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Abstract

Assume that we observe a stochastic process (X(t));e[—r7), Which satisfies the linear
stochastic delay differential equation
dX(t) =9 X(t+ u)a(du) dt + dW (1), t >0,
[_7"70}

where a is a finite signed measure on [—r,0]. The local asymptotic properties of the
likelihood function are studied. Local asymptotic normality is proved in case of vy < 0,
local asymptotic quadraticity is shown if vj = 0, and, under some additional conditions,
local asymptotic mixed normality or periodic local asymptotic mixed normality is valid if
vy > 0, where v} is an appropriately defined quantity. As an application, the asymptotic
behaviour of the maximum likelihood estimator 97 of ¥ based on (X (t))te[—rq) can
be derived as T — oo.

1 Introduction

Consider the linear stochastic delay differential equation (SDDE)

(1.1) {dX(t) =0 [, X(t+u)a(du)dt +dW (1), teRy,

X(t) = Xo(t), t e [-r0],
where r € (0,00), (W(t))icr, is astandard Wiener process, ¢ € R, and «a is a finite signed

measure on [—7,0] with a # 0, and (Xo(t))ic[-r0 is a continuous process independent of
(W(t))ter,. The SDDE (1.1) can also be written in the integral form

12) X(t) = Xo(0) + 9 [y [ X(s+w)a(du)ds + W(t), te€Ry,
' X(t) = Xo(1), tel—r0l.
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Equation (1.1) is a special case of the affine stochastic delay differential equation

(1.3) {dX(t) — [° X(t+u) ag(du) dt + dW(t), t € Ry,

X(t) = XO(t>a te [—’I“, 0]7

where 7 > 0, and for each ¥ € ©, ay is a finite signed measure on [—r,0], see Gushchin and
Kiichler [5]. In that paper local asymptotic normality (LAN) has been proved for stationary
solutions. In Gushchin and Kiichler [3], the special case of (1.3) has been studied with r =1,
© =R? and ay = V100 + V201 for ¥ = (¥1,95), where 0§, denotes the Dirac measure
concentrated at = € R, and they described the local properties of the likelihood function for
the whole parameter space R?. In Benke and Pap [1], a special case has been studied, where
r=1 and ay is the Lebesgue measure multiplied by 9 € R.

In each of the above papers, LAN has been proved in case of vg(?) < 0, where vy(1) is the
real part of the right most characteristic roots of the corresponding deterministic homogeneous
delay differential equation, see (1.8). It turns out that in case of equation (1.1), LAN holds
whenever v < 0, where v} is defined in (3.1), see Theorem (3.1), but it can happen that
vo(¥) = 0, see the example in Remark 3.4. Moreover, local asymptotic quadraticity (LAQ) is
shown if vj = 0, and, under some additional conditions, local asymptotic mixed normality
(LAMN) or periodic local asymptotic mixed normality (PLAMN) is valid if v} > 0, see
Theorems 3.2 and 3.3. Note that in Theorems 3.2 and 3.3 we have v} = vy(?)), see Remark
3.4. The definition of LAN, LAQ, LAMN and PLAMN can be found in Le Cam and Yang [7]
and Gushchin and Kiichler [3].

The solution (X (t))ier, of (1.1) exists, is pathwise uniquely determined and can be
represented as

XD(t) = 20,9(t) Xo(0) + 0 : Zo9(t +u— 5)Xo(s)dsa(du)
(1.4) /[’"’0] /“

+ W(t —s)dzoys(s), te Ry,
[0,¢]

where (299(t))ic[—r00) denotes the so-called fundamental solution of the deterministic homo-
geneous delay differential equation

(1.5) {x(t) 20(0) + 19fg f[fr,O} z(s+u)a(du)ds, teR,,
z(t) = xo(t), te[—r 0]

with initial function

0, te|—r0),
5130<t> = [ )
1, t=0,
which means that zpy is absolutely continuous on Ry, wzgy(t) = 0 for t € [-r,0),

209(0) =1, and Zoy(t) = 19f[—r,0} 2o9(t + u)a(du) for Lebesgue-almost all ¢ € Ry. The



domain of integration in the last integral in (1.4) includes zero, i.e.,
¢
W(t—s)dzos(s) =W(t)+ W(t—s)dxos(s) = / xo9(t —s)dW(s), teR,.
[0,] (0,¢] 0

In the trivial case of ¥ =0, we have zgo(t) =1 forall t € R, and X©(¢) = X,(0) + W (t)
for all ¢ € Ry. The asymptotic behaviour of zg4(t) as t — oo is connected with the
so-called characteristic function hy : C — C, given by

(1.6) hy(A) :== X\ — 19/ Ma(du), AeC,
[77‘90]

and the set Ay of the (complex) solutions of the so-called characteristic equation for (1.5),
(1.7) A — 19/ e a(du) = 0,
[—T,O]

Note that a complex number A solves (1.7) if and only if (e);e[_;00) solves (1.5) with initial
function wo(t) = eM, t € [-r,0]. We have Ay # 0, Ay = Ay, and Ay consists of isolated
points. Moreover, Ay is countably infinite except the case where a is concentrated at 0, or
¥ = 0. Further, for each ¢ € R, theset {\ € Ay:Re(\) > ¢} is finite. In particular,

(1.8) vo(V) :=sup{Re(\) : A € Ay} < 0.

For A € Ay, denote by my(\) the multiplicity of A as a solution of (1.7).

The Laplace transform of (zo9(t))icr, is given by

/0 e Mg o(t) dt = oL AeC,  Re(\) > (0).
Based on the inverse Laplace transform and Cauchy’s residue theorem, the following crucial
lemma can be shown (see, e.g., Diekmann et al. [2, Lemma 5.1 and Theorem 5.4] or Gushchin
and Kiichler [4, Lemma 2.1]).

