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Abstract

Classical solutions to PDEs with discrete state-dependent delay are studied. We prove
the well-posedness in a set Xz which is analogous to the solution manifold used for ordinary
differential equations with state-dependent delay. We prove that the evolution operators are

Cl-smooth on the solution manifold.

Keywords: parabolic partial differential equations, state dependent delay, solution mani-
fold.
2010 MSC: 35R10, 93C23.

1. Introduction

Differential equations play an important role in describing mathematical models of many real-
world processes. For many years the models are successfully used to study a number of physical,
biological, chemical, control and other problems. A particular interest is in differential equations
with many variables such as partial differential equations (PDE) and/or integral differential
equations (IDE) in the case when one of the variables is time. Such equations are frequently
called evolution equations. They received much attention from researchers from different fields
since such equations could (in one way or another) discover future states of a model. It is
generally known that taking into account the past states of the model, in addition to the present
one, makes the model more realistic. This leads to the so-called delay differential equations

(DDE). Historically, the theory of DDE was first initiated for the simplest case of ordinary
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differential equations (ODE) with constant delay (see the monographs [2, 7, 4, 11] and references
therein). Recently many important results have been extended to the case of delay PDEs with
constant delay (see e.g., |24, 6, 23, 27]).

Investigating the models described by DDEs it is clear that the constancy of delays is an
extra assumption which significantly simplifies the study mathematically but is rarely met in
the underlying real-world processes. The value of the delays can be time or state-dependent.
Recent results showed that the theory of state-dependent delay equations (SDDE) essentially
differs from the ones of constant and time-dependent delays. The basic results on ODEs with
state-dependent delay can be found in [5, 12, 15, 10, 14, 25] and the review [8]. The starting point
of many mathematical studies is the well-posedness of an initial-value problem for a differential
equation. It is directly connected with the choice of the space of initial functions (phase space).
For DDEs with constant delay the natural phase space is the space of continuous functions.
However, SDDEs non-uniqueness of solutions with continuous initial function has been observed
in [5] for ODE case. The example in [5] was designed by choosing a non-Lipschitz initial function
¢ € C[—h,0] and a state-dependent delay such that the value —r(p) € [—h,0] (at the initial
function) is a non-Lipschitz point of ¢. In order to overcome this difficulty, i.e., to guarantee
unuique solvability of initial value problems it was necessary to restrict the set of initial functions
(and solutions) to a set of smoother functions. This approach includes the restrictions to layers
in the space of Lipschitz functions, C'! functions or the so-called solution manifold (a subset
of C'[—h,0]). As noted in [8, p.465] "...typically, the IVP is uniquely solved for initial and
other data which satisfy suitable Lipschitz conditions." The idea to investigate ODEs with state-
dependent delays in the space of Lipschitz continuous functions is very fruitful, see e.g [15, 25].
In the present work we rely on the study of solution manifold for ODEs [12, 14, 25]

The study of PDEs with state-dependent delay are naturally more difficult and was initiated
only recently [17, 18, 19, 20, 21, 22|. In contrast to the ODEs with state-dependent delays,
the possibility to exploit the space of Lipschitz continuous functions in the case of PDEs with
state-dependent delays meets additional difficulties. One difficulty is that the solutions of PDEs
usually do not belong to the space of Lipchitz continuous functions. Another difficulty is that
the time-derivative of a solution belongs to a wider space comparing to the space to which the
solution itself belongs. This fact makes the choice of the appropriate Lipschitz property more
involved, and it depends on a particular model under consideration. It was already found (see
[20] and [22]) that non-local operators could be very useful in such models and bring additional
smoothness to the solutions. Further studies also show that approaches using C'-spaces and
solution manifolds (see [25] and [8] for ODE case) could also be used for PDE models, see
[20, 22]. In this work we combine the results for ODEs [12, 14, 25| and PDEs |20, 22].

We also mention that a simple and natural additional property concerning the state-
dependent delay which guarantees the uniqueness of solutions in the whole space of continuous

functions was proposed in [19] and generalized in [21]. We will not develop this approach here.



Our goal in this paper is to investigate classical solutions to parabolic PDEs with discrete
state-dependent delay. We find conditions for the well-posedness and prove the existence of a
solution manifold. We prove that the evolution operators Gy : Xp — Xp are C''-smooth for all
t > 0. Our considerations rely on the result [25] and we try to be as close as possible to the line
of the proof in [25] to clarify which parts of the proof need additional care in the PDE case. As
in [20, 22| it is shown that non-local (in space coordinates) operators are useful in our case. We
notice that in [20, 22] neither classical solutions nor C''-smoothness of the evolution operators
were discussed. In the final section we consider an example of a state-dependent delay which is
defined by a threshold condition.

2. Preliminaries and the well-posedness

We are interested in the following parabolic partial differential equation with discrete state-

dependent delay (SDD)
du(t)
dt

+ Au(t) = F(uy), t>0 (1)
with the initial condition
up = uli_pg = ¢ € C = C([~h,0]; L*(Q2)). (2)

As usual for delay equations [7], for any real a < b,t € [a,b] and any continuous function w :
[a—7,b] — L?(£2), we denote by u; the element of C' defined by the formula u; = us(0) = u(t+6)
for 6 € [—r,0].

We assume

(H1) Operator A is the infinitesimal generator of a compact Co-semigroup in L?(£2).

(H2) Nonlinear map F' has the form

F(p) = B(p(-r(9),  F:C—L}Q), (3)
where B : L*(Q) — L2*(Q) is a bounded and Lipschitz operator. Here the state-dependent delay
r: C([—h,0]; L?(Q)) — [0, k] is a Lipschitz mapping.

