1s a polytope with n 4 2 vertices, it is shown in Meyer, Reisner [57] that
VILV(L?) =2 V(An)V (A7),
which proves a special case of the Mahler conjecture. Therefore we get
V(L) > (1 + ¢ ) V(A,), (81)
on+2y,2n
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while readily _
An C S() Cc L

holds for A,, = (1 + 2nn)~tA,. It follows from this, L C B" and (81) that
V(L) > v (tA,) fort >0,
ez t"(
\/ﬂ% In+242n

We deduce from (2) and Lemma 5.7 (d) that

YVu(tL) > 7o (tA,) + V(A,) fort € (0,1].

~ 1 . 1 4n
(A, — (L) > /0 n(EL) — 4 (tRy) dt > /0 %E(An)dwn—%g@n)g.

We conclude from (77) that
(1= )l(Ay) < U(Zoo(p) < UL) < (1 —n™"¢ +20m)l(A,),
and hence )
¢ < n®"(2nn + ) < n??ei,

Therefore in both cases (compare (80)), if £/(Z (1)) > (1 — €)¢(A,,) for a centered isotropic
measure 4 on S" 1, then

1
Sp(supp p, {wy, ..., wyy1}) <N ei

Since {(Zoo (1)) > (1 —e)l(A,) and W(Z(1)°) > (1 — )W (A?) are equivalent according to
(1), we have verified the case W (Z.(1)°) > (1 — &)W (A?) of Theorem 1.6 as well, in the case
e < n~1%" However, if ¢ > n 1% then Theorem 1.6 trivially holds since for any z € S"!
there exists a vertex w of A, with ||z — w|| < V2. O

9 An almost regular simplex for Theorem 1.4 and Theo-
rem 1.6 (¢), (d)

The whole section is dedicated to proving the following statement.

Proposition 9.1 Letn +1 <k <2n% wy,...,u, € S tandci,...,c, > 0 be such that

k
Do @up = I,

Zf:l Gu; = 0,
and ((C°) < (1 + e)l(A?) holds for C = conv{uy,...,u;} and e € (0,n""),
Then for n = nlnei e (0,1), there exists a regular simplex with vertices w1, ..., W41 €

S Vand {iy, ... ,in1} C{1,...,k} such that

Llu,wy) <m forj=1,...,n+1
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We recall from (66) that if s € R, then g, is defined by

Gu(t) = 1{t = 0} exp (—%)  ter

In this section, we slightly change the setup used in Proposition 6.2 and Corollary 6.3. As
before Proposition 6.2, we fix an e € S™ C R*"!, and identify et ¢ R™! with R". However
now, for each u; € S~ !, we consider

~ _ %ﬁ 1 n
U; = —"—;IT1%'+ JﬁiTe es ,
¢ = e
and hence
k
Z Citl; @ Uy = Lyyq, (82)
i=1
k
da=n+1, (83)

k E:k 6
Zémi: =1 o —\/n+le. (84)

For the convex cone
C={zeR"™': (z,t;)>0i=1,... k}

the use of —u; instead of u; in the definition of u; ensures that

z+recCforz € R"andr € R ifandonly if »r > 0and z € \/LECO. (85)
Moreover, we observe that if C' = A, then K = n + 1, and 4y, . . ., U, form an orthonormal
basis of R+,
Since —uyq, ..., —uy satisfy the same conditions as uq, ..., uy, it follows that Corollary 6.3
remains true for the vectors 4, . . ., @ as defined in this section.

We suppose that Proposition 9.1 does not hold, and we seek a contradiction. From Corol-
lary 6.3 and (67) we deduce that if s € [0,0.15], then

k n+1 n+1
/ [16:((z @))% dz < (1 —n~mp") ( / gs) < ( / gs) —n "t (86)
Rt S R R

Next we state a counterpart to Lemma 7.2, which provides general relations independent of
the indirect reasoning used to establish Proposition 9.1.