1.1 Lemma. For each ¥ € R and each ¢ € R, the fundamental solution (xo.9(t))ic[—r00)
of (1.5) can be represented in the form

ezt
Toy(t) = Res + g o(t) = Z poa(t) e + 1y (1), as t— o0,
ey ho(2) AEAy
Re(X)>c Re(X)=c

where y.: Ry — R s a continuous function with )y .(t) = o(e®) as t — oo, and for
each ¥ € R and each X\ € Ny, py is a complez-valued polynomial of degree my(\) —1 with
Pox = Pox- More exactly,

my(A)—1
Ap 16X
po(t) = Z %f()ta
=0 ’



where Agr(N), k€ {—my(N),—my(N)+1,...} denotes the coefficients of the Laurent’s series
of 1/hg(z) at z= X, i.e.,

in a neighborhood of \.

As a consequence, for any ¢ > vo(9), we have z4(t) = o(e?) as ¢t — oco. In particular,
(20,9(t))ier, is square integrable if (and only if, see Gushchin and Kiichler [4]) wvo(¢) < 0.

2 Radon—Nikodym derivatives

From this section, we will consider the SDDE (1.1) with fixed continuous initial process
(Xo(t))iej—r0- Further, for all T € Ryy, let Pyr be the probability measure induced
by (XD())errr on (C([-r,T)),B(C([-r,T)))). In order to calculate Radon-Nikodym
derivatives dP::; for certain 6,79 € R, we need the following statement, which can be derived
from formula (7.139) in Section 7.6.4 of Liptser and Shiryaev [8].

2.1 Lemma. Let 6,9 € R. Then for all T € Ryy, the measures Por and Pyr are
absolutely continuous with respect to each other, and

dPp
dPy 1

T 1 T
log —=—(X|_p.11) = (8 — 0) / Y1) dX (1) — (07 = 0) / YO (1) at
0

0

= (0 —9) /OT YO () dW (t) — %(9 —19)? /OT YO (1) dt

with
YO (t) = XDt + u) a(du), teR,.
[77"0}

In order to investigate local asymptotic properties of the family

(2.1 (Er)rer,, = (C(RL), BORL). (Bog 9 € RY) oy
of statistical experiments, we derive the following corollary.

2.2 Corollary. For each 9 € R, T eR y, r9r € R and hy € R, we have

1
(XOra) = hrdoz = Shpdor,

dPﬂ—i—m,T hr,T

1
TR,
with

T T
Ay =ror / YO AW (),  Jor=rjy / YO (t)2dt.
0 0
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3 Local asymptotics of likelihood ratios

For each A € Ay, denote by my(\) the degree of the complex-valued polynomial

Pya(t Z corett

with
my(\)—1—4
1 (z — \)fe 1 Ag_j_1-4(N) -
Coae - E' / R__€§ (h—(z)) a(du) = E E +/ wet a(dU),
v =0 J [—7,0]

where the degree of the zero polynomial is defined to be —oo. Put
(3.1) wvj:=sup{Re(N) : A € Ay, my(\) > 0}, my = max{my(\) : A € Ay, Re(\) = v},
where sup() := —oco and max() := —co.

3.1 Theorem. If ¥ € R with v} <0, then the family (Er)rer,, of statistical experiments
given in (2.1) is LAN at 9 with scaling ror =T7Y?, T € R,,, and with

Jy = /Ooo (/[—r,m 2.9t + u) a(olu))2 dt.

Particularly, if a([—r,0]) =0, then vy = —oo, my= —oo, and the family (Ep)rer,. of
statistical experiments given in (2.1) is LAN at 0 with scaling ror =T Y2, T € R,,, and
with

Jo = /Ta([—t,O])th.

3.2 Theorem. If ¥ € R with v =0, then the family (Er)rer,, of statistical experiments
given in (2.1) is LAQ at ¥ with scaling rgp =T ™1 and with

Ay = Z Cﬁ:%mi‘s/ Zim(x)m? () dZ1m(r) 0(5),
0

AEAﬂﬂﬁR)
my(N)=mj

qu = |2 dS
AEAgﬁlR
gy (A)=m
with
42 if =0,
Zo0 =9 5(Weore +Wom), if ¢ €Ryy,
Z—cp,()a Zf TS R——7



where  (WV(8))sei01];  Were(S))scp]  and  Weoim(5))sepa, ¢ € Riq, are independent
standard Wiener processes, and

Z,u(s) = /0 (s —u) dZ,0(u), sel0,1, peR, ¢eN.

Particularly, if a([—r,0]) # 0, then vi =0, m{=0, and the family (Er)rer,, of statistical
experiments giwen in (2.1) is LAQ at 0 with scaling ror =T ', T € Ry, and with

Ag = a([-r, O])/O W(s) dW(s), Jo = a([-r, O])2/0 W(s)*ds.

Note that Ay is real-valued, since

1

1
Coxm3 /0 ZIm(X),m;; (s) dZIm(X),o(S) = Coam} /0 Zlm(,\),mj; (8) dZim(n),0(9), A€ Ay.
3.3 Theorem. Let ¥ €¢ R with vy > 0. If
Hy :={Im(\) : A € Ay N (v + iR, y), my(A) =mjs} # 0,

and the numbers in Hy have a common divisor Dy (namely, they are pairwise commensurable,
and the quotients of these numbers and Dy are integers), then the family (Er)rer,, of

2m

statistical experiments given in (2.1) is PLAMN at ¢ with period Dy

T-me~%T T eR,y, and with

with scaling ryr =

2
Ay(d) = Zr/ Js(d), Jy(d) :/ e 2ot Re( Z cﬁ7A7m§U§0)ei(d—tJIm(/\)> dt,
0

AEASN(v]+iR)
Mg (A)=m

for d €0, %—7;), where
0 00
Uiﬁ) = Xo(0) + U;;/ / e MW X (5) ds a(du) + / e dW (s), A e C,
[=r,0] Ju 0

and Z s a standard normally distributed random variable independent of (Xo(t))ic[-ro and
(W(#))ter,