In our study we use the standard (c.f. [16, def. 2.3, p.106] and |16, def. 2.1, p.105])

Definition 1. A function u € C([—r, T]; L?(2)) is called a mild solution on [—r,T) of the
initial value problem (1),(2) if it satisfies (2) and

u(t) = e 4p(0) + / t e A P(u,)ds, tel0,T). (4)
0

A functionu € C([—r,T); L*(R)) N C((0,T); L*(Y)) is called a classical solution on [—r,T)
of the initial value problem (1),(2) if it satisfies (2), u(t) € D(A) for0 <t < T and (1) is satisfied
on (0,7).

Theorem 1. Assume (H1)-(H2) are satisfied. Then for any ¢ € C there is t, > 0 such that
initial-value problem (1), (2) has a mild solution fort € [0,t,).



The proof is standard since F' is continuous (see [6]).
We notice that F' is not a Lipschitz mapping from C' to [0, k], so we cannot, in general,

guarantee the uniqueness of mild solutions (for ODE case see [5]).

Let us fix v any mild solution of (1), (2) and consider
g(t) = F(u), t>0. (5)

Mapping ¢ is continuous (from [0,t,) to L*()) since B,u and r are continuous. Choose T' €
(0,t,). We have g € C([0,T7]; L*(2)), hence g € L?(0,T; L*(£2)). The initial value problem

dvu(t)
dt

+ Av(t) = g(t), v(0) =z € L*(Q) (6)

has a unique mild solution, which is v = w if we choose x = u(0).

Now we assume that
(H3) operator A is the infinitesimal generator of an analytic (compact) semigroup in L*(Q2).

Below we always assume that (H1)-(H3) are satisfied.

As usual, we denote the family of all Hélder continuous functions with exponent « € (0,1)
in I C R by C*(I; L*(f2)). By [16, theorem 3.1, p.110] the solution v (= u) of (6) is Holder
continuous with exponent 1/2 on [e,T] for every ¢ € (0,7). If additionally z € D(A) then
v e C2([0,T]; L3(Q)).

Now we show that g € C%([O,T];LQ(Q)) if ¢ € C’%([—h,O];LQ(Q)) C C. Since for u €
C%([—h,T];LQ(Q)) and t € [0,7] one has ||us — us||c < Hylt — s|% and

1
g(t) = g()Il < Lpllu(t —r(ur)) — uls —r(us))|| < LpHult — s +r(us) —7(us)|?
1
< LpH, (|t — s| + Ly||us — us||c)? . (7)
Here H, is the Holder constant of w on [—h,T], Lp and L, are Lipschitz constants. We get
from (7) that

1 1
l9(®) = ()| < LpHy (T3 + Lo )|t = 5]2)* < LpH, (T3 + LoH,) |t = s,

Here we used [t—s| < T3 ]t—s\%. We have shown that g € C%([O, T]; L3(Q)). It gives, by [16, corol-
lary 3.3, p.113], that our mild solution u is classical (under assumptions ¢ € ok ([=h,0]; L3(Q)) C
C and u(0) € D(A)).

Set
X = {p e C'([=h,0]; L*(2)), ¢(0) € D(A)}, (8)
el =, max llo@]+ max (6] + [4¢O)]. )

Clearly, X is a Banach space since A is closed. We show that problem (1), (2) has a unique
solution for any ¢ € X.



As mentioned before, F' is not Lipschitz on C, but if ¢ is Lipschitz (with Lipschitz constant
L,), then one easily gets the following estimate (see (3))

1 (@) = F()II < Lplle(=r(#)) = p(=r(¥))|

< Lp(Lylr(e) =) + lle — ¢lle) < Lp(LpLy + 1)l — Yllc. (10)

Here L and L, are Lipschitz constants of maps B and 7.
By [16, theorem 3.5, p.114] (item (ii)), Au and du/dt are continuous on [0, T, so w is Lipschitz
from [—h,T] to L?(2). This property together with (10) imply the uniqueness of solution to

(1),(2)-

The above proves the following

Theorem 2. Assume (H1)-(HS3) are satisfied. Then for any ¢ € X there is t, > 0 such that

initial value problem (1), (2) has a unique classical solution for t € [0,t,).

3. Solution manifold

Let U C be an open subset of X. We need the following assumption.

(S) The map F : U — L*(Q) is continuously differentiable, and for every ¢ € U the derivative
DF(¢) € Lo(X;L?(2)) has an extension D.F(¢) which is an element of the space of bounded
linear operators Le(Xo; L2(Q)), where Xo = {¢ € C([~h,0]; L*(R)), ©(0) € D(A)} is a Banach
space with the norm [|¢|]x, = maxoe(_na) ¢(O)]] + [ Ap(O)]

Condition (S) is analogous to that of [8, p.467].

Let us consider the subset
Xp = {p € C'([=h,0; L*()), ¢(0) € D(A), $(0) + Ap(0) = F(p)} (11)

of X. X will be called solution manifold according to the terminology of [25]. The equation in
(11) is understood as equation in L?(£2). We have the following analogue to [25, proposition 1J.

Lemma 1. If condition (S) holds and Xp # 0 then X is a C' submanifold of X.

Proof of lemma 1. Consider any ¢ € Xp C X (see (11) and also (8)). Choose b > 0 so large
that

IDeF (@)L (x0;22(02)) < b-

Define a : [~h,0] > s — s¢** € R. Then

Define the closed subspaces Y and Z of X as follows:
Y ={a()y’:y° € L2 (Q)} c X

and
Z={pe X :90)=0}CX.