33



Lemma 9.2 Ifs € R and C is defined as above, then

(i) (2m)3e” Lo /Oo vty (7o g — / ﬁ (z,1;)
0 o vn Rn+1 ' ®

=1

N nt1)s2 e 2 n+1
(ii) (27w 56_( =2 e~z TVl YN dr = Js )
Y n g
0 Vn R

Proof. Applying first (82), (83), (84) and then (85), we obtain
T k 2k
/ Hgs 2, 1;)) % dz = /~exp (—5 ZEZ(Z, ;)2 + s Zéi(z, ;) — 5 Z Ei> dz
RnJrl C i=1 i=1 i=1

2 2
A /e‘ S svintT(ze) g,
c

_mtns? [ ClelP4e? e
=e 2 e 2 dx dr
_r_ (o
o Jrc

n n s2 o0 r2
= (2m)2e (?/ e~ TTVTly, <% C°) dr.
0

For (ii), we observe that if we replace C' by A,, in the argument above, then the analogues of
@y, ..., Ty form an orthonormal basis of R"™! and ¢; is replaced by 1. O

We apply the change of parameter 7 = s/ and the substitution ¢ = r/y/n in Lemma 9.2,
and conclude with the help of the Brascamp- L1eb inequality (13) that if 7 € R, then

> n n7'2 > n 2
/ e —5(t-7) (tCo) dt = e~ 2/ e—%-&-st\/n(n-i-l) ’7n<tco) dt
0 0

—(n+1)s

[ ()

1 e
= W/RnJrlggS((Z’Ui>)

and hence

/ e (1 =, (tAD)) dt < / e 3TN (1 — 7, (1C°)) . ®7)
0 0



In addition, if 7 € [0,0.15] C [0,0.15,/ ™), which implies that s € [0,0.15), then using (86)

instead of the Brascamp-Lieb inequality (13), we obtain
k

00 N 1
| erereeya = [ Tladea® i
0 Rn+1 i=1

NZCE
< m ((/R f}s)m —n7o0 774>
_ /0 T e BT (1A dt — % 0.

Hence, we get

/ e‘Z(t—T)2(1—7n(tAZ))dt§/ 307 (1 — v, (tC°)) dt —
0 0

Integrating (87) for 7 € R\ [0, 0.15] and (88) for 7 € [0, 0.15], we deduce that

/ / e 37T (1 — o, (tA7)) dt dr
—o0 J 0

n( 0.15 n—56n
—5 (= 1— n(tC°)) dtdT — ——— 4.
/ / ’ (O didr =

0.15n7%"

Since for any ¢t € R, we have

we deduce from (2) and (89) that

(c°) = / (1= yaltC®)) dt

_ [T s g o
o /_m/o c (1= 7 (EC°)) dt dr
I 0.15 56
e 2" 1—7n(tA°))dth+ -
QW/ / Vn(2m)2

O 15 —56n
= [T B2y
0 (2m) 2

> (A7) + 07"t (AS),
where Lemma 5.7 (a) was used in the last step. This shows that

(1+e)l(A7) = £(C°) > (1+n""n")U(AY),

15n

which contradicts n = n £1, and in turn implies Proposition 9.1.
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10 Proof of Theorem 1.4 and of Theorem 1.6 (¢), (d)

For Theorem 1.6, let 11 be a centered isotropic measure on S™ !, and let K = Z,,(11)°, and hence
supp 4 = 0K N S"~ L. In particular, under the assumptions of Theorem 1.4 and of Theorem 1.6
(d), we have ((K) < (1 + ¢)¢(A?). First, we assume that

e < n t00m

It follows from Lemma 2.1 and John’s theorem that there exist & > n + 1 with k& < 2n2,
ur,...,ur € OKNS" tand ey, ..., > 0 such that

k
Yo cu Qup = 1,
k JR—
E i=1 GUW; = O.

We write 1o to denote the centered discrete isotropic measure with supp pg = {uq, ..., u;} and
po({u;}) = ¢ fori =1,... k, and define (again)

C:= Zo(po) = conv{uy, ..., u} C K°.