If Hy =10, then the family (Er)rer,, of statistical experiments given in (2.1) is LAMN
at ¥ with scaling rgp =T e T, T €R,,, and with

2

Ny =2\ Jg,  Jy= =20ty
2vj 0

3.4 Remark. According to the definition of vy(d) and v}, we obtain vg(¥) > vj. The aim of
the following discussion is to show that wvo(¢) > v} if and only if {A € Ay : Re(\) > 0} = {0}



and Pyo =0 (and hence vy(J) =0 and vj < 0). Indeed, if vo() > v} then for all \g € Ay
with Re(\g) > v we have Py,, =0, implying

1 u
C9No,my(Ao)—1 = mAﬁ,—mﬁ()\o)(AO)/ e a(du) = 0.

[—7,0]
Here Ay _m,00)(A) # 0, since it is the leading coeflicient of the polynomial pyy, of degree
my(Ao) — 1, hence cyrgmy(rg)-1 = 0 yields f[—r,O] e*tq(du) = 0. Taking into account of the
characteristic equation, we get Ao = 0, hence {\ € Ay : Re(A) > vj} = {0}. Clearly, this
yields also vy(¢) =0 and v} < 0, and hence {A € Ay : Re(A) > 0} = {0}. Conversely, if
{A€ Ay :Re(N) >0} ={0} and Pyy =0, then, by definition, vo(d) =0 and v} < 0.

In particular, if {A € Ay : Re(A) > 0} = {0} and my(0) = 1, then vo(J) > v is

equivalent to a([—7,0]) =0, since Py = cyo0 = f[_T 0 e g(du) = a([-r,0]).

An example for this situation is, when r = 27, a(du) = sin(u)du and ¥ € (0, %), see

Example 3.6.

3.5 Remark. Using these results, we can give the asymptotic behaviour of the maximum
likelihood estimator of ¢ based on the observation (X (t)) re[1T] for some fixed 7" > 0, see,
e.g., Benke and Pap [1, Section 5.

3.6 Example. In this example we investigate the special case, when r = 27 and a(du) =
sin(u) du. The following results can be derived by applying usual methods (e.g., argument
principle in complex analysis and the existence of local inverses of holomorphic functions), see,
e.g., Reif [9, 2.4].

In the trivial case of ¥ =0 the LAN property holds due to the fact that a([—2m,0]) =0,
see Theorem 3.1. In the sequel, we suppose ¥ # 0. The characteristic function has the form

NAA(e 20 g ) £

0
ho(N) = A — 19/ M sin(u) du = A+ ’ :
—om A F O, if A= 4i.

Thus 0 € Ay, and hence vo(9) >0 for all ¥ € R. Moreover, +i € Ay if and only if ¢ = <.
Any purely imaginary zero A =iy with y € R\ {£1} of hy satisfies the system of equations

(cos(2my) — 1)0 =0,
—y3 +y + Isin(2my) = 0.

The first equation and ¥ # 0 yield y =k, k € Z. The second equation implies k3 — k = 0,
hence y # +1 yields k= 0. Thinking of the parameter ¢ = ¥(\) to be dependent on the
zero A\ of hy and allowing for complex values of 1, we have

PEREEDY

e—27r)\ -1

9N =



for A € C with Re(\) >0 and Im()) ¢ Z. We have limy_,g9(A) = —5= and limy_4;9(\) =
L hence the number of zeros of hy is constant as a function of ¥ on each of the open intervals

(=00, —5=), (=5, %) and (%,00), see, e.g., ReiB [9, Lemma 3]. Further, we have

o o
(BAZ+1)(e7 A — 1) +27(A3 + N)e 2™

(e 2> —1)2
for A€ C with Re(\) >0 and Im()\) ¢ Z. Applying e 2™ =1 — 27y + 27%y*> + O(y*) and
e 2 = e 2=l = 1 — 27r(y — 1)i — 2n%(y — 1)+ O((y — 1)), we obtain limy_,o9'(\) = —3
and limy_,; ¥(\) = 1+ % i. By the existence of local inverses of holomorphic functions, we
can define the inverse A() of 9(A) locally around ¥(—5-) and 9(1), and its derivative at

1
\ Sy - 9 V N_ 1 Lo
27 V'(0) ’ 7T Ui 1+

—5- and % are
Hence Re(N(—355)) <0 and Re(X(£)) > 0. Consequently, locally at —3=, at least one zeros

9'(\) =

27
21

of hy cross the imaginary axis from the right to the left, and locally at %, at least one zeros

of hy cross the imaginary axis from the left to the right as 1 increases. Not more than one

real zero moves into the left half plane locally at —%, and not more than two zeros move into
the right half plane locally at X, see, e.g., ReiB [9, 2.4]. Thus, we have the following cases:

(i) If ¥ < —5=, then vo(¥) >0, vo(¥) € Ay and my(ve(¥)) = 1.

(i) If ¥ =—5-, then vy(—5-)=0€A_1 and m_(0)) =2.

2 T b

)
)
(iti) If ¥ € (=55, 1), then vy(¥) =0€ Ay and my(0) = 1.
(iv) If 9 =, then vy(;) =0, 0,+i € Ay and my(0) =mi(+) = 1.
)

(v) If 9> 2L then vy(¥) >0, vo(¥) ¢ Ay and my(ve(V)) = 1.