Clearly YN Z = {0}, and X =Y & Z.
We can define the projections

Py¢ =a(-)9(0),  Pz¢ =¢—a(-)p(0).

Use p =y+ 2= Pyo+ Pzo.
We define
G:X=YaZ3¢— $(0)+ Ap(0) — F(¢) € L*(Q).

Clearly ¢ € Xp <= G(¢) = 0. For the bounded linear map Dy G(¢) € L.(Y; L?*()) we
have
DyG(¢)y = 4(0) + Ay(0) = DF(@)y = y” — DF(¢)a(-)y’ = 4° — DeF(@)a(-)y"
since y = a(-)y? for some y° € L?(2),(0) = 3°,y(0) = 0.

Using the choices of a and b € R we obtain

) D.F(¢ 1
1Dy G@llaey = 15l (1= PPEEN) > ZyPlaco

Then DyG(¢) : Y — L%*(Q) is a linear isomorphism. The Implicit function theorem can be
applied to complete the proof of lemma.l

For the convenience of the reader we remind some properties of the semigroup {e*At}tZO.

Lemma 2 [9, theorem 1.4.3, p.26| or [16, theorem 2.6.13, p.74]. Let A be a sectorial operator
in the Banach space Y and Reo(A) > 6 > 0. Then
(i) for o > 0 there exists Co, < 00 such that

| A% =AY < Cut =% fort > 0; (12)
(ii) f 0 <a <1,z € D(A%),
1
[[(e=4 — D] < Ecl,ato‘HAo‘xH fort > 0. (13)

Also Cy, is bounded for o in any compact interval of (0,00) and also bounded as ov — 0+.

Remark 1. [t is important to notice that we can write ||(e=4* — I)Ap(0)|| < |le=4t — I|| -
|Ap(0)|], but ||e=At —1T|| A 0 ast — 0+ because e~ is not a uniformly continuous semigroup
since A is unbounded (see [16, theorem 1.2, p.2]).

Remark 2. We also notice that the (linear) mapping D(A) > & = (e74 — )¢ €
CY([0,T); L*(Q)) is continuous, while L?(Q) 3 € — (e=4t — I)¢ € C1((0,T]; L*(2)) is not.

We need the following

Lemma 3 . Let A be a sectorial operator in the Banach space Y and f : (0,T) — Y be
locally Holder continuous with [J||f(s)||ds < oo for some p>0. For 0 <t <T, define

Ir(f)(t) = F(t) = /0 e~ A=9) f(5) ds. (14)
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Then

(i) F(:) is continuous on [0,T);

(il) F(-) continuously differentiable on (0,T), with F(t) € D(A) for 0 < t < T, and
Ft)/dt + AF(t) = f(t) on 0 <t <T, F(t) - 01in X ast — 0+.

(iii) If additionally f : (0,T) — Y satisfies

7))~ F&I < K(s)(t—s)7  for 0<s<t<T<oc,

where K : (0,T) — R is continuous with fOT K(s)ds < co. Then for every B € [0,7) the function
F(t) is continuously differentiable F : (0,T) — YP = D(AB) with

H H < Mt=P||f(t) H+M/ (t —s)7 P LK (s)ds (15)

for 0 <t <T. Here M is a constant independent of v, 3, f(-).

Further, if fO s)ds = O(h®) as h — 04, for some 6 > 0, then t — dF(t)/dt is locally
Hélder continuous fmm (0,T) into YP.

(iv) If f:[0,T] = Y is Holder continuous (on the compact [0,T] the local and global Hélder
properties coincide), then F € C1([0,T];Y).

Proof of lemma 3. Items (i) and (ii) are proved in [9, lemma 3.2.1,p.50]. Item (iii) is proved
in [9, lemma 3.5.1, p.70|. The proof of (iv) is contained in the proof of [16, theorem 3.5, item (ii),
p.114]. We briefly outline the main steps. Using properties (ii) (i.e. dF(t)/dt + AF(t) = f(t)
on 0 <t <T)and f € C([0,T];Y) it is enough to show that AF is continuous at ¢ = 0.
We write F(t) = Ot —Al=9)[f(s) — f(t)]ds + ft —Alt=5) f(t) ds = vy (t) + v2(t). The property
Avy € CY([0,T7;Y) is proved in [16, lemma 3.4, p.113|. To show that Avy € C([0,T];Y) one

uses

Auy(t) /Ae (t=s) (t)ds:/OtAeATf(t)dT:/ot{—CZ_ AT r(t )} dr = f(0) — e A f(t)

= f(0) — e~ F(0) + e M ((0) — f(1))-

Hence [|Ava(t)]| < [|£(0) — e~ f(0)[ + [le=M[I[£(0) — FI < [ £(0) — e~ F(O)]| + M]|f(0) —
f(®)|] = 0 as t — 0+ due to the continuity of e=4* and f(t). It completes the proof of lemma 3.
|

To simplify the calculations we assume the following Lipschitz property holds

Ja€(0,1),3Lp s >0:Yu,v € L*(Q) = [|A(B(u) — B(v))|| < Lp.allu —v||. (16)

Remark 3. It is easy to see that (16) implies similar property with o =0 1i.e.

ILpo>0:Yu,v € L*(Q) = ||B(u) — B(v)|| < Lpollu—v]|. (17)



Example 1. Let us consider B(u) = [, f( (u(y)) dy which is a convolution of a function
f € H' () and composition bou Wlth b:R— R Llpschltz We use the properties of a convolution
(see e.g. [3, p.104,108]) (f*g)(z) = [ f( (y) dy, namely || f*g||zr < ||f|l1]lg]|Lr for any
feL'andge LP,1 <p< oo and also Dﬁ(f*g) = (DB f) % g, particularly, V(f xg) = (Vf)*g
(for details see e.g. [3, proposition 4.20, p.107]).

