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The Radon transform on half sphere

�Arp �ad Kurusa

Abstract. The Radon transform that integrates a function in Sn , the n-
dimensional sphere, over totally geodesic submanifolds with codimension 1,
the great circles, and the dual Radon transform are investigated in this paper.
Inversion formulas, range spaces and null spaces are given.

0. Introduction

In this article we investigate the Radon transform and its dual on the sphere.
The Radon transform on the 2-sphere was �rst considered by Funk in [6] and then
generalized by Helgason [11]. The main question is the invertibility of the transform
and due to [7], [9], [12] some inverse formulas are known in odd and even dimension.

The method of the spherical harmonics was used several times in the case
of Euclidean space [16], [18], [19] and proved very useful to answer almost any
question. We shall show out in this paper that this theory works just as good
on the sphere as it did on the Euclidean and hyperbolic space [15], [16]. Our
considerations lead us to new inversion formulas and to a better understanding
of the Radon transform and its dual. Furthermore, our closed inversion formulas
settle the question [13] whether the inverse transform is local or global by giving
its precise structure. (For newer results this path lead to, see references quoted
with letters.)

If f is a function de�ned on � n , the open half of the n -dimensional sphere
Sn , the Radon transform of f is a function Rf de�ned on the half great circles,
the totally geodesic submanifolds of �n with codimension 1. The value of Rf at a
given half great circles is the integral of f over that half great circles.

The dual Radon transform R� F of a function F de�ned on the set of half great
circles is a function on � n . The value of R� F at a given point X is the integral
of F over the set of half great circles passing throughX by the surface measure of
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Figure 1.

Now let us take a rectangular geodesic triangle on the half sphere �n . One
can see on Figure 2 this situation, whereh = d ( O ; H ), d = d ( H ; X ), x = d ( O ; X )
( d =distance), � is the angle H O X 6 and � is the angle H X O 6 . Then the sine
and the cosine rules on sphere imply that

(1: 1) tan x =
tan h

cos�

(1: 2) sin d =
sin �

p
1 + cos2 � cot2 h

(1: 3) cos� =
sin �

p
1 + cos2 � tan2 x

.

Figure 2.

To get explicitly the Radon and boomerang transforms in � n , we parameterize
the set of totally geodesic submanifolds of �n by Sn � 1 � [0; �

2 ) in such a way that
� ( ! ; h ) denotes the totally geodesic submanifold� perpendicular to the geodesic
passing through the origin with tangent vector ! at distance h from the origin.
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A complete orthonormal system in the Hilbert space L2(Sn � 1) can be chosen
consisting of spherical harmonicsYl;m , whereYl;m is of degreem. If Yl;m is a mem-
ber of such a system,f 2 C1 (Sn � 1 � [0; 1 )) and p 2 [0; 1 ) let the corresponding
coe�cients of the series in this system for f (!; p ) be f l;m (p). Then the series

1X

l;m

f l;m (p)Yl;m (! )

converges uniformly absolutely on the compact subsets of Sn � 1 � [0; 1 ) to f (!; p )
[18].

Below we use the expansions

f ('; q ) =
1X

m = �1

f m (q) exp(im' ) and f (!; q ) =
1X

l;m

f l;m (q)Yl;m (! )

in dimension 2 and in higher dimensions, respectively. These expansions will be
used for the Radon and boomerang transforms Rf and Bf as well.

Proposition 2.3.
i) If f ('; p ) 2 L2(� 2) �= L2(S1 � [0; �

2 )) then

(r) (R f )m (h) = 2
Z �= 2

h
f m (q)

cos(m arccos(tanh=tan q))

cosh
p

1 � tan2 h=tan2 q
dq:

ii) If n > 2, f (!; p ) 2 L2(� n ) �= L2(Sn � 1 � [0; �
2 )) and � = ( n � 2)=2 then

(rn) (R f ) l;m (h) =
jSn � 2j
C�

m (1)

Z �= 2

h
f l;m (q)C �

m

� tan h
tan q

��
1 �

tan2 h
tan2 q

� n � 3
2 sinn � 2 q

cosh
dq;

where jSk j is the area of Sk .

Proof. If n = 2 substituting the expansions of f and Rf into the formula of
Lemma 1.1. we get

(Rf )m (h) =
Z �= 2

� �= 2
f m

�
��
� tan h

cos�

�� 1=sinh
1 + cos2 � cot2 h

exp(im� ) d�:

Putting q = �� ( tan h
cos � ) (cos� = tan h=tan q) this becomes (r ).