Finally, we have to calculate my(A) for some specific A\ € Ay to derive the sign of v}.
Namely, if ¢ # —5-, then we have

0

Pyo(t) = coop0 = Aﬂ,—l(o)/ sin(u) du = 0,

—27

hence my(0) = —oo. Futhermore, if ¢ = —3=, then we have
Pfﬁ,o(t) =C_LootC- Lol

—A . ,(0) / " sin(w) du+A_y_,(0) / " usin(u) du+ Ay _,(0)1 / " sin(u) du

2 —27 T —27 T —27
= _QWA—L,—Q(O) 7& 07

hence m_1 (0) = 0. In the other cases the leading coeflicient ¢y m,)-1 does not vanish,

_ 1
thus my( 2) =my(A) — 1, consequently, we conclude the following final results:

8



i) If 0 < —%, then v} = vo(¥) >0, m} =0 and Hy = 0, hence the LAMN property
holds with scaling e @7 T cR, ..

(ii) If ¥ = —5, then v* , =wvy(—5) =0 and m_z" =0, hence the LAQ property holds
27
with scaling 771, T e R, .

(iii) If O € (—%,%), then v < 0, hence the LAN property holds with scaling 7-1/2
T € Ry, although wvy(d) = 0.

(iv) If ¥ =21, then vi =wv(2) =0 and m

= = 0, hence the LAQ property holds with
scaling T, T e R,,.

3= *

(v) If 9> 2L then vj >0, mj=0 and Hy = {ro(?)}, where ro(J) = |Im(A(¥))| is
given by Re(A\(¥)) = vj. Hence the PLAMN property holds with period -2%. and

ko (V)
with scaling e @7 T cR, ..
4 Proofs
For each ¥ € R and each t € [r,00), by (1.4), we have
YW (t) = X,(0) / 2o (t + u) du + W(t+u—s)drgy(s)a(du)
[=7,0] [=7,0] J[0,t+]

0
+ 9 / / / Zow(t +u+v—s5)Xo(s)dsa(dv) a(du).
[=r,0] J[-r,0] Jv

Here we have

0
/ / / Zog(t+u+v—s)Xo(s)dsa(dv) a(du)
[—r,0] J[-7,0] Jv

0
= / / / 2o9(t +u+v—5)Xo(s)dsa(du) a(dv)
[-r,0] J[-r,0] Jv

0
= / / Xo(s) / Zoy(t +u+v—s)a(du)dsa(dv),
[—r,0] Jv [—7,0]

and

[ ] st wan
— /Ot_r /[T,O] To9(t +u — s) a(du) dW (s) + /ttr /[st,o] o9t +u — s) a(du) dW (s)

_ [ oot +u — s) a(du) AW (s),
0 J[-r0



since t € [r,00), s € [t—rt] and w € [-r,s —t) imply t+u—s € [-r,0), and hence

To9(t +u—s) = 0. Consequently, the process (Y (t)) , has a representation

te[r,00

(4.1) Y(ﬂ)(t) = yy(t) X0(0) + 19/[ ; / yo(t +v — $)Xo(s) dsa(dv) + /0 yo(t — s)dW (s)

for t € [r,o0) with
yo(t) := / 2.9 (t +u) a(du), teR,.
[=7,0]

Applying Lemma 1.1, we obtain

3 /TWR%( o )atda s [ aete+watan

)\EA@ [—7’,0]
Here we have
Vg o(t +u)a(du) = o(e”) as t — o0o.
[_7’70}
Indeed,
lim e~ Uy o(t +u)a(du) = lim [e= Wby o (t 4+ u)]e™ a(du) = 0,
t—o00 [—7‘,0} t—o00 [—7”70]

since a is a finite signed measure on [—r,0]. Moreover,

z(t-‘ru) —1 A A
RGS( ) — Mt+u) Z 79’6( ) (t—l—u) 1-k

ho(z) oy (F1=R)!
—1—k
tﬁu—l—k—é
_ t+u
B Z A’” Za(—1—k—£)!
k=—myg(A =0

) A ke
— oAttu) Z Z #@ulkf

k‘*—mﬁ()\)
i (= e
- T e
=0 4 9\ 2
Consequently, we obtain for each 1 € R and each ¢ € R, the representation
(4.2) yo(t) = Z Poa(t)eM + Wy (t)  as t— oo,
AEAy
Re(X)>c

where Wy.: R, — R is a continuous function with Wy .(¢t) = o(e) as t — oco. Hence we
need to analyse the asymptotic behavior of the right hand side of (4.1) as 7" — oo, replacing
ya(t) by Pya(t)eM

First we derive a good estimate for the second term of the right hand side of (4.1).

10



4.1 Lemma. Let (y(t))ier, be a continuous deterministic function. Let a be a signed
measure on [—r,0]. Put

0
I(t) := / / y(t 4+ u—s)Xo(s)dsa(du), t € [r,00).
[=r,0] Ju
Then for each T € [r,00),
T
0

43 I(T)< |a|([—7’,0])/_ Xo(s)st/ y(v)2dv < Ha||/_ X0(5)2d5/0 y(v)2 dv,

/TT ()" dt < /[rﬁo](—u)|a|(du) / ° X (s)? ds /OTy(v)de

(4.4) ) .
<ol | Xafop?as [y o

where |a| and |a|| := |a|([-r,0]) denotes the variation and the total variation of the signed
measure a, respectively.