If we consider Laplace operator with Dirichlet boundary conditions A ~ (—A)p, then ||AY/2.||
is equivalent to ||-|| g1, so [|AV2(B(u) = B(v))|| < CF||B(u) = B(v)||*+C}||V(B(u) = B(v))[|> <
CEIFI1116(w) = b(v)[[* + CF[|V fI[7:]Ib(w) — b(v)[|*. Using the Lipschitz property of b, we get
(16) with ov = 1/2 and Lp o = C1Lo(|| f|[2, + |V £I[2.) V2.

Using (16) and (3) one easily gets the Lipschitz property for F'. Namely, for Lipschitz ¢ and
Lipschitz SDD r

1A%(E(¢) = FOII < [[A%(B@(=r(¥))) = Bx(=rO))I| < Lol (=r(#)) = x(=r0)))I]

< LpolyLe|[ = xllc + Leall¥ — xllc = Lrall¥ — xllc;,  Lra = Lpo(Lyly+1).  (18)

Using (17), similar to (18) one gets

IF () = F(X)I| < Lrollv — xlles Lro = Lpo(LyLy +1). (19)

We use all notations of [25], changing R"™ for L?(2) when necessary. For example, we use the
notation Ep (see [25, p.50])

(P(t)v for ¢ € [_ha 0)7

COo(— L= =
Er: CY([~h,0) —» C([~h,T]),  (Ere)(t) = £(0) + t(0)  for ¢ € [0, .

(20)

On the other hand, some notations should be changed. For example, for any ¥ € Xp and
r > 0 we set (remind that || - ||x is not just C'-norm, see (8), (9), (11))

Xy = Xp ({0 + (CH=h, 0L L (Q))x, } = (¥ € Xr: [lo — ¢llx <1} (21)

For T > 0 (to be chosen below), we split a map x € C([~h,T]) = C([~h,T]; L*(Q)) with
x0 = ¢ € X given, as x = y + ¢, where for short ¢(t) = (Erp)(t) is defined in (20).
We look for a fixed point of the following map (¢ is the parameter)

e~ p(0) — p(0) — t(0) + [3 e A F(y, + ;) dr, t€[0,T],

Rrv(p,y) =
(0, y) 0 t € [~h,0),

(22)

where Ry, : Xy, x (C3([=h, T); L%(2))): = CL([—h, T); L*(Q2)), and Xy, defined in (21).
Proposition 1. Ry, : Xy, x (C3([—h, T); L*(2))) — C3([—h, T]; L*(2)).

To prove that the image of Ry (p,y) = z belongs to C}([—h,T]; L*(2)), we notice that
y € CY([—h,T); L*()) implies y + ¢ € Lip([—h, T]; L*(£2)), which together with (10) give that



F(yr + ¢-), 7 € [0,T] is Lipschitz, so [9, lemma 3.2.1, p.50] can be applied to the integral term
in Ry, (see (22)). This gives z € C1(0,T; L?*(Q)).

The property ||z(t)|| — 0 as t — 0+ is simple. The last step is to show that [|Z(¢)|| — 0 as
t — 0+. Using [9, lemma 3.2.1, p.50] and property ¢ € X, we have

i(t) = —Ae M p(0) A/ F(yr + ¢7)dr + F(y: + @)

= A (0 + Ap(0) ! / ACD Py, + @) dr+ Flye + ¢1)-

Hence

O] < e — DA + |1 Fwe + ) — Fg)l| + HA [ DR+ ar

(23)

The first two terms in (23) tend to zero as t — 0+ since ¢(0) € D(A), e~ is strongly
continuous, F' is continuous and ||y; + @1 — ¢||c — 0 as t — 0+. To estimate the last term in
(23) we use (18) for ¢» = 0 and the property ||A%~4|| < Cot~% %, a > 0 (remind that e=4 is
analytic and see lemma 2 and [9, theorem 1.4.3, p.26], [16, theorem 2.6.13, p.74]). So

t
/ A= AT AR (y 4 @) dr

t
HA/ e ARy, 4+ ) dr
0 0

t ¢
< [ Croalt=r) e I L llytprlle dr < LoaCroar max lnctpulle [ (=) e dr 0
0 s€[0, 0
as t — 04 since the last integral is convergent for v > 0. It completes the proof of Proposi-
tion 1. A
Remark 4. It is important in the proof of Proposition 1 to have the property (16) with o > 0
for the convergence of the last integral.
As in |25, p.56] we will use local charts of the manifold X and a version of Banach’s fixed
point theorem with parameters (see e.g., Proposition 1.1 of Appendix VI in [4, p.497]).
Remark 5. More precisely, we look for a fixed point of Ry, (p,y) as a function of y where

parameter is the image of ¢ under a local chart map instead of ¢ € Xy . The reason is that the
parameter should belong to an open subset of a Banach space, but Xy, is not even linear (it is
a subset of the manifold Xr).
We remind that for short we denoted by ¢ = Ep¢, where Ery is defined in (20).
Proposition 2. |25, prop. 2|. For every € > 0 there exist T'=T(c) > 0 and r = r(g) such
that for all ¢ € ¥ + (CY([—h,0]; L*(Q))), and all t € [0,T),

Gr € ¥+ (CH([—h,0); L*(2)))-

The proof is unchanged as in [25, proposition 2|, so we omit it here.



Let us denote Mr > 0 a constant satisfying ||e=4%|| < My for all s € [0,T]. Now we prove

an analogue to [25, proposition 3].