Since ((C°) < U(K) < (1 4 e)l(AS), it follows from Proposition 9.1 that we may assume that
the vertices wy, . .., w,1 of A, satisfy

Z(uwy) <m forp=n"ei and i=1,....,n+1. (90)
We observe that X' C 57 := 5§, where 5 is the polar of Sy and the facets of
n+1

S1 = ﬂ{xER”: (x,u;) <1}

touch B™ at uy, ..., u,+1. We deduce from (90) and Lemma 5.4 that
(I —nn)Ay C 51 C (1+2nn)A; C2A;. (91)

We claim that .
Svol(K,S1) = V(1 \ K) < n*ret, (92)
Using % S1 C %A;’L C B™",(2) and Lemma 5.7 (a), we get

1

K(K)—E(Sl)z/ooo(%(tsl)—%(t[())dtz/0%(;T_ﬁtnv(sl\[() it
(83 _VISINK) .
> e Deneeey VN TR > s ) 69

In addition, (91) yields
0(S1) = £(A7) > 6((1+2nm) A7) — (A7) = (1 +2nm) ™" = DU(AT) > =20 (A7) (94)
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We deduce from /(K) < (14 ¢)l(A?), (93) and (94) that

elU(AY) > UK) —L(A]) > (% - 2m7) U(AY).

Then 7 = n'5"c1 implies that

V(S \ K) < n(e+2nn) < 4n -n"n < n?nei,
which proves (92).

Proof of Theorem 1.4: We start to deal with the symmetric volume distance of K and A°.
Using (91), (1 + 2nn)" < 4/3 and Lemma 5.7 (b), we get

Seol(S0, A2) < (14 2nm)" = (1 — np)") V(A®) < ndnn V(AS) < n'¥ei.  (95)

Combining (92) and (95), we get d,01 (K, A°) < n24”5i, which proves Theorem 1.4 (i) under the
assumption & < n~ 1007,

In order to derive an upper bound for the Hausdorff distance of K and A°, we first show that
the centroid o of .Sy satisfies

oo € dnnA;. (96)
To prove (96), we observe that
n+1
ANES ﬂ{x eR": (x,w;) <1} = conv{—nwy,...,—nw,41}.
=1

Foreach j € {1,...,n+ 1}, (91) yields that S; has a vertex v; with
(—wj,v;) > h—ppas (—w;) = (1 —nn)n.

Since S1 C (1 + 2nn)A; and A7 + nw; is homothetic to A? with o as the vertex with exterior
normal —w;, we have

v; € {z € (1+2nn)A; : (—wj;,z) > (1 —nn)n}

= —(1 4+ 2nn)nw; + 3nn ((1 + 2nn)A;, + (1 + 2nn)nw,) 97)
forj =1,...,n+ 1. Hence, the vertices vy, ..., v,,1 are contained in mutually disjoint neigh-
bourhoods of —nwy, ..., —nw,; and thus S; = conv{vy, ..., v,11}.

Ifi=1,...,n+1, then (w;, w;) = =* for j # i implies (w;, z) < n+ 1forz € A + nw;
and (w;,y) < 0fory € A? + nw,; and j # i. Therefore (97) yields

(n+ ){wi, 00) = (wi,v) + Y (wi,v5) < (L+20)[=n+ 3n(n + 1)] + n(1 + 2nn)
J#i



< 3n(n+1)(1+2nn)n <4n(n+ 1)n,
for: =1,...,n + 1, which proves the claim.
Note that oy € 4nnA° C 4n?nB™ C int(B") C K C Sy, in particular we have o €
int(K — 0¢) and K — 0y C S; — 0p. Let £ € [0, 1) be minimal such that
oo + (1 — 5)(51 — 0'0) C K.