Proof. For each t € [r,00), by Fubini’s theorem,

T

I(t):/ Xo(s)/[_ Wyl )aldu) s

By the Cauchy—Schwarz inequality,

107 < [ Xo(s)ds / i ( /_m} y(t+u— ) a(du))2d5

—_r —r

¢ ¢
— [ srald@n < [ @) [ yr
[=r,0] Jt+u [—7,0] 0
hence we obtain (4.3). Moreover,

T 0 T 0
/ I(t)*dt < / Xo(s)? ds/ / / y(t+u — s)*|a|(du) ds dt,
r —r r —r J[—r,s]

11



where, by Fubini’s theorem,

/TT/:/[_Ts]y<t+“_8)2‘a’(d“)det:/_i/[_m] /rTy(t—i-u—s)th‘aKdu)ds
S s [aora [ s
:/O y(vyd”/[m]/u ds [al(du) =/OTy(v)de/[m](—u)lal(dU),

hence we obtain (4.4). O

4.2 Lemma. Let (y(t))er, be a continuous deterministic function with [ y(t)?dt < oc.
Let ¥ € R. Suppose that (Y (t))ier, is a continuous stochastic process such that

(4.5) Y (t) = y(t)Xo(0) + 9 /[_ ; / y(t+v—8)Xo(s)dsa(dv) + /0 y(t —s)dW(s)
for t € [r,00). Then
(4.6) —/ t)dt 50 as T — oo,

1 oo
(4.7) ?/ Y (t)* dt i>/ y(t)? dt as T — 0.
0 0

Proof. Applying Lemma 4.3 in Gushchin and Kiichler [3] for the special case Xy(s) = 0,
€ [-1,0], we obtain

1 T t
f/ / Z/(t—s)dW(s)dtLO as T — oo,
o Jo

%/:(/Oty(t—s)dw )dt—>/ as T — oo.
We have
%/OTy( — / £) dt 4+ X o)[l(T)+%/TTZ(t)dt+%/TT/Oty(t—S)dW(S)dt

for T'e Ry with

L(T) = %[Ty(t) dt,  TeR,,
(4.8) Z(t) = /[ 0}/ y(t +u — s)Xo(s) dsa(du), t € [r,00).

12



By the Cauchy-Schwarz inequality and by (4.4),

(T \// —dt/Ty(t)th<\/%/Oooy(t)th%O,
‘% t)dt \/ / £)2dt < \/T““”/ Xo 2ds/ y(v)2dv £ 0

as T — oo, hence we obtain (4.6). Moreover,

2

%/0 :_/ dt+[2T)+213(T)+%/TT(/Oty(t—s)dW(s)> dt

for T € Ry, with
1

B(T) = 7 [ (60)Xa(0) + 020
L) = 1 [ 00+ 020 ([ e - aws)) ar

Again by (4.4),

0< I(T) < % / 2y ()Xo (0)? + V22 (1)?) dt

2X, 2 00 9 0 00 s
< ;(0) / y(t)? dt + T192T||a|| / Xo(s)? ds/ y(v)?dv == 0
0 -r 0

as T — oo, and

(T %\/ 0) +9Z(1))2 dt /TT (/Oty(t _s) dW(s))th
ZQJ&uv

hence we obtain (4.7). O

t 2
/ y(t —s) dW(s)) dt =0 as T — oo,
0

4.3 Lemma. Let y,(t) = t*Re(c M), t e Ry, (€ {1,2}, with some ay € Zy, cs, Ny € C
with Re(A) € Ryy, € € {1,2}. Let U € R.  Suppose that (Yi(t))er,, ¢ € {1,2},
are continuous stochastic processes admitting representation (4.5) on [r,00) with y = yu,
¢ e {1,2}, respectively. Then

(4.9) tme tReAY (1) — Re(clUg)eitIm(’\l)) 250, as t — oo,

and

T
o [y a
(4.10) 0

_ /oo e tRe(A1+)2) Re(c U(ﬂ i(T—t) Im(A1) )Re(CZU(ﬂ)ei(T—t)Im(AQ)) dt 5 0
0 re ’
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as T — oo. Particularly, if c1,co € R and A, s € Ry, then

t e MY (1) 2% clU)(ff), as t— oo,

US?)USE), as T — oo.

T
Ta1azeT()\1+)\2)/ Yi (1) Ys(t) dt a8, €162
i a2 o

Proof. Note that
e ReMY, (1) — Re (e U ™) = — (1) + L(t) — Is(t),  t € [r,00),

with

0 _ ai )
Li(t) =7 / {1 - <1 -2 ; U> } Re(cleltlm(’\l)ﬂl(sw))Xo(s) dsa(dv),
—r,0] Ju

[
' S\ it Tm(Ar) — A
I(t) == / [(1 — Z) — 1] Re(cpe ™) =2) qiy(s),
0
I3(t) ::/ Re(cleitlm(’\l)_hs) dW (s).
t
By the dominated convergence theorem, I(t) =250 as t — oo. Moreover,

aq t
L(t) = Z(—l)k <O;€1>tk/0 s Re(clei“m(’\l)”\ls) dW(s) 2% 0 as t — 00
k=1

by the strong law of martingales, see, e.g., Liptser and Shiryaev [8, Chapter 2, §6, Theorem
10]. Obviously, I3(t) == 0 as t — oo, hence we obtain (4.9).

In order to prove (4.10), put
Vo(t) == Re(c, U mO)) -t e R, e {1,2}.
For each T'€ Ry, we have
T T
/ e—tRe(/\1+>\2)‘/1(T — V(T —t)dt = e~ T Re(A1+A2) / ot Re(A1+/\2)V1(t)V2(t) dt,

0 0

hence
T 00
oo TRe(uFA2) / Yi(t)Ya(t) dt — / e R R (T — V(T — t) dt
0

0

= Ji(T)+ Jo(T) + Js(t) — Jo(T) — J5(T)
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with

T
J(T) 1= T 02T Re(h+22) / [Ya(t) — 21 ROV, ()][Va(8) — 122 ROV, (1) dt,
0
T
Jo(T) 1= T2~ T Re(h+22) / [Yy(t) — t21e ReCDV; (1)]te2e! ROV (¢) de,
0

T
J5(T) i= T~ 22¢=T Re(utdo) / [Ya(t) — t22e ROV (1)]tr e ROV, (#) dt,
0

o +a2

T
J4<T) = eiTRe()\lJr)Q) / (1 — W)etRe()\l+)\2)‘/l<t>‘/2(t) dtu
0

J5(T) = / e tReMHX )V (T _ V(T — t) dt.