Proposition 3. For all ¢ € Xy, and y,w € (CA([—h,T); L*(Q))) one has

[[Rrr (¢, y) — Rrr (0, W) ot (—hin2 @) < Lre 1Y — wllor (—nmn2 @) (24)
where we denoted for short the Lipschitz constant
LRTT = TLF,O,&(MT + 1) + TOCCl_O(MTOz_lLF,Oé’a (25)

with LF,,X75 = LBya(ELT + 1) and LF,O,E = LB70(€LT + 1) (Cf (]8), (]9))
Proof of proposition 3. Using (19), we have for all |[¢||c1 <€

|IF(¥) = F(X)|| < LroellY — xlle,  Lroe = Lpo(eLy +1).

Let z = Ry (¢,y),v = Ry (¢, w) for y,w € (C3([=h, T); L*(2))).. For all t € [0, 7], one gets

t
[l2(t) = (@I <| /0 e (F (yr + @r) = Fwr + ¢7)) dr|| < TMrLpoelly — wl|-nr- (26)

Next [|2(6)=0(D|| < ||F(ye+@o) = F(we+ @)l [+ A fy e (P (yr+¢7) = F(wrt+r)) dr| <

Lroellye — wello + [y |[|[AY=e=AED|[|A%(F(y, + ¢7) — F(w: + ¢;))|| dr. To estimate the first
term we write ||y; — willc = maxeepng || o (@(7) — w(r)drl] < [ [[9() = @(7)][dr <
Tlly — wller(—nry02(0)-

For the second term, as in proposition 1, we use the property |[A%~4t|| < Cot~ e % a >0
(see [9, theorem 1.4.3, p.26] or [16, theorem 2.6.13, p.74]), the Lipschitz property (18) and
calculations fot (t— 1) tdr =t%/a to get

t
/ AT e AT AY(F (yr + @7) — F(wr + ;)| dr < C1o T "My Lpaelly — wl||-n1-
0

Hence

12(t) = o(t)|| < {TLpoe +TCi—aMra™ ' Lrac Iy — wllor(—n1r2@)-
The last estimate and (26) combined give (24). B
The following statement is an analogue to |25, proposition 4 and corollary 1].

Proposition 4. Let 6 > 0 there exist T =T(0) > 0,7 = r(d) > 0, such that for all p € Xy,
(¥ = ¢llx <) one has
[[Rrr (0, 0)|| e (=, s22(0)) < 9
Moreover, for a positive € there exist 6 > 0 (and T = T(6) > 0,7 = r(§) > 0 as above) and
A € (0,1), such that Ry, (defined in (22)) maps the subset Xy x (C{([—h, T); L*(2)))e into the
closed ball CL(Cg([—h, T); L*(Q)))ae C (C5([—h, T); L*(2)))-.
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Proof of proposition 4. Consider z = Ry, (p,0). We write for ¢ € [0,T]
t
£(1) = ¢ 16(0) = 9(0) — t9(0) + [ AT (@) dr
0

= (e~ = I)((0) = ¥(0)) + (e = I)p(0) — t - (p(0) — ¥(0)) — th(0)
te—A(t—T) AN (] - te—A(t—T) b dr.
- {Pon - P} ar+ | F(d,)d (27)

We estimiate different parts of (27) in the following ten steps.
1. Using the property ||(e™4" — I)z|| < 2C1_ot*||A%z|| (see [9, thm 1.4.3]) one gets

(e~ = 1)(i2(0) — (0))]| < C1t3[|A2 (p(0) — (0))]] < Ct2 || A(p(0) — (0))]| < Ct2|lip — | x-

1
2

2. ||t ((0) — (0))]| <t - [le — ¥l|x.
| f(f e A=) {F@r) - F(lﬁr)} dr|| < MrtLpomax, ¢y ||¢r — Urlle < MrtLpo(l +
T)llp — ¥llx.
4. || fy e A F()y) dr|| < MytLpomax.epg |[dr|lc < MrtLpo(1+T)|[Y||x.

Now we proceed to estimate the time derivative of z(t)

5(t) = —Ae~Ap(0) — $(0) + F((r) — A /O A F(p,) dr

= —Ae™Mp(0) + Ap(0) + F(p) + F(¢r) — A /0 t e AT R(p,) dr
= (e —DA(Y 0)) — (e~ = 1) Ap(0) + [F(¢1) — F ()] + [F (¢he) — F ()] + [F () = F ()]
/ Ae AR () — F(r) Y dr — / t Ae AT R () dr. (28)
0
We use the following
(e = D A((0) = (0))]| < (Mr +1)[l — ¥ x.
| (¢1) — F(4y)|| < Legmax, ey |7 — ¥-lle < Lro(1+T)lle — ¥|x.
|1F (@) = F()|| < Lrolle — ¥llx.
HF(@) — F(¢)|| — 0 as t — 0+ since v is continuous from [—h,T] to L*(9).
N fo A AEIE(Gr) = F(ie)}drl| = || fy AT em A A E ($r) — F(idr)} dr]|

© X N o

t
< / Croalt = 1) e e |pr — ¥rllodr < Ci_aLpaDarl|le — ¥ x,
0

where D, 17 = fOT(T — 7)== dr o > 0.

10. Similar to the previous case (Lp o instead of Lpq)

H/ Ae= A F(i),) drl| < CraLp oDar||¥]|x.

11



Now we can apply estimates 1.-10. (combined) to (27), (28). It gives the possibility to choose
small enough T"=T'(§) > 0,7 = r(J) > 0 such that

[2]lcr ((=n,11,2(Q)) = B (0, 0) || ((—h1:02(02)) < 90 (29)

Remark 6. Small r is used in 5.-7. only. For all the other terms it is enough (to be small)

to have a small T.