Writing the expansions of f and Rf into the formula of Lemma 1.1 the Funk-
Hecke theorem [21] gives

(Rf ) l;m (h) =
jSn � 2j
C�

m (1)

Z 1

0
f l;m

�
��
� tan h

t

��
C�

m (t)(1 � t2)
n � 3

2
(t2 cot2 h + 1) � n= 2

sinh
dt:

Putting q = �� ( tan h
t ) ( t = tan h=tan q) this becomes (rn) which was to be proved.
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Corollary 2.7. If f 2 C1
c (� n ) and � = 2 > A > 0 then the values ofR f ( ! ; p ) for

� = 2 > p � A determine f ( ! ; p ) for � = 2 > p � A . If R f ( ! ; p ) = 0 on this domain,
then f ( ! ; p ) = 0 too.

Corollary 2.8. If f 2 C1 (� n ) and � = 2 > A > 0 then the values ofB f ( ! ; p ) for
0 � p � A determine f ( ! ; p ) for 0 � p � A . If B f ( ! ; p ) = 0 on this domain, then
f ( ! ; p ) = 0 too.

3. Null spaces and ranges

Our �rst proposition in this section establishes the continuity of the Radon
and boomerang transforms. Let ( ! ; p ) denote the surface from the points of which
the geodesic segment joiningO and �� � i � ( ! ; p ) can be seen at 90� degrees.

Proposition 3.1. Let S be a measurable set in� n , n � 3. The maps

R: L2( S ; sinn � 1 � x dx ) ! L2( S R ) and B: L2( S ; sin1� n � x dx ) ! L2( S B)

are continuous, where

S R = f ( ! ; p ) 2 Sn � 1 � [0; � = 2): � ( ! ; p ) \ S 6= ;g

S B = f ( ! ; p ) 2 Sn � 1 � [0; � = 2):  ( ! ; p ) \ S 6= ;g ;

� x is the distance of x from the origin and dx is the Lebesgue measure on� n .

Proof. We can assumeS = � n without loss of generality. By the orthogonality of
the spherical harmonics Y l;m it is enough to prove for f ( ! ; p ) = h ( p ) Y l;m ( ! ) that

kR f k2L2 (Sn � 1 � [0;�= 2)) � 16jSn � 2j2kf k2L2 (� n ;sinn � 1 � x d x):

Using (rn) we see that

kR f k2L2 (Sn � 1 � [0;�= 2)) = 4k(R f ) l;m k2L2 ([0;�= 2)) =
4jSn � 2j2

(C �
m (1))2

�

�
Z �= 2

0

1
cos2 h

�Z �= 2

h
h ( q )C �

m

�tan h

tan q

��
1 �

tan2 h
tan2 q

� n � 3
2

sinn � 2 q dq
� 2

dh:
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4. Closed inversion formulas

Theorem 4.1. For n � 2 and f 2 C1 (� n ) if n is odd then

f (�!; t ) = ( � 1)
n � 1

2
21� n

� n � 1 � 1� 3 � � � � n � 2

�
B

�
Rf (!; h )

cot2� h
sinh

�
(�!; t ) sinn � 1 t

�
:

If n is even then

f (�!; t ) = ( � 1)
n � 2

2
21� n

� n

d
dt

� 2� 4 � � � � n � 2

�
B

�
H

D
Rf (!; h )

cot2� h
sinh

E�
(�!; t ) sinn � 1 t

�
;

where theH distribution is

Hhf i (!; h ) =
1

cos2 h

Z �= 2

� �= 2
f (!; r )

1
tan r � tan h

dr:

Proof. We start with the case of odd dimension, when Theorem 2.5 tells us that

f l;m (t) = CD
Z �= 2

t
(Rf ) l;m (h)C �

m

� tan h
tan t

�� tan2 h
tan2 t

� 1
� n � 3

2 sinn � 2 t
sinh

cotn � 2 h dh;

whereC = �( m +1)�( � )
2� n= 2 �( m + n � 2) and D = � 1� 3 � � � � n � 2. The integral

R�= 2
t can be modi�ed

by making use of
R�= 2

t =
R�= 2

0 �
Rt

0 that yields

(� )
f l;m (t) = I + ( � 1)

n � 1
2 CD

Z t

0
(Rf ) l;m (h)C �

m

� tan h
tan t

�
�

�
�

1 �
tan2 h
tan2 t

� n � 3
2 sinn � 2 t

sinh
cotn � 2 h dh;

where

I = CD
Z �= 2

0
(Rf ) l;m (h)C �

m

� tan h
tan t

�� tan2 h
tan2 t

� 1
� n � 3

2 sinn � 2 t
sinh

cotn � 2 h dh:

Using (rn) and reversing the order of integrations one gets thatI is proportional
to

Z �= 2

0
f l;m (q) sin2� q

Z q

0
C�

m

� tan h
tan q

��
1 �

tan2 h
tan2 q

� n � 3
2

�

� D
�

C�
m

� tan h
tan t

�� tan2 h
tan2 t

� 1
� n � 3

2
sin2� t

�
cotn � 1 h

cos2 h
dh dq:
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