T
By (4.9) and L’'Hospital’s rule, J;(T) =0 as T — oo. By the Cauchy-Schwarz inequality,
| o(T)| < \/Js(T)J7(T), T € Ry, where, by (4.9) and L’Hospital’s rule,
T
Jo(T) := T2~ 2TRe(M) / [Yi(t) — toretReCy (1)) dt 25 0, as T — oo,
0
and

T
J7(T) — T—20¢2e—2TRe(/\2) / t2a262tRe()\2)V'2(t)2 dt
0

T 202
t 1
= 1—— 2R (T — )2 dt < ———— sup Va(t)? s.

teR

since (Va(t))ier is a continuous and periodic process. Consequently, Jy(T) =20 as T — oco.
In a similar way, J3(T) —>0 as T — oo, and

T a1t
tarta

J4(T> < (sup ’%(0%@)’) eTRe()\1+/\2)/ (1 _ ) ot Re(A+22) 44
0 Tar+az

teR

T t [P
= (i) [ (1 7)o
teR 0 T

as T'— oo by the dominated convergence theorem. Finally,

=T Re()\l +)\2)

© sup [Vi(O)Va(t)] 2550 as T — oo,

(M <=—
(D) Re(A1 + A2) ter

hence we obtain (4.10). O

Proof of Theorem 3.1. The continuous process (Y ¥)(t)) -
(4.1) on [r,00). The aim of the following discussion is to show that the function (yg(t))icr,
is square integrable. Let ¢ € (v},0), and apply the representation (4.2). By the definition of

admits the representation
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v}, weobtain Py, =0 foreach A\ € Ay with Re(\) > v}, and hence for each A\ € Ay with
Re(A) > ¢. Thus the representation (4.2) gives yy(t) = o(e”) as ¢t — oo. Since (yy(t))ier,
is continuous, the function (e™“yy(t))ter, is bounded, implying fo ys(t)?dt < co. Hence
we can apply Lemma 4.2 to obtain

AT——/ 2dt = —/ YD) dt + — /1/ &—%/ yo(t)? dt = Jy

as 1T — oo, where Jy >0, since 29y #0 and a # 0 implies yy # 0.

In case of ¥ = 0, we have ho(A) = A, Ay = {0}, me(0) = 1 and PFyy(t) =
Ao-1(0) [, galdu) = a([-r,0]), t € R, since 1/hg(z) = 27" yields Ap_1(0) = 1. The
assumption a([—r,0]) =0 implies Pyp =0, and hence vf = —oo and m{ = —oco. Moreover,
the assumption a([—r,0]) =0 yields

) ) [0 if te€r o00),
%@%1AmJWQ+) (du) {MFLW it te[0,r],

and we obtain the formula for .J,.

Further, the process
MO(T /1Ym ) AW (t), T eRy,
is a continuous martingale with M) (0) = 0 and with quadratic variation

(MO)(T) = / YO ar

hence Theorem VIII.5.42 of Jacod and Shiryaev [6] yields the statement. O

Proof of Theorem 3.2. For each T € R,,, we have

1 g ) 1 g v 2

The continuous process (Y ¥)(¢)) jer, admits the representation (4.1) on [r,00). We choose
c <0 with ¢ > sup{Re(A) : A € Ay, Re(A) < 0}, and apply the representation (4.2). The
assumption v} =0 yields that Py, =0 for each A € Ay with Re(\) > 0, hence we obtain

(4.11) yo(t) = > Poa(t)e"™N 4 Wy (),  teR,.
/\EAﬂﬁ(iR)

The leading term of the polynomial Py, is ¢y, ,\,mgtm"(k), thus, by the representation (4.1),
t
(4.12)  YO(1) = Z Co A m3; eltim(y) / (t — s)moe SN ATV (s) + Y (t), teR,,
AEAGN(IR) 0

g (\)=m
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where (Y(t))icr, is a continuous process satisfying

Y(t) = ng(t>X0(0) + ﬁfﬁ(t> + Lp(t) + S(t), t e [T, OO),

with
0 t
S(t) = / / volt+v — 8)Xo(s)dsa(dv),  Iy(t) = / Wyt — ) ATV (s),
[—r,0] Jv 0
Mg (A)A(ml—1) t
.S Z core(t),  L(t) = / (t — 5)eXt=9) T (s),
AEASN(R) 0
for t € [r,o0) and ¢ € Z,. The aim of the following discussion is to show that

T—2my+1) frTlN/(t)2 dt — 0 as T — oco. First we show that 7-2(m+1) f ys(t)?dt — 0
as T — oo. For each A €Ay with Re(\) =0, we have

T T
T2(my+1) / | Py (t)eM|? dt = 725+ / |Py(t)Pdt =0  as T — oo,

T

since the degree of the complex-valued polynomial Py, is my(A), which is at most m.
Moreover,

T T o0
T2(mi§+1)/ %76@)2dt<T2/ \pﬂﬁc(tfdth?/ Wy (t)*dt — 0

T T

as T — oo, since [ Wy (t)]*dt < oo, because the function (e=%|Wy . (¢)])icr, is bounded.
Thus, by the representation (4.11), we obtain 7'~2(ms+1) f yo(t)?dt — 0 as T — oco. Next,

by Lemma 4.1,
T 0 T
/ Lg(t)th<T||a||/ Xo(s)zds/ yﬁ(v)de,
r —-r 0

hence we obtain 7T—2(m5+1) fTT Iy(t)2dt —» 0 as T — co. Further, we have

E (/T Lp(t)2dt) = /j (/Ot Wyt — s)st) dt = /; (/Ot \Ifﬂ,c(u)zdu) dt
= /TT Wy o(u)? (/uT dt) du = [T(T —u) Wy (u)? du < T/f Wy o(u)? du,

hence T2 fTT Iy(t)?dt — 0 as T — co. Finally, for each A € Ay with Re()\) =0 and
each ¢ € Z, with £ <m}—1, wehave T72my+D fDT L(H)?dt =50 as T — co. Indeed,

—1 ' 1 ’ ' 20
i ® (| 1020) = g [ ([ 0o

1 T t o 1
T /0 (/0 ! du) U= Doz 7Y s T
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Hence we conclude T~2m3+1) fOTEN/(t)2 dt =50 as T — .