From (91), n < 1/(4n?) and Lemma 5.7 (c), we deduce that

VIS) > (1= np)"n™V(A,) > [(1 _ %)2 (1 + %)] o1

Then it follows from Lemma 5.6 (i) and (92) that

%V(Sl) < V(S \ K) < n®ci < n®e1 V(S)),

and hence £ < n*e . We deduce from (96) that —o € 4n?nA°, and therefore
Si— 0o C (14 2nn)A; + 4n’nA; C 2A¢ C 2nB™.
Since K C S; C K + £(S1 — 0p) by the definition of &, it follows that
du(S1, K) <2n¢ < nein

On the other hand, 7 = n*™¢1, (91) and A2 C nB" imply that

=

6 (S1,A%) < 2n%n < n'™er,

Since n!™ei < n2cin if ¢ < =197 we have o (K,A%) < n27z 17, which completes the proof
of Theorem 1.4 if ¢ < n=1907,

However, if ¢ > n~1%" then Theorem 1.4 trivially holds as d,,;(M,A,) < n"k, and
du(M,A,) < n for any convex body M C nB™. Note that if B" is the John ellipsoid of
K,then K C nB", and x,, < 6 foralln € N. O

Proof of Theorem 1.6 (c), (d): Suppose that {(Z,(11)°) < (14 ¢)l(A?).
Let g = 9 - 2"72n?"*2 be the constant of Lemma 5.5. If for any u € supp p there exists a
w; such that Z(u, w;) < agn, then

1
S (supp o, {wy, ..., wnp1}) < agn < 9- 272?21t < 220 ca

el

Therefore we assume that

(:= max min Z(u,w;) > aqn,
u€esupp p 1=1,...,n+1



and let ug € supp u be such that min{Z(ug,w;) :i=1,...,n+ 1} = (. Let
L = conv{ug, uy,...,Uns1},
and hence Z,(11)° = K C L° C S;. Lemma 5.5 and (90) imply

o ¢ :
VL) < (1 g ) VIAD,

thus
5vol(Loa A;) > C

— 2n+2n2n

On the other hand, (91) and (1 + 2nn)" < 4/3 yield

V(AS).

n

Ovol (S1, A7) < ((1+2nm)" — (1 —nn)") V(A7) < dn’n V(A7).

Therefore the triangle inequality implies that

[e] o C o
V(Si\ L°) = 6u01(S1, L°) > (W%% _ 4”277) V(A2).

Since V(A?) > 1 by Lemma 5.7 (c), we deduce from (92) that

A V) 2 VIS Zuln)) 2 VS L) > (s — i) V(83)

It follows from 7 = n'5"c1 that

N

¢ < 2n+2n2n<n23n€i + 4"277) < n®net
which proves Theorem 1.6 in the case where ((Z,(11)°) < (1 +¢)¢(A2) and e < n~ 190",
Since £(Zoo (1)) < (14e)l(AS) and W (Zoo (1)) < (1+¢)W(A,,) are equivalent according
to (1), we have completed the proof of Theorem 1.6 if ¢ < n =107,

However, if € > n 109" then Theorem 1.6 trivially holds as for any # € S™! there exists a
vertex w of A,, with ||z — w| < V2. O

11 Proof of Corollary 1.5

For the proof of Corollary 1.5, we need the following observation.
Lemma 11.1 If% B™ C K,C C nB" for convex bodies K and C in R", then

#5H(K7 C) S 6H(Koaco) S 7125H(K, O)
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Proof. We also have - B" C K°,C° C nB". First, we show
Sp(K°,C°) <n*dy(K,O). (98)
Since K C C'+ 6y (K,C)B" C C+ndy(K,C)C = (1 +ndy(K,C))C, we have
C°C (1+néy(K,C))K° C K°+n*5y(K,C) B".

By symmetry, we also have K° C C° + n*dg (K, C) B™, and thus we have verified (98).
Changing the roles of K, C' and their polars K°, C* in (98) (and using the bipolar theorem),

we also deduce the inequality 65 (K, C') < n?dy(K°, C°). O
Since W(K) = Z(TQH) ¢(K°) according to (1), we conclude Corollary 1.5 by combining The-

orem 1.3 (ii), Theorem 1.4 (ii) and Lemma 11.1. O

Remark The factor n? in Lemma 11.1 is optimal.
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