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Abstract. We remark the incorrectness of some recent results concerning
AZ-strong convergence. We give a new appropriate definition for the A2-strong
convergence by generalizing the original A-strong convergence concept given by
F. Moéricz.

1. Preliminaries

We are interested in the results of [1] and [2]. In [2], several results were
proved using the notion of A-strong convergence defined there. It is essen-
tial to remind the reader of the definition. Let A ={\x: k=0,1,...} be
a nondecreasing sequence of positive numbers tending to co. A sequence
X ={zr: k=0,1,...} of complex numbers converges A-strongly to a com-
plex number x if

n—oo

1 n
lim X kzo ‘)\k(.’ﬂk —x) — Np—1(T—1 — x)} =0

with the agreement A\_; =x_; =0.
The two basic results proved in [2] were the following.

LEMMA M1. A sequence X converges A-strongly to a number x if and

only if
(i) X converges to = in the ordinary sense, and

n—o00 A\,

N 1
(ii) lim — Z Ae—1|xp — xp—1] = 0.
k=1
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LEMMA M2. A sequence X converges A-strongly to a number x if and
only if

1 n
Op — E Z()\k — )\k_l)xk
k=0

converges to x in the ordinary sense and condition (ii) is satisfied.

It is useful to note that A-strong convergence is an intermediate notion
between bounded variation and ordinary convergence.

Now we focus on [1]. The definition of A2-strong convergence was in-
troduced. Let A = {A\;} be a nondecreasing sequence of positive numbers
tending to oo for which Ay —2A\p_1 + Ap—2 = 0. A sequence X = {zj} of
complex numbers converges A%-strongly to a complex number x if

1 n
T}LII;O m Z ‘)\k(xk — (L‘) — 2)\]{,1(33]?,1 — x) + )\kfg(l'kfg — Jf)‘ =0

with the agreement A\ 1 = A o=2_1=1x_9=0.
The first result concerning this notion was

LEMMA BM1. A sequence X converges A?-strongly to a number z if and
only if condition (i) is satisfied and

(ii’) nh—>nt}o)\ _)\ 12)\k 1|Ik—$k 1|—0

However, the proof of Lemma BM1 is not complete in the way that only
the sufficiency part was proved in [1]. The necessity part, i.e. the satisfactory
of (i) and (ii’) for a A2-strongly convergent sequence X was not seen. In this
paper, we show that the necessity part is not true. We give a counterexample
here.

COUNTEREXAMPLE. Let z; = 47 and Ay = k+ 1. It is obvious that
A tends monotonically to co with A\ — 2A\p_1 + Ag_o = 0 satisfied. Now X
converges A%-strongly to 0 since

1 - 1 1
lim ——— k+1)—— —2k— k—1)——| = 1lim 0=0
n;ngomm_n;)’( gy 2t g \ Jim 0=0,

but (ii’) is not satisfied since

1 - 1 1 1
li k — | =1 — =
A Gy Pt fm ) gy
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In [1], the main goal was to extend the concept of A-strong convergence,
moreover to obtain similar results as in [2]. We saw above that the first
result is incorrect. If we consider the relation between A and AZ-strong
convergence, we have in [1]

PROPOSITION BM. Let sup,, )‘f\—il < K. If X converges A-strongly, then
it converges A%-strongly, but the converse is not true.

However the first statement of the proposition is proved correctly,
the example for the second part is incorrect. Example 1 was given as:
Tp = %fifﬂ and \; = 2¥, and was stated to be A%-strongly convergent but
not A-strongly convergent. This is not the case, since X converges increas-
ingly to %, which implies that X is of bounded variation, whence X is
A-strongly convergent. It seems to be unresolved if there is a sequence X
which is A%-strongly convergent but not A-strongly convergent.