Introduce the complex-valued processes (Z,(t))er,, ¢ € R, £ € Z,, by

Zyp(t) = /Ot(t —s)fe AW (s).

Note that Zyo = W. Foreach T € R, consider the complex-valued processes (Zg,g(t))se[o,u,
¢ €R, (€ Zy, and the real-valued process (X7(s))sep1), defined by

1 ° —iTpu
Z86) = iy ZoalTs) = [ (s = e QW (w),
T T3 0
XT<5) = E Cﬁ,k,mzeiTSIm(A)Zﬂl(A),mg(5)-
AEAN(IR)
My (A)=mj

Then, for each T € R,,, we have
w1 t ~
YO (t) = rmita XT (T) +Y(t), teRy,
and hence,

Agr = % /O ' XT<%> AW (t) + 1,(T) = /0 " XT(s)dWT(s) + L(T),

1 (7 £ |2 1
JM:—/ ‘XT<—>‘ dt—|—2[2(T)—|—[3(T):/ 1XT(s)[2ds + 20o(T) + Iy(T),
' T 0 T 0

with

L(T) ::#/OT?(t)dW(t), L(T) = — /OTRe(XT(%>%>dt,

- * | 3
Tmsyt3

1 T e
Introducing the process
t
YT(t) ::/ XT(s)dW™(s), teR,, TeR,,,
0
we have .
[ XToras =TT, teR.  TeRe,
0

where ([U,V](t))icr, denotes the quadratic covariation process of the processes (U(t))er,
and (V(t))ier,. Moreover,

t
YT(t): Z Cﬁ,A,m;;/O elTSIm(A)Zgn(A),mE(S> dWT(3>

)\GAﬁﬂ(iR)
Mg (A)=my

t @
= Z Cﬂ,A,mg/ Zﬂl(k),mg(s) dZ{n0(8)-

AEAYN(IR) 0
my (A)=mj
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By the functional central limit theorem,
(Zinnyo s A € Ao N (R)) — (Zmn)

since

Zio(s) = /OS cos(Tpu) dW (u) — i/os sin(T'ou) dW (u),

for all s€[0,1], o€ R and T € R,,, and

/ cos(T'pyu) cos(Tpou) du = [cos(T'(¢1 —
0

,0 . )\ € Aﬂm (1R)),

as 1T — oo,

Z%,0(s) = Z[o(s

~—

)

pa)u) + cos(T(p1 + @2)u)] du

— 3, if o1 = @,

2T (p1— eoz)

1
2
sin 2T<pls
4T<P1
Sln(T Pp1—p2)s
1
— [cos(T
2 (o1 —

/ sin(T'pyu) sin(Tpou) du =
0

sin(27Tp15)
4T801

sin(T'(p1—p2)s

S
_)57

SIH(T(GD1+<02) ) if o1 # oo

2T (p14+p2) — 0,

pa)u) — cos(T(p1 + @2)u)] du

if Y1 = P2,

2T (p1— 502)

{
/ sin(T

/ sin(Tp1u) cos(T'pou) du =
0

1—cos(

_ sin(T(prter)s)

— 0,

if 1 # @2,

2T (p1+p2)

(01 + 2)u) +sin(T(p1 — @2)u)] du

if 1=

1
2
1—cos 2Tg013
4T(p1
2T (p1+p2)
as T — oo forall s€[0,1] and ¢1,p2 € Ry.

(ZEH(A),Ov ZII;H(,\),m19 TAENN (iR)) —

<p1+eoz)8) + 1= —cos(T(p1—p2)s) —0,

(Z1m(0),0 Zm()my : A € Ay N (iR)),

2T (p1—p2)

Consequently,

and hence, by [t0’s formula and the continuous mapping theorem,

yT 2y

with
Y(t) =

AEAHN(IR) 0

Mg (A)=m}

as T — oo

> Cﬂ,k,m:‘,/ Zim(n)m3 (8) dZ1m(x).0(8)-

Further, by Corollary 4.12 in Gushchin and Kiichler [3],

(YT, YT(1) = 1), [P Y]) s
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We also have

t
V) = Tigens.sg-mgponms | Znm () V()
0

t
+ ﬁ Z [/o (Cﬂ,x,mgzlm(A),m;;(S) + Coams Zlm(,\),m;;(s)> AWim(2),Re(5)

AEAYN(IR44)
g (N)=m

t
+ / (_cﬁ,)\7mf921m()\),m1*9(3) + Cﬁ,A,mj;ZIm()\),mg(s)> dWIm()\),Im(3>:|
0

t
= L{oeAy, i (0)=m3}Co,0,m, / Zo,ms(5) AW(s)
0

+\/§ Z |:/0 Re(ng)\m*ZIm( A),m ( )) dWIm()\)Re( )

AeAYN(IR44)
g (N)=m

t
_/ Im(cﬁ,)\,migzlm()\),m:;(s)) dWIm()\),Im(S) ,
0

hence

1
. 9)(1) = Loens, mo0)2m3) B / Zoums (3)7 ds

1 1
+ 2 Z |:/ Re (0197)\77”1*9 Zlm()\),mz; (S))2 ds + / Im(Cg,A7mEZIm(A)7m§ (8))2 ds
0

AEA@OOR++)
My (A)=m}

A€AyN(iR)
my(N)=m

()\)7m§ (8)’2 dS.