Now we prove the second part of proposition 4. We have

| Rrr (0, Do (—n1s200)) < |[BRrr(0,y)—Rrr (0, 0)l| o (—n,;22(0) T B2 (0, 0| o1 ((—hy522(0) -
(30)
The first term in (30) is controlled by proposition 3 (see (24)), while the second one by (29).
More precisely, we proceed as follows. First choose € > 0, then choose small T'(¢) > 0 to
have the Lipschitz constant Lg,, <1 (see (24), (25)). Next we set 6 = §(1 — Lg,,,) > 0 and the
corresponding 7' = T'(9) € (0,T(¢)],r = r(d) > 0 as in the first part of proposition 4, see (29).
Finally, we set A = 3(1+ Lg,,) € (0,1). Now estimates (30), (24) and (29) show that for any
y € (Co([=h, T]; L*(Q))) we have

[[Rrr (0, W) lor (=nmsz209)) < LrplYllor(—nmyr2@)) +6 < Lepe+6

€
2
It completes the proof of proposition 4.1

1
= Liy,e+ 5(1 = Lry,) =e5(1+ Lry,) = €A <e.

We assume

(H4) Nonlinear operators B : L*(2) — D(A®) for some a > 0 and r : C([—h,0]; L?(Q)) —
[0, h] are C'-smooth.

Remark 7. Assumption (HJ) implies that the restriction r : C*([—h,0]; L?(2)) — [0,h] is
also Ct-smooth. In addition, it is easy to see that (Hj) implies condition ().

Proposition 5. Assume (H1)-(H4) are satisfied. Then Ry, is Ct-smooth.

The proof of proposition 5 follows the one of [25, prop.5|. The main essential difference
is the following. The C'-smoothness of B : L?(Q2) — D(A®) implies the C'-smoothness of
F: Xy, x CY([—h,0]; L(Q)) — D(A) defined as F(g,y) = B(p(—r(p +v)) + y(—r(e + ).

We also use evident additional property of the C'-smoothness of the map X > ¢ —
e p(0) € C([0,T];L*(Q)) (remind the definition of X in (8)). Here we use Ir
CY([0,T); L?(Q2)) — C*([0,T); L*(2)) given by Ir(y)(t) = fg e~ At=7)y(7) dr instead of I used
in [25, p.50]. We rely on [9, lemma 3.2.1, p.50] (see lemma 3, item (iv) above). B

As in [25, p.56] we are ready to use local charts of the submanifold Xz and a version of
Banach’s fixed point theorem with parameters (see e.g, [4, proposition 1.1 of Appendix VI|).
Namely, propositions 3-5 allow us to apply the Banach’s fixed point theorem to get for any

12



¢ € Xy the unique fixed point y = y¥ € (C}([—h, T]; L*(2))): of the map Ry,.. We denote this
correspondence by Yz, : Xy, — (C¢([—h, T); L%(2))): and it is C*-smooth.

It also gives that the map
ST'r : Xq/),r — Cl([_th]; LQ(Q))7 (31)

defined by S, = 2% = 3% + ¢ = Yr,.(p) + Ere is Cl-smooth. Here Ery is defined in (20).

The local semiflow
Fp,. - [O,T] X me - XrpCX

is given by
Fre(t, ) = zf = evi(STr (). (32)

Here we denoted the evaluation map

evy : O ([=h, T); L*(Q)) — CY([~h,0]; L*(Q)), enx =xy forall te[0,T]. (33)

Proposition 6. Assume (H1)-(H4) are satisfied. Then Fr, is continuous, and each solution

map Frp(t,) : Xy, 2 ¢ — J:E@ € Xp,t € [0,T), is Cl-smooth. For all t € [0,T), all ¢ € Xy,

and all x € TyXp, one has Tp, 1.¢) > D2Fr(t,0)x = véqj’X), where the function v = v(®X) ¢

CH([~h,T); L?(Q)) N C([0,T); D(A)) is the solution of the initial value problem
0(t) = Av(t) + DF(a:qu))vt forall te€0,T],v9 = x. (34)

Here Ty X is the tangent space to the manifold X at point ¢ € Xp.

Proof of proposition 6. We denote for short G = Fp,. and S = Sp,.. Now we discuss the
continuity of F' (remind the definition of X in (8) and the norm || - ||x in (9)).

1G(s,x) = Gt @)l x = [lef — 2f llorno + A (s) — 27 (1))
< l2¥ = 2€llori-no) + 128 — afllerno + A=Y (s) — 2% (s))[] + [[A(x#(s) — 27 (2))]]

< IS0 = SOlorj-nr) + 12 = 2f llor-no) + |A@*(s) = 2 ()| + [[A(x¥(s) — 27(£) ] (35)

Consider the third term in (35).

