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Support theorems for totally geodesic Radon transforms
on constant curvature spaces

�Arp �ad Kurusa

Abstract. We prove a relation between the k-dimensional totally geodesic
Radon transforms on the various constant curvature spaces using the geodesic
correspondence between the spaces. Then we use this relation to obtain im-
proved support theorems for these transforms.

0. Introduction

Let M n be an n -dimensional simply connected Riemannian manifold of con-
stant curvature � . Normalizing the metric so that � = � 1; 0 or +1 we have to deal
only with the hyperbolic space H n (� = � 1), the Euclidean space R n (� = 0) and
the sphere S n (� = +1).

For a �xed k (1� k � n � 1) let � be an arbitrary totally geodesic submanifold
of M n of dimension k . The k -dimensional totally geodesic Radon transform R f of
f 2 L 2 (M n ) is de�ned by

(0: 1) Rf (� ) =
Z

�
f (x ) dx;

where dx is the surface element on � induced by the metric of M n [6].
Our �rst goal in this paper is to prove a link between these Radon transforms

taken on di�erent constant curvature spaces. The pro of is based on the geodesic
corresp ondence between the spaces [10]. The idea to use projection from constant
curvature spaces to Euclidean spaces appeared also in [3,11].

The connection, established in Theorem 2.1 allows one to transp ose results
from one space to the other, hence it can be used to get inversion formulas, range
characterizations [1] and so on. We shall use it to obtain supp ort theorems.
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Figure 1. The geometric meaning of the function ~� can be read o� this �gure,
where the quadratic model of the hyperbolic space and the sphere in R n +1 [5] is
`projected' to the hyperplane R n , determined by the equation x n +1 = 1, by the
straight lines through the origin of R n +1 . For further details see the subject of the
projective realization of constant curvature spaces in standard textbooks.

From the Figure 1 one can easily read o� the entries of the table

M n � � �
H n � 1 sinh r tanh r
R n 0 r r
P n +1 sin r tan r :

The point is that the geodesics in M n are precisely the nonempty intersections
of M n with the two-planes through the origin of R n +1 .

We shall need the following easy consequence of Schneider’s result, and also
Helgason’s supp ort theorem for the Euclidean space, that we recall after the pro of.

Lemma 1.1. Let k � n � 2, B be a spherical cap, and let the functionf 2 C(Sn )be
symmetric. If the integrals of f is zero over all the k -dimensional great subspheres
� not intersecting the spherical cap B then f is zero outside B and its antipodal
spherical cap.

Proof. Let S k +1 be such an intersection of S n with a ( k +2)-dimensional subspace
of R n +1 that does not intersect the spherical cap B . Then no k -dimensional great
subsphere � of Sk +1 intersects B , hence all the integrals of f 2 C(Sn ) over the
hypersubspheres of S k +1 vanish. Therefore f � 0 on S k +1 by [12] that proves the
lemma.
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3. The support theorems

In principle, in this section we only transpose the known results Lemma 1.1
and Theorem 1.2 from their spaces to other spaces via our Theorem 2.1.

Theorem 3.1. Let k � n � 2 and assumeg 2 C(M n ) satis�es the following condi-
tions:

(i) The function g(!; r )� k+1 (r ) tends to a �nite number G(! ) for each ! 2

Sn � 1 � TO M n as
�

r ! �= 2 if � = +1
r ! 1 if � = 0 ; � 1

�
and G(! ) = G(� ! ).

(ii) ~Rk g(� ) = 0 for each k-dimensional totally geodesic� with j� j > 1.
Then g(!; h ) = 0 for h > 1.

Proof. If � = +1 consider the function h: Sn �! R de�ned on the open upper
half of Sn by g(!; r ), on the open bottom half of Sn by the reection of the upper
half with respect to the center of Sn , and on the equator by G(! ). Then h is
a symmetric continuous function on Sn because of (i) and of� (�= 2) = 1, hence
Lemma 1.1 gives the assertion.

If � = 0 consider the function h: Pn �! R de�ned by h(~� � 1(x)) = g(x)(1 +
jxj2)

k +1
2 where ~� corresponds toPn . By Theorem 2.1, then (Rk g)( � )

p
1 + j� j2 =

( ~Rk h)(~� � 1(� )) derives. Thus to get the statement of the theorem we only have to
verify if the function h satis�es our theorem's condition (i). Using its de�nition in
polarcoordinates,h(!; r ) = g(!; tan r )(1 + tan 2 r )

k +1
2 , this is done by

lim
r ! �

2

h(!; r ) sink+1 r = lim
r ! �

2

g(!; tan r )(1 + tan 2 r )
k +1

2

= lim
t !1

g(!; t )(1 + t2)
k +1

2 = lim
t !1

g(!; t )tk+1 = G(! );

where the last equation comes just from the condition (i) ong.
If � = � 1 consider the functionh: Bn �! R de�ned by g(~� � 1(x)) = h(x)(1 �

jxj2)
k +1

2 . Then

h(!; tanh r ) =
g(!; r )

(1 � tanh2 r )
k +1

2

in polar coordinates and Theorem 2.1 gives (Rk h)( � )
p

1 � j � j2 = ( ~Rk g)(~� � 1(� )) :
Thus the statement of the theorem will follow after the veri�cation of our theorem's
condition (i) on h. To do this an easy observation is that

lim
t ! 1

h(!; t ) = lim
r !1

g(!; r )

(1 � tanh2 r )
k +1

2

= lim
r !1

g(!; r ) coshk+1 r = lim
r !1

g(!; r ) sinhk+1 r = G(! ):
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