Recall that I3(7T) 250 as T — oo, which also implies I; (T) 250 as T — oco. Further,

|12(T)|<\/7%/0T‘XT<%>‘2&/0| (t)2dt = \// X7 (s |2ds—/ Y ()2 dt = 0

as T — oo, hence we obtain

(A@}T, J@T) i) (Aﬁ, Jﬁ) as T — oo.

Moreover, we have Jy > 0 almost surely. Indeed, Jy = 0 would imply fo | Zim(n) mﬂ(s)] ds=0
for all A € {A € Ay (iR) : my(A) = mj}, which, in turn, would imply Zpms(s) =0 for

20



all s €[0,1]. But this is in a contradiction with the fact that Zj,)ms is a non-degenerate
Gaussian process. O

Proof of Theorem 3.3. We have
T
Jﬁ,T — T_Qmﬂe_QvﬂT/ Y(ﬁ) (t)2 dt, T e R+~
0

The process (YD (t))iep00) admits the representation (4.1). We choose ¢ < v} with ¢ >
sup{Re(A) : A € Ay, Re(\) < vj}, and apply the representation (4.2). By the definition of v},
we obtain Py, =0 for each X\ € Ay with Re(\) > v}, hence we obtain

my(vy)

(4.14) yg(t) = Z Co L teeM + \Ilﬁ’c(t), t e R+.
AeAyN(vi+iR) £=0

For each A € Ay and (€ {0,...,my(N)}, we have
conetie + Coe et = ¢ (coree™ +coaeeM)
= 2t* Re(clg#\’g e’\t) =t [Re(cﬂ,u e’\t) + Re(cﬂ’m eXt)},
hence (4.14) can also be written in the form
Mg ()
Yyo(t) = Z Z t*Re(coree™) + Wy (t), teR,.

AEAGN (v +iR) £=0

Consequently, by the representation (4.1), we have

(4.15) YD) =Y () +Y(t), teRy,

with

AEAGN(v}+HR) =0

where the continuous processes (Yyae(t))ier,, A€ A, €€ {0,...,my(vy)}, and (?(t))teR_'_
admit representation (4.5) on [r,00) with y(t) = t' Re(coae™), X € A, £ € {0,...,my(v3)},
and with y(t) = Uy .(t), t € Ry, respectively. The aim of the following discussion is to show
that T-2m5e= 20T fOT Y ()2 dt 50 as T — oco. We have

V() 1= Uo (D Xo(0) + DLp(t) + Iu(t),  tE [r,00),

with

Iy(t) = /[ ; / Uy o(t+v—5)Xo(s)dsa(dv), Iy(t) == /Ot Uy (t—s)dW(s).
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The function (e “Wy.(t))icr, is bounded, hence |Uy.(t)] < Ce® for all t € Ry with
C 1= sup,cg, e Wy (t)] < oo, hence
2

T T
* * * C *
T_2m19e_2”19T/ \Ilig,c(t)2 dt < e_zvﬁT/ C?e*t At = 2—6_2(”79_C)T — 0 as T — oo.
r 0 c

Next, by Lemma 4.1,
T 0 T
/ Lg(t)2 dt < rall / Xo(s)2 ds/ 1/)19(0)2 dv,
r —r 0

hence we obtain T 2mse= 2T fOT Ly(t)?dt = 0 as T — oo. Finally, by (4.13),
T=2mse=2vsT fOT Ig(t)?dt — 0 as T — oo, and we conclude T—2m9e=2viT fOT?(tV dt 50
as 1" — oo.

Applying Lemma 4.3, we obtain
T
T_el —b e_QvﬂT / Y197)\1741 (t)Yﬁ7A2742 (t) dt
0

—/ e 2upt Re(cig,,\hglUif)ei(T’t)Im(h))Re(c@,\Q,bU}(\f)ei(T’t)Im(’\Q))dt 250
0

as T — oo for each A, A2 € A with Re(\) = Re(X2) = v} and ¢ € {0,...,my(\)},
Uy € {0,...,my(A2)}. Consequently,

2
T [e'e)
T2 e 2T / Y (t)*dt — / e—2”$t< > Re(cﬁ,A,mz;Uiﬁ’e”—t”m“))) dt 2% 0
0 0

AEA SN (v +iR)

as T — oo, hence we obtain Jyr — Jy(T') 2% 0 as T — oo. Since Hy # 0 and the
numbers in Hy have a common divisor Dy, the process (Jy(t))ier, is periodic with period

é—’;, and, by Theorem VIII.5.42 of Jacod and Shiryaev [6], we conclude

(Do kprdr Jospid) — (Dg(d), Jo(d)) as k — oo

for all d e [0, é—’;) Moreover, we have Jy(d) > 0 almost surely for all d € [0, %—’;) Indeed,
if Jy(d) =0 almost surely for all d € [0, [2)—’;), then

AeAYN(v;+iR)
Mg (X)=myj

for all d € [0, [2)—’;) and ¢ € R, ;. But thisis in a contradiction with the fact that the left-hand
side is a Gaussian random variable with variance
2

/ Re Z Cﬁ)hm‘igei(d_t) Im(A)e—)\s ds 7é 0.
0

AEAHN(v5+iR)
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Consequently we obtain that the family (&r)rer,, is PLAMN at o.
If Hy=0, then AyN (v)+iR) = {v)} and my(v)) =mj}, thus
T2m0e2”19T/ Y (t)?dt 2% e’2”ﬂt(cﬁ,v;;7m§UA(ﬁ)) dt = Jy, as T — oo.
0 0

By Theorem VIIIL.5.42 of Jacod and Shiryaev [6], we conclude
(Dgr, Jor) = (Dg, Jy)  as T — oo,

and we obtain that the family (&r)per,, is LAMN at . O
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