T

[ A@@X(s) = 2%(s))]] < [le”A(x(0) = p(0))]| + /08 le™ACTD A A (F () — F(2f))| dr

<|lx = ¢llx + C1—aT "My Lp o(Lee Ly + 1)||2X — 2% c1—p1)
<|lIx = ¢llx + Cr-aT ' MrLp o(Lye Ly + D[S (x) = S(@)|lot-n,-

We see that due to the continuity of S = S, (see (31)) the first and the third terms in (35)
tend to zero when ||x — ¢||x — 0. The second term in (35) tends to zero as |s — t| — 0 since
x € CY([~h,T]; L*(2)). The last term in (35) vanishes due to [16, Theorem 3.5, item (ii), p.114]
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(remind that 2%(0) = ¢(0) € D(A)). We proved the continuity of F. To verify the differential
equation for v (see (34)), we follow the line of arguments presented in [25, p.58]. More precisely,
we first verify the integral equation (4) i.e. show that v is a mild solution to (34). The only
difference in our case is the presence of the operator A which is linear. Hence it does not add any
difficulties in the differentiability of S = St, when we define for fixed ¢ € Xy, and x € T Xp
the function v = DS(¢)x € C ([~h,T]; L*(Q2)). Here DS is understood as the differential of a
map between manifolds (see (31) for the definition of S and [1] for basic theory of manifolds).
One can see |25, p.58| that vy = evgDS(¢)x = D(evpoS)(¢)x = x. Here the evaluation map evy is
defined in (33). Also for t € [0, 7] and all ¢ € X, one has evy(S(p)) = evz(?) = a:g‘p) = F(t,p),
which implies (see (32))

vy = evy DS(¢p)x = D(evy 0 S)(p)x = DaF(t, x).

To show that v satisfies the integral variant of equation (34) i.e., it is a mild solution to (34), we
first remind (31) and notation ¢(t) = (E7e)(t) (20). It gives for ¢t > 0

S()(t) = 29 (1) = 4y + Ero = Yo, () + Erg
— ¢ p(0) — p(0) — 13:(0) + /0 AT E(y, 1 3r) dr + p(0) + 1(0)

¢
= e_Attp(O) + / e_A(t_T)F(yT + ¢r) dT.
0

Hence

S(p)(t) = e~ p(0) + /O t e AT PPy dr,  t>0, (36)

and the definition v = DS(¢)x € C1([—h,T]; L*(Q)) gives for t > 0

t
o(t) = (DS (1) = x(0) + /0 AT DE() v, dr.

For more details see [25, p.58]. So v is a mild solution to (34).

Remark 8. To differentiate the nonlinear term in (36) we apply the same result on the

smoothness of the substitution operator as in [25, p.51]. More precisely, we consider an open set

U C CY[~h,0]; L*(2)) and the open set
Ur = {n € C([0,T); C*([~h,0]; L*())) : n(t) € U for all t € [0,T]}.

It is proved in [}, Appendiz IV, p.490] that the substitution operator Fp : Up sm+— Fon €
C([=h,0]; L?(2)) is Cl-smooth, with (DFr(n)x)(t) = DF(n(t))x(t) for all n € Up,x €
C([0,T); C*([~h, 0]; L*(2))), t € [0, T].

To show that v is classical solution we remind first that assumption (H4) gives the (local)

Lipschitz property for the Frechet derivative DF : X D U — L?(Q) here U C X is an open set.
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We remind (see e.g. [8, p.466]) the form of DF using the restricted evaluation map (not to be

confused with the evaluation map ev; defined in (33))
Bv: CY(=h,0; L3()) x [, 0] > (6,5) — 6(s) € L2(Q)

which is continuously differentiable, with D1 FEv(¢,s)x = Ev(x,s) and DyFEv(¢,s)1 = ¢/(s).
Hence we write our delay term F' as the composition F' = B o Ev o (id x (—7)) (see (3)) which

is continuously differentiable from U to L?(£2), with

DF(¢)x = DB(¢(=()))[D1Ev(¢, —r(¢))x — D2Ev(¢, —r(¢)) Dr(4)x]

= DB(¢(—1(9)))x(=7(¢)) — ¢'(—r(¢)) Dr(¢)x] (37)

for ¢ € U and x € C1([—h,0]; L*(Q2)).

Mappings B and r satisfy (H4) and we remind (see remark 7) that our F' satisfies the condition
similar to (S) in [8, p.467]. For an example of a delay term see below.

The (local) Lipschitz property for the Frechet derivative DF : X — L?(Q2) and the additional
smoothness of the initial function x € T, Xp C X gives the possibility to apply theorem 2 to

show that v is a classical solution to (34). W

Define the set T = (J,c x[0,%(#)) x {¢} C [0,00) x X and the map G : T — X given by the
formula G(t, ¢) = xf . Propositions 1-6 combined lead to the following

Theorem 3. Assume (H1)-(H4) are satisfied. Then G is continuous, and for every t > 0
such that Yy # 0 the map Gy is C'-smooth. For every (t,¢) € Y and for all x € Ty, X, one
has DGy(¢)x = v with v : [—h,t(¢)) — L*(Q) is Cl-smooth and satisfies v(t) = Av(t) +
DF(G(t,¢))ve, fort € [0,t(¢)), vo = x-

4. Example of a state-dependent delay

Consider the following example of the delay term used, for example, in population dynamics
[13, p.191] []. It is the so-called, threshold condition.
The state-dependent delay r : C([—h,0]; L%(Q2)) — [0, h] is given implicitly by the following

equation

R(r;p) =1, (38)
where . .
R(r;p) = / (02 T wg(w) . +03) ds, C;>0. (39)
Since
Dy R(r(p);¢) - Dr(e)h + DyR(r(9); )y = 0
and

Cy
Co+ [0 (—rx

D, R(r(p);p) -1 = ( T dz +03) -1#£0, C;>0,
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. _ 0 Gy
Dy R(r(p);p)y = _/r{[CﬁfQ PR .2./Q<,0(8,x)1/1(3,x) dx} ds,

we have

D“@w‘<@+kw%4JMx+@)

Xﬁw{m+h$@mmf24““W@@“%“ o

Now, we substitute the above form of Dr(¢) into (37) and arrive to

DF(p)y = DB(p(—1())) [¢(=r(#)) — &' (=r())x

s ) Lol fema }
+C . -2 s, x)Y(s,x)dx p ds
<02 + foet(-ra)de P —r(p) L[C2 + [ 92 (s, x) da]? 0 P, 2 (s, 2)
(41)
We see that mapping r satisfies (H4). We also remind (see remark 7) that in this example
F satisfies the condition similar to (S) in [8, p.467], provided operator B : L*(Q) — D(A%) (for

some o > 0) is C''-smooth.