2. New results

The above observations show that we need to define A%-strong conver-
gence in a different way as in [1]. Here we give an appropriate definition. Let
A = {\;} be a nondecreasing sequence of positive numbers tending to oco.
A sequence X = {z;} of complex numbers converges A2-strongly to a com-
plex number x if

n—oo

1 n
lim X kzo ’)\k(m’k —x) — Np—2(T—2 — x)} =0

with the agreement \_1 = A s =x_1 =x_9 = 0. It is easy to see that if X
converges A-strongly, then it converges A%-strongly, it is enough to consider

n

Z })\k(xk — SL’) — )\k_g(a}k_g — .SU)‘ § 2 Z ’)\k(a:k — .T) — )\k—l(mk—l — $)| .
k=0 k=0

Moreover, if X converges A%-strongly, then it converges in the ordinary sense
since

1
T —T = . Z ()\k(fk =) = Np—2(Tp—2 — 55)) :
" 0<k<n
2|n—k

Thus, A2-strong convergence is an intermediate notion between A-strong
convergence and ordinary convergence. We also give an example for a A%-
strongly convergent but not A-strongly convergent sequence.
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EXAMPLE. Let xp = (— 1)kJrl 11 and Ay = k+1. Then z =lim, z, =0

k+
and
lim — Zn: (kz+1)(—1)’“+1#—(k—l)(—l)’“i = lim 0=0
n—>oon—}—1k:O k+1 k—1| nooc ’
but
- 1 1 2n
(k+ 1) (=DM —— — k(=1)"~| = lim =2

We formulate two results analogous to Lemma M1 and M2.

LEMMA 1. A sequence X converges A%-strongly to a number = if and
only if condition (1) is satisfied and

(IT) lim —Z/\k olxg — xp—2| = 0.
" k=2
PrRoOOF. The representation
Me(wp — ) = Ap—2(Tp—2 — 2) = (Ap — Mp—2) (@ — 2) + Mp_2(2p — Tp—2)

implies both

n

1
)\7 })\k(l’k - (E) — )\k,Q(xk,Q — l’)‘
" k=0
1 n
= )Tnz (A — Ak—2) |$k_$|+7z)\k o|Tp — Tp—2
k=0
and
Ly sl |
N, k—2|Tk — Tk—2
k=2
1 & 1 &
é )\7 ‘)\k(xk — (L‘) — /\k,Q(a}k,Q - x)‘ + )\7 Z()\k - )\kfg)‘wk — (IZ‘
" k=0 " k=0

Using the above inequalities together with the fact that for any x; converg-
ing to x it is known that

1 n
lim Tnz: )\k_)\k 2 |.§Uk—:L’|—0

n—00
k=0
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we get the necessity and the sufficiency of the two conditions (i) and (II).
]

LEMMA 2. A sequence X converges A%-strongly to a number = if and
only if

1
Opn i— 7 Z ()\k — )\kfg)l'k

" 0Zk<n
2ln—k

converges to x in the ordinary sense and condition (II) is satisfied.

ProOOF. Clearly,

1
Tp — Op = 7 Z ()\k - Ak—?)(xn - wk)

™ 0<k<n
2ln—k
1
bW ST k= dem2) D (w5 —xi)
0<k<n k+2<j<n
2ln—k 2ln—j
1 1
bW So(wi—mia) >, k= Ma) = o > Nja(my—aja).
25j<n 0Sk<j—2 255<n
2ln—j 2ln—k 2ln—j

Hence

limsup |z, — op| < limsup 1 Z Ae—2|xp — Tg—2|-
According to Lemma 1, for the necessity part, it is enough to see the that
lim,, 0,, = =, which comes from the above inequality, (II) and lim,, z,, = z.
For the sufficiency part, we only need lim, x,, = x, which comes from the
above inequality, (IT) and lim,, 0, = z. O

We remark that we can also define A"-strong convergence for an arbi-
trary integer r = 3. We can say, that for a A = {\;} nondecreasing sequence
of positive numbers tending to oo, a sequence X = {x} of complex numbers
converges A"-strongly to a complex number z if

n

1
lim X Z |)\k(xk — ) — Mo (Tp—y — w)‘ =0

n—00
k=0

with the agreement Ay =...= A, =2_1 =...=2_, = 0. One can easily
show that these convergence notions are also intermediate notions between
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A-strong convergence and ordinary convergence. Moreover, the following
two analogous results can be shown in a similar way as above.

PROPOSITION 1. A sequence X converges A"-strongly to a number x if
and only if condition (i) is satisfied and

1 &
/ : _
(IT") nh_rgo A, g Me—r|TE — 28| = 0.
=r

PROPOSITION 2. A sequence X converges A" -strongly to a number x if
and only if

1
Op = )\7 Z ()\k» — )\k_r)xk
" 0<k<n
rln—k

converges to x in the ordinary sense and condition (II') is satisfied.
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