Acknowledgments. This work was supported in part by ... ...

References

[1] V.I.LArnold, Ordinary differential equations. Translated from the Russian by Roger Cooke.
Second printing of the 1992 edition. Universitext. Springer-Verlag, Berlin, 2006.

[2] R. Bellman, K.L. Cooke, Differential-difference equations, in “Mathematics in Science and

Engineering”. vol. 6. New York-London: Academic Press, 1963.

[3] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer-
Verlag, New York, 2010.

[4] O. Diekmann, S. van Gils, S. Verduyn Lunel, H-O. Walther, Delay Equations: Functional,
Complex, and Nonlinear Analysis, Springer-Verlag, New York, 1995.

[5] R.D.Driver, A two-body problem of classical electrodynamics: the one-dimensional case, Ann.
Physics, 21, (1963), 122-142.

[6] W.E. Fitzgibbon, Semilinear functional differential equations in Banach space, J. Differential
Equations, 29 (1978), no. 1, 1-14.

[7] J. K. Hale, Theory of Functional Differential Equations, Springer, Berlin- Heidelberg- New
York, 1977.

16

to add



[8] F. Hartung, T. Krisztin, H.-O. Walther, J. Wu, Functional differential equations with state-
dependent delay: theory and applications. In: Canada, A., Drabek, P., Fonda, A., (eds.)
Handbook of Differential Equations, Ordinary Differential Equations, vol. 3, pp. 435-545.
Elsevier Science B.V., North Holland, Amsterdam (2006).

[9] D. Henry, Geometric theory of semilinear parabolic equations, Springer-Verlag, Berlin-
Heldelberg-New York, 1981.

[10] T. Krisztin, O. Arino, The 2-dimensional attractor of a differenBtial equation with state-
dependent delay, J. Dynamics and Differential Equations, 13 (2001), 453-522.

[11] T. Krisztin, H.-O. Walther, J. Wu, Shape, smoothness and invariant stratification of an
attracting set for delayed monotone positive feedback, Fields Institute Monographs, 11, AMS,
Providence, RI, 1999.

[12] T. Krisztin, J. Wu, Monotone semiflows generated by neutral equations with different delays
in neutral and retarded parts, Acta Math. Univ. Comenian. LXIII (1994) 207-220.

[13] Yang Kuang, Delay differential equations with applications in population dynamics. Math-

ematics in Science and Engineering, 191. Academic Press, Inc., Boston, MA, 1993.

[14] M. Louihi, M.L. Hbid, O. Arino, Semigroup properties and the Crandall Liggett approxima-
tion for a class of differential equations with state-dependent delays, Journal of Differential
Equations, 181, (2002) 1-30.

[15] J.Mallet-Paret, R.D.Nussbaum, P.Paraskevopoulos, Periodic solutions for functional-
differential equations with multiple state-dependent time lags, Topol. Methods Nonlinear
Anal. 3 (1994), no. 1, 101-162.

[16] A. Pazy, "Semigroups of linear operators and applications to partial differential equations",
Springer-Verlag, New York, 1983.

[17] A.V. Rezounenko, J. Wu, A non-local PDE model for population dynamics with state-
selective delay: local theory and global attractors, Journal of Computational and Applied

Mathematics, 190(1-2), (2006) 99-113.

[18] A.V. Rezounenko, Partial differential equations with discrete and distributed state-
dependent delays, Journal of Mathematical Analysis and Applications, 326(2), (2007) 1031-
1045.

[19] A.V. Rezounenko, Differential equations with discrete state-dependent delay: uniqueness
and well-posedness in the space of continuous functions, Nonlinear Analysis Series A: Theory,
Methods and Applications, Volume 70, Issue 11 (2009), 3978-3986.

17



[20] A.V. Rezounenko, Non-linear partial differential equations with discrete state-dependent
delays in a metric space, Nonlinear Analysis: Theory, Methods and Applications, 73 (6),
(2010), 1707-1714.

[21] A.V. Rezounenko, A condition on delay for differential equations with discrete state-
dependent delay, Journal of Mathematical Analysis and Applications, 385 (2012) 506-516.

[22] A.V. Rezounenko, P. Zagalak, Non-local PDEs with discrete state-dependent delays: Well-
posedness in a metric space, Discrete and Continuous Dynamical Systems - Series A (DCDS-
A), Volume 33, Number 2, February 2013, P.819 - 835.

[23] W.M.Ruess, Existence of solutions to partial differential equations with delay, in "Theory
and applications of nonlinear operators of accretive and monotone type", Lecture Notes Pure
Appl. Math. 178 (1996) 259-288.

[24] C.C. Travis, G.F. Webb, Existence and stability for partial functional differential equations,
Transactions of AMS, 200, (1974), 395-418.

[25] H.-O. Walther, The solution manifold and C!-smoothness for differential equations with
state-dependent delay, J. Differential Equations, 195(1), (2003) 46-65.

[26] E. Winston, Uniqueness of the zero solution for differential equations with state-dependence,
J. Differential Equations, 7, (1970) 395-405.

[27] J. Wu, Theory and applications of partial functional-differential equations. Applied Mathe-
matical Sciences, 119. Springer-Verlag, NewYork, 1996. x+429 pp.

Remark for myself: Draft introduction, no acknowledgments, references are to be completed,
short abstract
May 20, 2014

18



